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ADVERTISEMENT 


S. © FT. W-5 


R E AD E R S. 


HE Excellence of Profeſſor Sau x DERSOx s 
Elements of Algebra is univerfally acknowledged: 
But as that Work contains many CURIOUS 
and ELEGANT PIECES, which are rather of Ad- 
vantage and Amuſement to Proficients in the general 
Science of the Mathematics, than of neceffary Uſe 
to Students in Algebra: Some of the principal Tutors 
in the Univerſity of Cambridge were deſirous of having 
ſuch Parts ſelected from the whole as would give 
their Pupils a clear and comprehenſive Knowledge of 
Algebra, without putting them promiſcuouſly to the 
Expence of purchaſing two Volumes, Quarto, in 
which the original Work was publiſhed. The Public 
is indebted to a Gentleman in that Univerſity, of 
diſtinguiſhed Judgment and Skill in the Mathematics, 
for ſelecting the ſeveral Parts which make up the 
following Work: Nor have we been wanting in our 
Endeavours to have it printed as correctly as poſſible. 


Sg NSA 


Page 35, Line 29, a Reference is wanted to the Quarta 
Edition, page 299. | 
Page 42, I. 18, for To multiply a whole number, read 
To multiply by a whole number. 
Page 55, I. 30, for the ſquare root 1155, read the 
{quare root of 1155. | 
BB 


: 444 
Page 172, I. 4. for FB ay ” 


Page 265, I. 20, for +10y=100, read + 10y—100. 


— 
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A very ſmall Number remaining of the following Book may be 
had of J. Wuis rox and B. Wurz in Fleet Street. 

In Two Volumes, in Quarto, Price 11. 10s. bound. 
HE Elements of ALGEBRA, in Ten Books. By 
Nicholas Saunderſon, L. L. D. late Lucafian Profeſſor of 

the matics in the Univerſity of Cambridge, and F. R. 8. 

To which is prefixed, An Account of the Author's Life and 
Character, and his palpable Arithmetic decyphered. By John 
Colſon, F. R. 8. 


In the Preſs, and ſpeedily cuill be publiſhed, 
In One Volume, OQavo, 


A Tazrarizn of FLUXIONS. By Nicholas 8 
L L. D. Publiſhed from the Original Manuſcript. 


— —— 
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POSTULATA. 


EFORE I enter upon my province, it 
may not be amiſs to acquaint my young 
diſciple what preparatio: s he is ro make, 
and what qualifications I expect of him 

beiorchand, that we may neither of us aud ourſelves 

diſappointed afterwards. I expect then that he 

knows how to add, to ſubtract, to multiply, to di- 

vide, to find a fourta proportional, and to extract 

roots, eſpecially the ſquare root: nay I expect fur- 
ther, that he ſhall not only be able to perform all 
theſe operations exactly and readily, but allo that he 
ſhall be able to apply them upon all common occa- 
ons; in a word, i expect that he be tolerably well 

{killed in common Arithmetick, at leaſt fo tar as 

relates to waole numbers: for thus reaſon it is that I 

have prefixed a few arichmetical queſtions, wherein 

he may firſt try his ſtrength and ſkill before he ven- 
tures any, further; they are for the moſt part very 
exſy, I cannot ſay indeed they are the bett choſen, 


but they were ſuch as lay in my way when [I firit 


egun this work and was haſtening to matters of 
reater moment, and I do not ſee but they may, if 
died with care and attention, anſwer well enough 
the end they were intended tor: It he finds no ditfi- 
culty in theſe, he will have little reaſon to doubt of 
his ſucceſs afterwards ; but if he does, he ought then 
at laſt to become ſenſible of his own defects and to 
endeavour to ſupply whatever 15 wanting, and to cor- 
rect whatever is amiſs before he enters himſelf uuder 
my conduct; in the mean time he has my leave to 
A hcpe 


2 QUESTIONS in 
hope that I ſhall be leſs upon the reſerve with him 


when he falls more immediately under my care. 


N. B. The praxis of the rule of proportion, and 
of the rule for extracting the ſquare root, not being 
(properly ſpeaking) of the nature of ſimple paſtulata, 
but rather deducible from the four firſt; I ſhall not 
fail to demonſtrate theſe rules fo ſoon as I ſhall find 
proper opportunities tor that purpoſe. 


Queſtions for exerciſe in Multiplication. 


Multiplication is taking any one number called the 
multiplicand as often as is expreſſed by any other 
number called the multiplicator, and the number 
produced by this operation is called the product: 
whence it follows, that the product contains the mul- 
tiplicand as often as there are units in the multiplica- 
tor, and that if a number of a greater denomination 
is to be reduced to an equivalent number of a leſs, 


it muſt be done by multiplication. As for example; 


In a pound ſterling there are 20 ſhillings ; therefore 
in every ſum of money conſiſting of even pounds, 
there are twenty times as many ſhillings as 1 are 
pounds; therefore if any number of pounds be mul- 
tiplicd by 20, the product will be an equivalent 
number of ſhillings; and the ſame mult be oblerved 
in all other caſes. 


"QUEST. 1. 


It is required to reduce 456 pounds, 13 fhilliigs and 
4 pence into ſhillings, pence and farthings. 


Anſwer. Shillings 9133 
Pence 109600 


Farthings 438400. 


Qu E $ r. 


— 2 — — 


MULTIPLICATION. 3 


QUEST. 


A certain ifland contains 36 counties, every county 37 


pariſhes, every pariſh 38 families, and every family 
39 Perſons : I demand the number of pariſhes, wy 


milies and perſons in the whole ifland. 


Anſwer. Pariſhes 1332 
Families 50616 
Perſons 1974024. 


QuESrT. 


In 17 30 Years, 42 weeks _ 3 days, how many 
minutes ? 


N. B. A year conſiſts of 365 . 6 hours, and an 


hour of 60 minutes. 


Hours in one year 8766 

In 1730 years 15165180 

In 42 weeks 3 days 7128 

In the whole 15172308 

Minutes in the whole 910338480. 
QuEST. 4. 


There is a certain field 102004. feet long, and 102003 


feet broad: I demand the number of ſquare feet there- 
in contained. 


Anſwer. 10404714012. 


QUuEST. 5. 


There is a certain floor 24 feet, 4 inches broad, and 
96 feet, 6 inches long: I demand how many ſquare 
inches are therein contained. 


Anſwer. 338136 ſquare inches. 
A 2 QueEsT. 
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Qs r. 6. 


A certain piece of woed 1 foot, 2 inches thick, 3 feet, 
4 inches broad, and 5 feet, 6 inches leng, is to be 
cut into ſmall cubes like di's, each of which is to be 
a quarter of an inch every way : I demand into how 
many dies the whole may be reſolved. 


Anfewer. The whole may be reſolved into 2365440 


dies. 
QuEsrT. 7. 


JI demand the number of changes that may be rung 
on 12 bells. 
Changes upon 2 bells 2 
8 1 3 bells 6 
on 4 bells 24 
on 5 belis 120 
on 6 bells 720 
on 7 bells 5040 
on 8 bells 40320 
on 9 bells 362880 
on 10 bells 3628800 
on 11 bells 39916800 
on 12 bells 479001600 


Qresr. 8. 


How many different ways can four common dies come 
up at one throw ? 


Anfeer. 1296 ways. 


Que $ T.. 9 


Suppoſe one undertakes ta throw an ace at one throw 


with four common dies; what probability is there of 
his effefting it ? 


Anſwer. By the laſt queſtion four dies can come 
up 1296 different ways with and without the 2 
y 


me 


MULTIPLICATION. 5 
and by a like computation, they can come up 625 
ways without the ace; therefore there are 671 ways 
wherein one or mcre of them may turn up an ace; 
therefore the undertaker has the better of the lay in 
the proportion of 671 to 625. 


QUEST. 


There ore two incloſures of the ſame circumference, that 
is, beth inclejed © »ith the ſame number of pales, but 
one ts a gu ede is 125 feet, and the other 
an obichg or long ſquare, 124 feet in breadth, and 
126 in length : quære which is the greater cloſe, 
that ts, which, cæteris paribus, wo bear moſt 


graſs. 


Anfcver. The ſquare : for that contains 15625 
ſquare feet; whereas the other contains but 15624. 


Queſtions for exerciſe in Diviſion. 


The deſign of diviſion is to ſhew how often one 
number called the diviſor is contained in another call- 
ed the dividend, and the number that ſhews this 1s 
called the quotient : whence, and from the defnition 
of multiplication already given, I obierve 1%, That 
the diviſor multiplied by the quotient, and conſe- 
quently the quoticat multiplied by the diviſor, will 
always be equal to the dividend, provided there be 
no remainder atter the diviſion is over; but it there 
be, then this remainder added to, or taken into the 
product will give the dividend, which is the beſt 


proof of diviſion. 24/y, That as the diviſor is ſuch 


a part of the dividend as is expreſſed by the quo- 
tient; ſo alſo is the quotient ſuch a part as is expreſſ- 
ed by the diviſor. Thus 12 divided by 3 quotes 4; 


therefore 3 is a fourth part, and 4 a third part of 12. 


340, Hence may a number be found that ſhail be divi- 
{ible by any two given numbers whatever without re- 
manders, to wit, by multiplying the two given num- 


A 3 bers 
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bers together. Thus it I would have a number that 
can be divided by both 6 and 9g without any re- 
mainders, I multiply 9 by 6, and the product 54 
will autwer both conditions; though 18 be the leaſt 
number of that kind. 4thly, Multiplication and di- 
viſion by the fame number are the reverſe of each 
other, and ſo mult neceilarily have contrary effects: 
tor wherzas multiplication increaſes a number by 
taking .t as often as is exprelled by the multiplica- 
tor, diviſion (on the contrary) leſſens it, by takin 
only tuch a part of it as is expreſſed by the diviſor. 
gth'y, cicuce it a number of a leſſer denomination 
be to be changed into an equivalent number of a 
greater, as tarthings into pence, pence into ihillings 
Sc. it muſt be done by diviſion, as the reverle is 
done by muluplication. G, Whenever it is pro- 
polea to know how often one quantity of any kind 
is contained in another of the ſame kind, the num- 
bers repreſeriting theſe quantities muſt be reduced to 
the tame denomination beiore any diviſion can take 
place. Thus it I woutd know how many thirteen- 
penczhalfpennies there are in 20 ſhillings, I muſt 
not only reduce the thirteenpencehaltpenny to 27 
haltpence, but alſo the 20 ſhillings into 480 halt- 
pence ; and then mult enquire by diviſion how often 
27 halfpence are contained in 450 halipence, that 
is, how often 27 is contained in 480 the quotient is 
17, and the remainder 21, that is 21 halfpence; 
for in all diviſion, the remainder muſt be of the 
ſame denomination with the dividend whereof it is 
a part; therefore in 20 ſhillings there are 17 thir- 
reenpencehalfpennics, and 10 pence halfpenny over. 


QukEs r. 
It is required to reduce 987654321 farthings into 
pounds, ſbillings aid pence. 
Anſwer. 987654321 farthings are equivalent to 
246913380 pence and 1 1 farthing ; or to 20576131 
ſhillings, 8d. 14; or to 1028806 pounds, 115. 84. 19. 


QUE sr. 


DIVISION. - 


Qs r. 


One lends me 1296 ęguineas when they were valued at 


11. 16. and fixpence apiece : how many muſt I pay 
him coben they are valued at 11. 15s. apiece ? 


Anſwer. 1326 guineas, 18 ſhillings. 


QUEST. 


A certain flcor 24 feet 4 inches broad, 96 feet 6 in- 
ches long, 1s to be laid at the rate of 12 pence the 


Jquare feat : I demand what the whole charge will 
Ginount lo. 


Anſwer. The floor contains 338136 ſquare in- 


ches, or 2348 ſquare feet and 24 1quare inches; 


therefore the whole charge amounts to 117 pounds, 
8 ſhillings and two pence. 


QrEts7T. 
There is a certain cooler 36 inc bes 5 5 42 inches wide, 


and 72 inches ling: I demand its ſalid content in 
Engiiſh gallons. 


Note. .An ale gallon is 252 cubic inches. 


Anſwer. The veſſel contains 108864 cubic inches, 


that 15, 386 gallons, and 12 cubic inches over. 


QuESrT. 15. 


A cubic foot of water weighs 76 pounds, Troy or 
| Koman weight ,, and air is 860 times lighter than 
weler : I demand the weight of a cubic foot of air. 


N. B. A pound Troy contains 12 ounces, one 
Once 20 pennyweights, and one pennyweight 24 
on ains. 


ꝙa 4 Anſwer. 
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Arnfwer. A cubic foot of air weighs Troy weight 
T 62. I Put. 5 gr. 


QuEsSrT. 


The mean time of a lunation, thet is, from new mcen 
to new moon, is 29 days, 12 hours, 44 minutes 
and 3 ſeconds; and a Fulian year conſifts of 355 
days, 6 hours: I demand then how many lunations 
are contained in 19 Julian years. 


| 
| 
| 


Hours in a Lunation 708 
Minutes 42524 
Seconds 2551443 

Hours in 19 Julian years 166554 
Minutes 9993240 
Seconds 599594400 


— 


Lunations 235; and 1 hour, 287, 25 over. 


| Gr & 1 


In what time may all the changes on 12 bells be rung, 
f allowing 3 ſeconds to every round? See Queſtion 


the 7th. 
The number of changes on 12 bells 479001600 
Ihe time 1437004800 ſeconds, 
or 23950080 minutes, 
or 399168 hours, 


or 45 years, 27 weeks, 6 days, 18 hours. 


Qurs r. 18. 


J General of an army diſtributes 15, pounds, 19 

ſhillings and 2 pence halſpeunr, among 4 captains, 

5 lieutenants and 60 common ſoldiers, in the manner 

| following : Every captain is to have 7 times as much 

N as alicutenaut, and every lieutenant twice as much as 
a common ſcldier: I demand their ſeveral ſhares. 


The 


DIVISION. 


The ſhare of a common ſoldier 35. 4d. 
of a lieutenant 6s. 9d. 
of a captain 1/. os. 4d. 


Queſtions for exerciſe in the Rule of Three, 
And firſt in the Rule of Three Direct. 


The rule of proportion, or rule of three, or by 
ſome the golden rule, is that which teacheth, hav- 
ing three numbers given to find a tourth propor- 
tional, that is, to find a fourth number that ſhall 
have the fame proportion to ſome one of the num- 
bers given, as is expreſſed by the other two; and 
theretore whenever a queſtion is propoſed wherein 
ſuch a fourth proportional is required, that queſtion is 
ſaid to belong to the rule of proportion. Now in 
queſtions of this nature, eſpecially where the num- 
bers given are not merely abſtract numbers, but are 
applied to particular quantities, three things are 
uſually required, to wit, preparation, diſpoſition, 
and operation. 

Firſt as to the preparation, it muſt be obſerved that 
of the three numbers given in the queſtion, two will 
always be of the ſame kind, and muſt be reduced to 
the fame denomination, if they be not fo already; 
and if the remaining number be of a mixt denomi- 
nation, that alſo muſt be reduced to ſome ſimple 


Ry One . 


Secondly, in diſpoſing the numbers thus prepared, 
thoſe two that are of the fame denomination muſt be 
made the firſt and third numbers in the rule of pro- 

rtion, and conſequently the remaining number 
muſt be the ſecond. But here particular care muſt 
be taken, that of the two numbers that are of the 
ſame denomination, that be made the third in the 
rule of proportion, upon which the main ſtreſs of the 
queſtion lies, or to which the queſtion more imme- 
diately relates, or which contains the demand; _ 


10 
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the place of this number being once known, the 
other two muſt rake their places as above directed. 
This ordering of the numbers tor the operation is 
commonly called, ſtating of the queſtion. 

Laitly, having thus itated the queſtion, multiply 
the ſecond and third numbers together; divide the 
product by the ſirſt, and the quotient thence ariſing 
will be the wurth number fought; which ſcurch 
number, as well as the remainder, if there be any, 
muſt always be underſtood to be of th: fame deao- 
mination wich the ſecond. As tor exampic, 


QUEST. 19. 


A prece of plate weighing 3 pounds, 4 ounces and 5 
ay oa Troy weight, ts ge By at 5 ſhillings 
16 Pence an ounce, what is the value of the 


I » 
2040: & & 


Here we have three quantities concerned in the 
queſtion, vig. 3 pounds, 4 ounccs and 5 penny weights; 
one ounce z and 5 ſhillings and 6 pence; whereof 
the two firſt, which are of the ſame kind, muſt be 
reduced to the fame denomination, and the laſt to 
a ſimple one, thus: for one cunce I write 20 penny- 
weights; for 3 pounds, 4 ounces and 5 penny weights, 
805 pennyweights; and for ; ſhillings and 6 pence, 
66 pence ; and fo the numbers are lufficiently pre- 
pared. In the next place I enquire which of the two 
numbers 20 and 805, which are of the ſame deno- 
mination, is that upon which the main ſtreſs of the 
queſtion lies, and I find it to be 805; for the main 
buſineſs of this queſtion is to enquire into the value 
of 805 pennyweights of plate; the reſt being no more 
than data in order to diſcover this: So I make 805 
my third number, 20 which is a number of the ſame 
denomination my firſt, and 66 my ſecond, and ſtate 
the queſtion thus; I 20 pennyweights of plate be 
worth 66 pence, what will $05 * eig big of plate 


be 
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be worth? Now to anſwer this queſtion, I multiply 
805 by 66, and the product is 53130; this I divide 
by my firſt number 20, and the quotient is 2656, 

and there remains 10, that is, 10 pence; theve- 
fore to render my quotient more compleat, I 
briag the remaining 10 pence into 40 farthings, and 
ſo divide again by 20, and {ind the quotient to be 2, 
that is, 2 farthings, without any remainder ; fo the 
value fought is 2656 pence, 2 tarthiags; that is, 
11 ** 1 ſhilling and 4 pence halipenny. 


A demonſtration of this Praxis. 


Caſe It. Now to demonſtrate this manner of 
operation, I ſhall reſume the foregoing queſtion, but 
at firſt under a different ſuppoſition, as thus; IF one 
pennycceigbt of plate coſt 66 pence, <what will 805 
pennyweights coſt? Here nobody doubts but that 
upon this ſuppoſition, 805 pennyweights will colt 
805 times 66 pence, or 66 times 805, that is, 53130 
pence 3 therefore in ail initances of this kind, that 
is, where the firſt number in the rule of proportion is 
unity, the fourth number muſt be found by mul- 
tipiying the tecond and third numbers together. 

Caſe 24. Let us now put the queſtion as it was at 
firſt ſtared, to wit, F 20 perny<ergbts of plate be 
worth 66 pence, what will 805 pean;weights be 
worth ? Now upon this ſuppoſition it is caſy to lee, 
that neither 1 pennyweight, nor conſequently $05 
pennyweights will be worth above a 20th part of 
what they were in the former caſe ; and theretore we 
muſt not nov ſa that 805 pennyweights are worth 
53130 pence, "Ba a zo6h part of that tum, VIZ. 
2656 pence 2 farthings: and as this way of reaioning 
will be the fame in ail other inftances, it follows 
now, that In the rule of proper tion, let the numbers 
given be what they wall, the fourth number miſe be had 
by multiplying the ſecond and third numbers 3 
and dividing the Preduct by the fit. & E. D 


Qr 282 


12 QUESTIONS 1» 


Qs r. 


How far will one be able to travel in 7 days 8 hours, 


at the rate of 13 miles every 4 hours, allowing 12 
hours to à travelling day? 


Anſwer. 299 miles. 
1 Quks r. 21. 


What will 1296 yards of walling amount to, at the 


rate of 4 ſhillings and 5 pence a red, a rod being 5 5 
yards and a half *? 


Anſwer. 52 pounds, 8 pence, 3 farthings. 


QUEST. 


In the mint of England a pound of gold, that is, 11 
ounces fine and 1 allay, is at this time coined into 
44 guineas and an half: I demand how much ſterling 


4 pound of pure geld is worth, *** that the 
alley is valued at nothing. 


Anſwer. 50 pounds, 19 ſhillings and ; pence 


x penny. 


QuzsT. 23. 


What is the annual intereſt of 987 pornds, 6 ſhillings 
and 5 pence at the rate of 6 per cent ? 


Anſwer. 59 pounds, 4 ſhillings ne 9 Pence 
penny. 


Qs r. 


The circumference of the earth according to the French 


menſuration is 123249600 French feet: I demand 
the ſame in Engliſh miles. 


N. B. 
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N. B. A thoulard French feet are equivalent to 


1068 Eaglich leet; 3 feet make a yard, and 1760 
yards make a mile. 


Anſwer. 131630573 Engliſh "Wy 
or 43876857 yards and 2 feet, 
or 24930 miles, 57 yards and 2 feet. 


QuEesST. 2 ; 


Suppoſing all things as in the 3 queſtion, I de- 
mand how long a ſound <will be in paſſing from pole 40 


pole, upon a ſuppoſition that à ſound paſſes over 
1142 feet in @ ſecond of time. 


Anſwr. 16 hours and 32 ſeconds. 


QUuEST. 26. 


Monſieur Huy gens found that at Paris, the length of 4 


pendulum thet [wins ſeconds, was three feet, 8 lines 
and + : I demand it's length in Engliſh meaſure. 


Note. A line is r part of an inch, and 1000 
French half lines are equivalent to 106 Englun = 4 
lines, as in the 24th queition. 


Anſwer. The length in Englih * of 2 
pendulum that ſwings ſeconds, is 941 Englilh + 
lines; or 39 inches, 2 lines and 2. 


QUEST. 27. 


I demand in how long a time, a pipe that diſcharges 15 
pints in 2 minutes, 34 ſeconds, wil! fil! a ciſtern that 
is 36 inches deep, 42 inches wide, and 72 inches 
long. (ſee queſtion the 14th.) 


Anſwer. In 31707 ſeconds; or 8 hours, 48. 27 


For 
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For as eight pints make a gallon, ſo alſo eight 
cubic half inches, that is, eight ſinall cubes of half 
an inch every way make one cubic inch ; therefore 
a pint contains 282 cubic halt inches, and fifteen 
pints 4230; but the whole veſſel contains 108864 
cubic inches by queſt. 14; which are equivalent to 
870912 cubic half inches; therefore this queſtion 
ought to be ſtated thus; 


If 4230 cubic half inches be diſcharged in 154 ſeconds 
of time, in wha! time will 870912 cubic half in- 
ches be diſcharged? And the anſwer is, 


In 8 hours, 48“. 27". as above. 


Quesr. 


If a wall 6 feet thick, ꝙ feet high, and 432 feet long, 
coſt 720 pounds in building, what will be the price 
of @ wall of the ſame materials, that is 12 feet 
thick, 18 feet high and 576 feet long ? 


In the former wall are contained 23328 cubic feet 
in the latter 124416 ; therefore the anſwer to this 


queſtion is 3840 pounds. 


QUEST. 29. 


A certain ſteeple projected upon level ground a ſhadow 
to the diſtance of 57 yards, when a four-foot Staff 
perpendicularly erected caſk a ſhadow of 5 feet 6 in- 
ches: what was the height of the ſteeple ? 


Anſwer. 41 yards, 1 foot, 4 inches. 


QUuEST. 


rus RULE OF THREE. 15 


QUEST. 30. 


Two perſons A and B make a joint flock; A puts in 
372 pounds, and B 496 pounds, for the ſame time ; 
aud they goin 114 pounds, 2 ſhillings: I demand 
each mans ſhare of the gain. 


Both their ſtocks make 868 pounds: fay then, it 
$63 pounds ſtock, bring in 114 pounds, 2 fhillings 
gain, what will 372 pounds, A's part of the ſtock 
bring in? Arwer. 48 pounds, 18 thillings for 2's 
ſhare of the gain; and this ſubtracted from the whole 
gain, leaves 65 pounds, 4 ſlullings, for B's ſhare 
of the gain. 

Note. If there be ever ſo many partners, their 
ſhares of the gain muſt all be found by the rule 
of proportion, except the lait, which may be had 
by tubtraction ; but it would be better to ind them 
all by the rule of proportion, becauſe then, if all 
the ſhares when added together, make up rhe whole 
gain, it will be an argument that the work is right- 
ly performed. 


QUEST. 


Two perſons A and B make a joint flock; A puts in 
496 pounds for 2 months, and B 620 pounds for 3 
months; and they gain 456 pounds. What wii be 
each mans ſhore of the gain? 


In order to give an anſwer to this queſtion, it 
muſt be conſidered, that it is the fame in the caſe 
of trade, as it is in that of money let out to intereſt, 
where time 1s as good as money, that is, whoever 
lets out 496 pounds for 2 months, is intitied to the 
fame ſhare ot the whole gain, as if he had let out 
twice as much, that is, 992 pounds, for one month : 
in like manner, he that lets our 620 pounds tor 3 
months, has a right to the ſame ſhare ct the gain, 
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as if he had let out three times as much, that is, 
1860 pounds, for 1 month: ſubſtitute therefore 
theſe ſuppoſitions inſtead of thoſe in the queſtion, 
which may fately be done without affecting the con- 
cluſion, and then this queſtion will be reduced to 
the form of the laſt, without any conſideration of 
the particular quantity of time, thus; Two merchants 
A and B make a jcint ſtock; A puts in 992 pounds, 
and B 1860 pounds for the ſame time; and they gain 
456 pounds. What will be their reſpective bares of 
the gain ? 


Anſwer. A's ſhare will be 158 pounds, 12 fhil- 


lings and 2 pence; and B's, 297 pounds, 7 ſhillings 
10 pence. 


Qs r. 32. 


F two men in three days will earn 4 ſhillings, how 
much will 5 men earn in 6 days ? 


This and the following queſtion belong to that 
which they call the double rule of three, wherein 5 
numbers are concerned: theſe numbers muſt always 
be placed as they are in this example, that is, the 
two laſt numbers muſt always be of the ſame deno- 
mination with the two firit reſpectively, and the 
number ſought of the fame. denomination with the 
middle one; then may the quettion be reduced to 
the ſingle rule of three rwo ways, either by ex- 
punging the firſt and fourth numbers, or the ſe- 
cond and fifth: if you would have the firſt and 
fourth numbers expunged, you muſt argue thus 
two men will earn as much in three days, as one 
man in two times 3, or 6 days; alfo 5 men will earn 
as much in 6 days, as one man in 30 days; ſubſti- 
tute therefore this ſuppoſition and this demand, in- 
ſtead of thoſe in the queſtion, and it will ſtand thus; 
If one man in 6 days will carn four ſhillings, — 

muc 
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much will one man earn in 30 days? Which is as 
much as to ſay, If in 6 days a man will earn 4 ſbil- 
lings, how much will be earn in 30 days? 


Anſwer. 20 ſhillings. 


If you would have the ſecond and fifth numbers 
expunged, you muſt argue thus; two men will earn 
as much in three days, as 3 times two or 6 men in 
one day; alſo 5 men will earn as much in 6 days, 
as 30 men in one day; put then the queſtion this 
way, and it will ſtand thus; It 6 men in one day 
will carn 4 ſhillings, how much will zo men earn 
in one day ? That is, If in any quantity of time 6 men 
will earn 4 ſhillings, how much will 30 men earn in 
the ſame time ? 


Anſwer. 20 ſhillings, as before. 


Wholoever attends to both theſe methods of ex- 
termination, will eaſily fall into a third, which in- 
cludes both the other, and in practice is much 
better than either of them; for at the concluſion of 
both operations, the number ſought was found by 
multiplying 30 by 4, and dividing the product by 6: 
Now it he looks back, and traces out thele num- 
bers, he will find that the number 3o came from the 
multiplication of the two laſt numbers 5 and 6 to- 
gether, that 4 was the middle number in the que- 


_ ftion, and that the diviſor 6 was the product of the 


two firſt numbers 2 and 3 multiplied together; 
thereiore In all queſticns of this nature, if the three 
laſs numbers be multiplied together, and the produtt be 
divided by the produtt of the two firſt, the quotient wil! 
give the number ſought, without any further trouble. 


B Qs r. 
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QuEsST. 33. 


If for the carriage of three hundred weight 40 miles, 
J muſt pay 7 ſhillings and 6 pence, what muſt I pay 


Fer the carriage of 5 hundred weight 60 miles! 


Anſwer. 225 pence, or 18 ſhillings and 9 pence. 
Queſtions in the rule of three Inverſe. 


Hitherto we have inſtanced in the rule of three 
direct; but there is alſo another rule of proportion, 
called the rule of three inverſe; which as to the pre- 
paration, and diſpoſition of it's numbers, differs no- 
ching from the rule of three direct, but only in the 
operation; for whereas there, the fourth number 
was found, by multiplying the ſecond and third 
numbers together, and dividing by the firſt ; here 
it is found by multiplying the firſt and ſecond num- 
bers together, and dividing by the third. All that 
remains then, is to be able to diſtinguiſh, when a 
queſtion belongs to one rule, and when to the other; 


in order to which, obſerve the following directions: 


If more requires more, or leſs requires leſs, work by the 
rule of three direct; but if more requires leſs, or leſs re- 
quires more, work by the rule of three inverſe. The 
ing whereof is, that if, when the third number 
is greater than the firſt, the fourth muſt be pro- 
portionably greater than the ſecond; or it, when 
the third number is leſs than the firſt, the fourth 
muſt be proportionably leſs than the ſecond, the que- 
ſtion then belongs to the rule of three direct: But if, 
when the third number is greater than the firſt, the 
fourth muſt be leſs than ſecond ; or when the 
third number is leis than the firſt, the tourth muſt be 


greater than the ſecond; in either of theſe cafes, the 


queſtion belongs to the rule of three inverſe, and 
muſt be reſolved as above directed. 
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As for example, 


— — 


Quesr. 34. 


If 12 men will eat up a quantity of previſion in 1 5 
days, bo long will 20 men be in eating up the ſame ? 


This queſtion is of ſuch a nature, that more re- 
quires for 20 men will confume the fame pro- 
viſion in leſs time than 12; therefore the queſtion 
belongs to the rule of three inverſe ; fo I multiply the 
firtt and ſecond numbers „and divide by 
the third, and the I RY e 
an anſwer to the q n. 


A demonſtration of the rule | of three Inverſe. 


If I was to anſwer this queſtion by pure dint of 
thought, without any rule to direct me, I ſhould 
reaton thus: whatever quantity of proviſion laſts x2 
men 15 days, the ſame will laſt 1 man 12 times as 
long, that is, 12 times 15, or 180 days; but if it 
will laſt 1 man 80 days, it will laſt 20 men but the 
20th part of that time, that is 9 days: here then 
the fourth number was found by multiplying the 
firſt and ſecond numbers together, and dividing the 
by the third; and the reaſon is the fame in 
all other wo wherever the rule of three inverle”is 
concerned. Q: E. D. 7 


QUEST. 35. 1 * 


aun ae axe (nn is woos ant $a vr 


92 months : how long mayt J lend bim 496 pu 
for an 9 


9 
— 


Anſwer. 5 years, 9 months. | 
+ - Bs Qresr. 
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Qs r. 36. 
If a ſquare pipe 4 inches and 5, lines wide, will diſcharge 


a certain quantity of water in one hour's lime; in 
what time will another ſquare pipe, 1 inch and 2 
lines wide, diſcharge the ſame quantity from the ſame 
current? 


The orifice of a ſquare pipe 4 inches, 5 lines, or 
53 lines wide, contains 2809 ſquare lines; and the 
orifice of a pipe 1 inch, 2 lines, or 14 lines wide, 
contains 196 ſquare lines. Say then, If an orifice of 
2809 /quare lines will diſcharge a certain quantity of 
water in one hour; in what time will an orifice of 196 
ſquare lines diſcharge the ſame ? 


Anſoer. In 14 hours, 19'. 54". 


Qu EST. 37. 


If 3 men, or 4 women, will do a piece of work in 56 
days, how long will one man and one woman be in 
doing the ſame ? | 


Becauſe of the 3 men, or 4 women, ſome number 
muſt be found that is diviſible both by 3 and by 4 
without remainder ; ſuch a one is the number 12, 
which is the product of 3 and 4 multiplied together ; 
(lee obſervation the third upon the definition of di- 
viſion:) make then 3 men or 4 women equivalent to 
12 boys, and you will have 1 man equivalent to 4 
boys, 1 woman to 3 boys, and 1 man and 1 woman 
to 7 boys, and the queſtion will ſtand thus; Jf 12 
boys will do à piece of work in 56 days, how long will 
7 boys be in doing the ſame ? 


Aꝛſiocr. 96 days. 
SER | Q © S&H 
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QuEesrT. 38. 


if 5, oxen, or 7 colts, will eat up a cloſe in 87 days, 
in what time will 2 oxen and 3 colts eat up the 
ſeme? 


Anſwer. In 105 days. 


QUuEST. 39. 


If 2 acres of land will maintain 3 horſes 4 days, how 
long will 5 acres maintain 6 horſes ? 


This queſtion may perhaps at firſt ſight, be taken 
to be ſomewhat of the ſame nature with the 32d 
and 33d queſtions, which belonged to the double rule 
of three direct; but when it comes to be examined 
into more narrowly, it will be found to be of a very 
different nature: for we cannot ſay here as we did 
there, that 2 acres will laſt 3 horſes as long as 1 
acre will laſt 6 horſes ; this would be a very unjuſt 
way of thinking, and wherever it is fo, the queſtion 
ought to be referred to another rule, which they 
call the double rule of three inverſe ; the propriety 
or impropriety of this thought, being an intallible 
criterion whereby to diſtinguiſh, when a queſtion 
belongs to one rule, and when to the other. All 
queſtions belonging to this rule, as well as thoſe 
belonging to the other, may be reduced to the ſin- 
gle rule of three two ways; either by expunging 
the firit and fourth num or the fecond and 
fifth; but then the methods of extermination are 

different. In queſtions of this nature, if the firit 
and fourth numbers are to be expunged, the 2 firſt 
numbers are to be multiplied by the fourth, and the 
2 laſt by the firſt; but if the ſecond and fifth num- 
bers are to be expunged, then the two firſt numbers 
are to be multiphed by the fifth, and the two laſt 
by the ſecond : thus in the queſtion before us, if we 

B 3 would 
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QukEs r. 36. 
If a ſquare pipe 4 inches and 5 lines wide, will diſcharge 


a certain quantity of water in one hour's time; in 
what time will another ſquare pipe, 1 inch and 2 


lines wide, diſcharge the ſame quantity from the ſame 
current? 


The orifice of a ſquare pipe 4 inches, 5 lines, or 
53 lines wide, contains 2809 ſquare lines; and the 
orifice of a pipe 1 inch, 2 lines, or 14 lines wide, 
contains 196 ſquare lines. Say then, If an orifice of 
2809 ſquare lines will diſcharge a certain quantity of 
water in one hour ;, in what time will an orifice of 196 


ſquare lines diſcharge the ſame ? 
Auſwer. In 14 hours, 19'. 54". 


Qv 216 7. 37. 


If 3 men, or 4 women, will do a piece of work in 56 
days, how long will one man and one woman be in 


doing the ſame ? 


Becauſe of the 3 men, or 4 women, ſome number 
muſt be found that is diviſible both by 3 and by 4 
without remainder ; ſuch a one is the number 12, 
which is the product of 3 and 4 multiplied together; 
(lee obſervation the third upon the definition of di- 
viſion:) make then 3 men or 4 women equivalent to 
12 boys, and you will have 1 man equivalent to 4 

ys, I woman to 3 boys, and 1 man and 1 woman 
to 7 boys, and the queſtion will ſtand thus; 12 
boys will do @ piece of work in 56 days, how long will 
7 boys be in doing the ſame ? 


Auſtocr. 96 days. 
1 | | Q 1 EST. | 
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Qs r. 38. 


if 5 oxen, or 7 colts, will eat up a cloſe in 87 days, 
in what time will 2 oxen and 3 colts eat up the 
Seme ? 


Anſwer. In 105 days. 


QUuEST. 39. 


If 2 acres of land will maintain 3 horſes 4 days, how 
long will g acres maintain 6 horſes ? 


This queſtion may perhaps at firſt ſight, be taken 
to be ſomewhat of the ſame nature with the 32d 
and 33d queſtions, which belonged to the double rule 
of three direct; but when it comes to be examined 
into more narrowly, it will be found to be of a very 
different nature: for we cannot ſay here as we did 
there, that 2 acres will laſt 3 horſes as long as 1 
acre will laſt 6 horſes ; this would be a very unjuſt 
way of thinking, and wherever it is fo, the queſtion 
ought to be reterred to another rule, which they 
call the double rule of three inverſe ; the propriety 
or impropriety of this thought, being an infallible 
criterion whereby to diſtinguiſh, when a queſtion 
belongs to one rule, and when to the other. All 
queſtions belonging to this rule, as well as thoſe 
belonging to the other, may be reduced to the ſin- 
gle rule of three two ways; either by expunging 
the firit and fourth numbers, or the fecond and 
fifth; but then the methods of extermination are 
different. In queſtions of this nature, it the firit 
and fourth numbers are to be expunged, the 2 firſt 


numbers are to be multiplied by the fourth, and the 


2 laſt by the firſt; bur if the ſecond and fifth num- 
bers are to be expunged, then the two firſt numbers 
are to be multiplied by the fifth, and the two laſt 
by the ſecond : thus in the queſtion before us, if we 

B 3 would 
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would exterminate the firſt and fourth numbers, we 
muſt multiply the two firſt numbers, that is, 2 and 
3, by the fourth, that is, by 5, and fay, that 2 
acres will laſt 3 horſes juſt as long as 10 acres will 
laſt 15 horſes; we muſt alſo multiply the 2 laſt 
numbers, to wit 5 and 6, by the firit, that is, by 2, 
and fay, that ; acres will lait 6 horſes as long as 10 
acres will lait 12 horſes: uſe no theſe numbers 
inſtead of thoſe in the queſtion, and it will be 
changed into this equivalent one; It 10 acres of 
land will maintain 15 horſes 4 days, how long will 
10 acres maintain 12 horſes? Strike out ot the 
queſtion the firſt and fourth numbers, which being 
al, will be of no uſe in the cor cluſion, and then 
the queſtion will ſtand thus; /f 15 horſes will eat up 
4 certain piece of ground in 4 days, how long will 12 
borſes be in eating up the ſame? 


- Anſwer, 5 days; for this queſtion belongs to the 
rule of three inverſe. 


If we would exterminate the ſecond and fifth 
numbers out of the queſtion, we muſt multiply the 
two firſt numbers by the fifth, ard ſay, that 2 
acres will laſt 3 horſes juit as lung as 12 acres will laſt 
18 horſes; we muſt alſo multiply the 2 laſt numbers 
by the. fecond; 1nd ſay, that 5 acres will laſt 6 horſes 
as long as 15 acres will. latt 18 horſes: uſe theſe 
numbers inſtead of thoſe in the queſtion, and it will 
be changed into this equivalent one; It 12 acres will 
maintain 18 horfes + days, how long will 15 acres 
maintain 18 horſes ? That is, (ſtriking out the ſecond 
and fifth numbers) -if 12 acres of land will maintain 
a certain number of horſes 4 die, bow dong will 15 
acres laſt the ſame number ? 


- Anſfeoer. 5 days, as before ; for this queſtion be- 
longs to the rule of three direct. 


In 
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In both theſe operations, the number ſought was 
at laſt found by multiplying 15 by 4, and tuen di- 
viding the product by 12: now whofoever looks 
back upon the foregoing reſolution, and oblerves 
how thele numbers were tormed, he will eaſily per- 
ceive, that the number 4 was the middle term in the 

ueſtion ; that the number 1 5 in both operations was 
I product of the numbers 3 and 5, which lay 
next the middle term on each fide; and that the 
diviſor 12 was in both caſes the product ot the ex- 
treme numbers 2 and 6: thereiore I all queſtions he- 
longing to the double rule of three inverſe, where the 
numbers are ſuppoſed to be ordered as in the double rule 
of three direct, if the three middle numbers be multiplied 
together, and the product be divided by the produtt of the 
two extremes, the quotient of this diviſion will be the 
number ſcught. And thus may all the trouble of 
expunging be avoided, though I thought it proper 
to explain that method in the firſt place, in order to 
let the learner into the reaſon of this laſt theorem 
which is founded upon it. 


Queſtions wherein the extraction of the ſquare 


root is concerned, 


QUuEsST. 40. 


There is a certain field whoſe breadth is 576 yords, and 
whoſe length is 1296 yards : I demand the ſide of a 
ſquare field equal to it. 


Anſwer. This field will be equal to a ſquare whoſe 
ſide is 864 yards. 


QrvEesrT. 41. 

There is à certain incloſure 3 times as long as it is broad, 
whoſe area is 46128 ſquare yards: I demand its 
breadth and length. FO 
The breadth multiplied into the length, that is, 

the breadth multiplied into 3 times utfel:, is 46128 

—— 7 theretore 
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herefore the breadth multiplied into itſelf is 15376; 
therefore the breadth is 124, and the length 372. 


QuEsT. 42. 


A certain ſociety collect among themſelves a ſum amount- 
ing to 15 pounds, 5 ſhillings and a farthing, every 
one contributing as many farthings as there were 


members in the whole ſociety : I demand the number 
of members. | 


Anſfever. 121 members. 
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Concerning Lulgar and Decimal Fractions. 


— 


DEFINITION S. 


Art. 1. A FRACTION fimply and abſtract- 

ediy conlidered, is that wherein ſome 
part or parts of an unit are expreſſed : as if an unit 
be ſuppoled to be divided into 4 equal parts, and 
three of theſe parts are to be expreſſed, it muſt be 
done by the traction three fourths, to be written 
thus 2: here the number 4, which ſhews into how 
many equal parts the unit 1s ſuppoſed to be di- 
vided, and to determines the true value, magni- 
- tude, or denomination of thoſe parts, is called the 
denominator of the fraction; and the number 3, 
which ſhews how many of "theſe parts are conſi- 
dered in the traction, is called the numerator : 
thus in the fraction + or one half, 1 is the numera- 
tor, and 2 the denominater; in + or two halves, 2 
is both numerator and denominator, Cc. 

When a traction is applied to any particular 
quantity, chat quantity is called the integer to the 
traction : thus in + of a penny, a penny is the in- 

reger ; 
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teger; in three fourths of fix, the number 6 is the 
integer; thus in three fourths ot tive ſixths, the 
fraction hve ſixths is the integer; for though in an 
abiolute ſenſe it be a fraction, yet here with reſpect 
to the fraction three fourths, it is an integer: and 
thus may one and the ſame quanticy, under diffe- 
rent ways of conception, be both an integer and a 
traction; as a toot is an integer, and a third pat of 
a yard is a fraction, though they both ſignity the 
lame thing. When the ys to a fraction is not 
expreſied, unity is always to be underſtood : thus 
3 is 2 of an unit; thus when we fay, + and + 
make drs the meaning is, that it + part of an unit, 
+ part of an unit be added together, the ſum 
l amount to the fame as it that unit had been 
divided into 12 equal parts, and 7 of thoſe _ 
had been taken; thus again, when we ſay chat + of 
+ are equivalent to , we mean, that if an unit be 
divided into 5 equal parts, and 4 of them be tak- 
en, and then this iraction + be again divided into 3 
equal parts, and 2 of them be taken, the reſult will 
be the fame, as it the unit had at firſt been divided 
into 13 equal parts, and 8 of them had been taken; 
and whatever is true in the cafe ot unity, will be 
equally true in the caſe ot any other integer what- 
ever : thus if it be truc that + and + of an unit are 
equal to Tc of an unit, that is, if it be true in ge- 
neral that ; and : added together are equal to 2. 
it will be as true of any particular integer, luppoz 
of a pound ſterling, that + of a pound, and 8 of 
a pound when added together, are equal to - of a 
pound again, it it be ti ue in general that 5 of are 
equal to t, it is as true in particular mut 2 of 4 
ot a pound are equivalent to r of a pound, Se. 


Of 
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Of proper and improper fractions; and of the 
reduction of an improper fraction to a whole or 
mixt number. 


2. Fractions are of two ſorts, proper and impro- 


per ; a proper fraction is that, whoſe numerator is 


lets than the denominator, as 2; therefore an impro- 
per one is that, whoſe numerator A equal to, or 
greater than the denominator, as 2, 2, Sc. 


OBJzcT1oN. 


But is there no abſurdity in the ſuppoſition of an 
improper fraction, as in three halves for inſtance, 
conſidering that an unit cannot be divided into more 
than two halves? Anſwer: no more than there is 
in ſuppoſing three halt pence to be the price of any 
thing, conſidering that a penny cannot be divided into 
above two halfpence. Theſe fractions theretore are 
called improper, not from any abſurdity either in the 
ſuppoſition, or in the expreſſion, but becauſe they 
may be more properly and more intelligibly expreſſed, 
either by a whole number, or at leaſt by a mixt number 
conſiſting of a whole number and a fraction; as for ex- 
ample, it the numeraror of a fraction be equal to the 
denominator, as + 25 that fraction will always be equi- 
valent to unity, as + of an hour, that is, four quarters 


of an hour, are equivalent to one hour, + of a penny, 


that is, 4 farthings, are equal to one penny, Se: 
and the reaſon is plain; for it an unit be divided into 
four equal parts, and four of theſe parts be expreſſed 
in a fraction, the whole unit is expreſſed in that 
fraction, that is, ſuch a fraction muſt always be 
looked upon as equal to an unit: therefore it the 
numerator be double of the denominator, as 3, the 
traction muſt be equal to the number 2, becauſe + 


contain ? or I twice; in like manner g are equal to, 


and 
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and may be more properly expreſſed by, the number 
33 „ by the number 4, Sc and univerſally, as 
often as the numerator of a fraction contains the de- 
nominator, ſo many units is that fraction equivalent 
to: but to find how Otten the numerator contains the 
denominator, 13 to divide the numerator by the deno- 
minator; cherctore it the numerator ot an improper 
fraction be divided by the denominator, the quotient, 
if nothing remains, will be the whole number by 
which the fraction may be expreſſed; but it any thing 
remains of this divilivn, then the quotient rogether 
with a fraction whoſe numerator is that remainder, 
and denominator the diviior, will be a mixt num- 
ber, expreſſing the fraction propoſed : thus *+ are 
equivalent to the whole number 8, but * are equi- 
valent to the mixt number 8 3, *+ to the mixt 
number 8 +, juſt as 24 feet are equal to 8 yards, 
25 feet to 8 yards and 1 foot, 26 teet to 8 yards and 
2 teet, Sc: and this is what we call the reduction 
of an improper traction into a whole or mixt num- 


ber. 


The reduction of a whole or mixt number into an 
tmproper frat. 


3. As unity may be expreſſed by any fraction of 
any form or Genominat.on whatever, provided the 
numerator be equal to the denominator, a> +, , , 
Se; fo the number 2 is reductble to any traction 
whoſe numerator is double the denominator, as 2, 
„ +, Ec; and fo is every number reducible to any 
traction, whole numerator contains the denominator 
as ofren as there ate units in the number propoſed: 
therefore whenever 2 whol number is to be reduced 
to a fraction he denominator is given, it muſt be 
multiplied by that given denominator, and the pro- 
duct with that denominator under it, will be the 
equivalent fraction; thus if the number 5 is to be 


reduced 
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reduced into halves, that is, into a fraction whoſe 
denominator is 2, it muſt be multiplied by 2, and 
ſo you will have 5 equal to 2, juſt as 5 pence are equi- 
valent to 10 haltpence; if the number 8 is to be 
reduced into thirds, it muſt be multiplied by 3, and 
lo you will have $ equal to 1. juft as 8 yards are 
equal to 24 feet; laſtly, it the aum ber 2 is to be 
reduced into fourthe, it will de equal to 5, juſt as 2 
pence are equal to 8 farthings. It the number to 
be reduced be a mixt number, contiſting of a whole 
number and a fraction, the whole number muſt 
always be reduced to the fame denomination with the 
traction annexed, and the rule will be this: multiply 
the whole number by the denominator of the fraction 
annexed; add the numerator to the product, and the 
ſum with the denominator under. it will be the 
equivalent fraction: Thus the mixt number 52 is 

equivalent to , juſt as 5 pence haltpenny in money 
is equivalent to 11 halfpence: I his operation Carries 
it's own evidence along with it; tor the number 5 itſelf 


is equal to Las above; therefore 5 - maſt be Au- 


valent to th : again, the number 8 + is equal to 


juſt as 8 yards and 2 feet over are equivalent to 26 feet; 


laſtly, 2 + is reducibie to , jut as 2 pence and 3 
tarthings are reducible to 11 tarthings. 


A LEMMA. 


4. If any inleger be aſſumed, os c pound ſterling, and 
alſo any fratticn, as , I ſav then, that +4 parts 
of one pound, amount to the ſame as + pert of 3 
pounds. 

To demonſtrate this Lemma (which ſcarce wants 

a demonſtration; I argie thus: It any quantity, 

greater or lets, be always divided into ſame 


number of parts, the greater or lefs the quantity fo 


divided is, the greater or leſs will the parts be; thus 
2 of a yard is 3 times as much as - of a foot; be- 


cauſe a yard is 3 times as much as a foot; and for the 
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fame reaſon 1 of 3 pounds is 3 times as much as 


of 1 pound; but + of 1 pound are alſo 3 times as 
much as - 2 of I pound ; theretore + of 1 pound are 
equal to 2 of 3 pounds, becauſe boch are juſt 3 times 
as much as of 1 pound. Q, E. D. 


Hew to eſtimate any fractional parts of an integer 
. parts of a leſſer dencmination, and vice 
vers. 


5. This may be done various ways; but the ſhorteſt 

and ſafeſt, as I take it, is that which follows: Sup- 
e I had a mind to know the value of £5 of a pound; 

ſhould argue as in the foregoing lemma, that 3 3 of 


one pound, are the ſame as ot 5 pounds; but the 


latter is more eafily taken than the former; ; therefore 
I apply myſelf wholly to the latter, to wit, to find 
the fixth part of 5 pounds, thus: 5 pounds, or 100 
ſhillings, divided by 6, quote 16 ſhillings, and 
there remain 4 ſhillings ; * 4 ſhillings, or 48 
pence, divided by 6, quote 8 pence, and there re- 
mains nothing ; ; therefore the value of 1 ſixth of 5 
pounds, or 5 of 1 pound, is 16 ſhillings and 8 pence 
Again, ſuppoſe I would know the value of 5 of a 
pound, I find the value of „ of 6 pounds thus; 6 
pounds, or 120 fhillings divided by 7, give 17 
ſhillings, and there remains 1 ſhilling; again, 1 
milling, or 12 pence, divided by 7, give 1 penny, 
and there remain 5 pence; again, 5 pence, or 20 
farthings, divided by 7, give 2 farthings, and there 
remain 6 farthings ; laſtly, a a ſeventh part of 6 far- 
— is juſt as much as +4 of 1 farthing, by the 
: hence I conclude, "that £ of a Pound are 
| — SB 1 penny, 2 farthings, and 7 of a far- 
thing : But a of 5 of a tarthing is ſo near to 
one tarthing, chat if I would rather admit of 2 {mall 
inaccuracy in my account. than a fraction, I ſhould 
make the value of £ of a pound to be 17, ſhillings, 
1 penny 
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1 penny and 3 farthings. Laſtly, ſuppoſe I would 


know the amount of + parts of 17 ſhillings and ſix- 
peice, I ſhuuid argue thus; + parts of 17 ſhillings 
and ſixpence, are equivalent to + part ot twice as 
much, that is, to + part of 35 ſhillings : but + part 
ot 35 ſhilings is 11 ſhillings and 8 pence; there- 
fore + parts of 17 ſhulings and ſixpence make 11 
ſhillings and 8 pence. | 

Ot the reverie of this reduction, one fingle in- 
ſtance will ſuffice: Let it then be required to reduce 
1 ſhilling, 2 pence, 3 farthings, to tractional parts 
of a pound: here I conſider, that in 1 pound are 
960 tarthings z and in 1 ſhilling, 2 pence, 3 farth- 
ings, are 59 farthings; therefore 1 farthing is e 
ot a pound; and I ſhilling, 2 pence, 3 farthings, are 
+33 of a pound. 


Preparations for further reductions and operations 
of fradtiens. 


6. All the operations and reductions of fractions, 
are mediately or immediatcly deducible trom the 
following principle, which is; that F the numerator 
of a fraction be encreaſed, whilſt the denominator con- 
tinues the ſame, the value of the fraction will be en- 
creaſed proportionably; and vice versa. On the other 
hand, if the denominator be encreaſed in any proportion, 
whilſt the numerater continues the ſame, the value of 
the fraftion will be diminiſhed in a centrary preper- 
tion ; and vice versa. Thus + are twice as much as 
„ and + is but half as much. | 

From this principle it follows, that if the nume- 
rator and denominator of a fraction be both multi- 
plied, or both divided by the lame number, the va- 
lue of the fraction will not be affected thereby; 
decauſe, as much as the fraction is encreaſed by 
multiplying the numerator, juſt fo much again it 
will be diminiſhed by multiplying the denominator; 
and as much as the fractien is diminiſhed by divid- 


mg 
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ing the numerator, juſt ſo much again it will be 
encreaſed by dividing the denominator : Thus the 
terms of the fraction + being doubled, produce 2, a 
fraction of the ſame value; and, on the contrary, 
the terms of the fraction 5 being halved, give +. 
Hence it appears, that every fraction is capable 
of infinite variety of expreſſion, ſince there is inti- 
. Hite choice of multiplicators, whereby the numera- 
tor and denominator of a fraction may be multiplicd, 
and fo the expreſſion may be changed, without 
changing the value of the fraction: thus the trac- 
tion , if both the numerator and denominator be 
multiplied by 2, becomes ?; it by 3, 3; it by 4, 4; 
it by 5, ; and ſo on ad inſinitum; all which are 
nothing elſe but different expreſſions of the fame 
fraction: therefore in the midſt of ſo much variety, 
ve muſt not expect that every fraction we meet 
with ſhould always be in it's leaſt or lowelt terms ; 
but how to reduce them to this ſtate whenever they 


happen to be otherwiſe, ſhall be the buſineſs of the 
next article. 


The reduction of fractions from higher to lower 


Ferms. 


7. Whenever a fraction is ſuſpected not to be in 
it's leaſt terms, find out, it poſſible, ſome number 
that will divide both the numerator and denomina- 
tor of the fraction without any remainder ; tor it 
fuch a number can be found, and the diviſion be 
made, the two quotients thence ariſing wilt exhibit 
reſpectively, the numerator and denominator of a 
fraction, equal to the fraction firſt propoſed, but ex- 
preſſed in more ſimple terms: this is evident from 
the laſt article. As for example; let the fraction 
43 be propoſed to he reduced: here to find fume 
number that will divide both the numbers 10 and 15 
without any remainder, I begin with the number 2, 
as being the firlt whole number that can have any 

| ClICC 


# 


Ver 


been taken. 
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effect in diviſion , but I find 2 will not divide 15; 
3 is the next number to be tried; but neither will 
that ſucceed, for it will not divide 10; as for the 
number 4, I paſs that by, becauſe if 2 would not 
divide 15, much leſs will 4 do it; the next num- 
ber I try is 5, and that ſucceeds; for if 10 and 15 
be divided by 5, the quotients will be 2 and 3 re- 
tpectively, each without remainder ; therefore the 
traction , after being reduced to it's leaſt terms, 

is found to be the ſame as 43; that is, if an unit 
be divided into 15 equal and 10 of them be 
taken, the amount will be the ſame, as if it had 
been divided into 3 equal parts, and 2 of them had 
Secondly, if the traction propoſed to 


be reduced be — „ divide it's terms by 2, and 


you will 3 =; divide again by 
2, and you will have -*** 


4 ET by 2, and 


you will have — therefore all further diviſion by 
2 is excluded: 4 then theſe laſt terms wb 3. 
and you will have MET > divide again by 3, 


you will have =>; divide by 5, and you will have | 
213 and laſtly, Teide by 7, and you will have +; 


ſo that the fraction on 75655 after a common diviſion 


. 2, * 3 3» 5» 7s is found at laſt equal to 3. 


Thirdly, the traction +55, after a continual diviſion | 
by 2, 2, 3, becomes 4. Fourthly, z after a con- 
tinual diviſion by 2, 2, 7, becomes z, Fitthly, 


= after a continual diviſion by 2, 2, 3, 3, be- 
Sixthly, 125 after a continual diviſion 


by 2, 3, and 7, becomes +. Seventhly, -— — . — after a 
C . 


comes +. 
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continual diviſion by 3, 5, 7, becomes 3. Eighth- 


ly, — after a continual diviſion by 5 and 7, be- 


comes 2 Ninthly, - 2 1 after a continual diviſion 


by 3, 7, 7, becomes Fong or 3. 
Some perhaps may think themſelves helped in the 
practice of this rule by the following obſervations: 
Firſt, that 2 will divide any number that ends with 
an even number, or with a cypher, as 36, 30, &c. 
and no other. 


Secondly, that 5 will divide any number that ends 


with a 5, or with a cypher, as 75, 70, &c. and no 
other. 

Thirdly, that 3 will divide any number, when it 
will divide the ſum of it's digits added together 
thus 3 will divide 471, becauſe it will divide the 
number 12, which is the ſum of the numbers 4, 7 
and 1. 

Fourthly, if both che numerator and denominator 
have cyphers annexcd to them, throw away as many 


SETOa. 
. — is the ſame as 


as are common to both: thus 


2 or 5 = ; 
500 1125 LE 


After all, there is a certain and infallible rule for 
finding the greateſt common diviſor of any two num- 
bers whatever, that have one, whereby a traction may 
be reduced to it's leaſt terms by one ſingle operation 
only. I ſhall be forced indeed to poſtpone the de- 
monſtration of this rule to a more convenient place, 
not ſo much for want of principles to proceed upon, 


as for want of a proper notation ; but the rule itſelt 


is as follows: Let @ and þ be two given numbers, 
whoſe greateſt common diviſor is required ; to wit, 4 
the greater, and 6 the leſs: then dividing @ by 6 
without any regard to the quotient, call the remain- 
der e; divide again & by cr, and call the NEWITN ; 

then 


for 
um- 
may 
tion 

de- 
lace, 
pon, 


rel 


bers, 
it, 4 
by » 
12:n- 
er d; 
then 
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then divide c by d, and call the remainder e; then 
divide d by e, and call the remainder f; and fo pro- 
ceed on, till at laſt you come to ſome diviſor, as f, 
which will divide the preceding number e without a 
remainder : I ſay then, that this laſt diviſor will be 
the greateſt common divitor of the two given num- 
bers a and . As for example; let @ be 1344 and 
b 582 : then to find the greateſt common diviſor of 
theſe numbers, I divide @ (1344) by & (582) and 
there remains 180, which I call c; then I divide 3 
(582) by c (180) and there remains 42, which I call 
d; then I divide c (180) by 4 (42) and there re- 
mains 12, which I call e; then I divide d (42) by e 
(12) and there remains 6, which I call 7; laſtly I 
divide e (12) by f (6) and there remains nothing : 
whence I conclude that 6 is the greateſt common di- 
viſor of the two numbers 1344 and 382; and as the 


quotients by 6 are 224 and 97, it follows, that the 
fraction e when reduced to it's leaſt terms, will 


be 2 If no common diviſor can be found but 


unity, it is an argument that the fraction is in it's 
lealt terins already. 

From this and the laſt article it follows, that all 
fractious that are reducible to the fame leaſt terms are 
equal; as +, 5, 43, &c, which are all reducible to 5 
though it does not follow e conver/o, that all equal 
fractions are reducible to the ſame leait terms ; this 
will be demonſtrated in another place. (See Elements 
of Algebra, Art. 193.) SS 

For the better underſtanding of the following ar- 
ticle, it muſt be obſerved, that this mark x is a fign 
of multiplication, and is ufually read into: thus 2 X 3 
ſignifies 6, 2 X 3 X 4 ſignifies 24, 2X 3X4X5 
ſignifies 120, Cc; and in ſome caſes it will be better 
to put down theſe components or factors, than the 
character of the number ariſing from their continual 
multiplication, as in the following article. It . 

C 2 alſo 
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allo to be obſerved, that it matters not in what order 
theſe components are placed; for 2X 3X 4 X 5 lig- 
nifies juſt the ſame as 4 X 5 X 2 X 3, &c. 


The reduction of fractions of different denominations, 
to others of the ſame denomination. 


8. There is another reduction of fractions, no leſs 
uſeful than the former; and that is, the reduction of 
fractions of different denominations to others of the 
ſame denomination, or which have the ſame denomi- 
nator, without changing their values; which is done 
as follows: Having firſt put down the fractions to 
be reduced, in any order, one after another, and be- 
ginning with the numerator of the firſt fraction, mul- 
tiply it by a continual multiplication, into all the 
denominators but it's own, and put down the product 
under that fraction; then multiply in like manner, 
the numerator of the next fraction into all the de- 
nominators but it's own, and put down the product 
under that fraction; and ſo proceed on through all 
the numerators, always taking care to except the de- 
nominator of that fraction, whoſe numerator is mul- 
tiplied. Then multiplying all the denominators to- 
gcther, put down the product under every one of 
the products laſt found, and you will have a new 
ſet of fractions, all of the ſame denomination with 
- one another, and all of the ſame values with their re- 
ſpective original ones. As for example ; let it be 
propoſed to reduce the following fractions to the ſame 
denomination, , , , : 1/t, The numerator of 
the firſt fraction is 1, and the denominators of the 
reſt are 4, 6 and 8, and 1 Xx 4 X 6 x 8 gives 192; 
therefore I pur down 192 under 2. 240, The nu- 
merator of the ſecond fraction is 3, and the denomi- 
nators of the reſt are 6, 8 and 2, and 3 X GN 8X 2 
gives 288 ; therefore I put down 288 under 3. 3, 
5X8 X 2 Xx 4 gives 320; therefore I put down 
320 under . 4th!y, 7 X 2 Xx 4 X 6 gives 336; there- 

tore 


Art. 8. FRACTIONS. 37 


fore I put down 336 under 3. Laſtly, 2 K 4 G8, 
or the product of all the denominators is 384: this 


therefore I put down under every one of the nume- 


rators laſt found, and to have a new ſet of fractions, 
192 288 320 336 

384 387 337 384? all of the ſame denomi- 
nation, as appears from the operation itſelf ; and all 
of the ſame value with their reſpective original ones, 


as will appear preſently; but firſt ſee the work: 


diz. 


2 * "4+ * "'<* Ire 
dg 289 — gas $9 


384 3% 384 384 


A demenſtration of the rule. 


All that is to be demonſtrated in this rule is, to 
prove from the nature of the operation itſelf, that the 
original fractions ſuffer nothing in their values by this 
reduction : in order to which, it will be convenient 
to put down the components of the new numerators 
inſtead of their proper characters, as in the laſt ar- 
ticle; as alſo thoſe of the common denominator, and 
the work will ſtand thus: 


* 7 5 7 
＋ F* * 


o E 
1X4X6X3 3X6Xx53X2 5X8X2X4 7X2X4X6 
2X4X0X8 4X0X8X2 0X8X2X4 dX2X4x0' 


By this method of operation it appears, that the 


numerator and denominator of the firſt fraction 2, 


are both multiplied by the ſame number in the re- 
duction, to wit, by 4x 6x8; and therefore that 
traction ſuffers nothing in it's value, by art. 6. In 
like manrer, the terms of the ſecond traction + are 
both multiplied by the ſame number 6x 8X 2; there- 


fore that fraction can ſuffer _—_— in it's value ; and 
the ſame may be {aid of all the reſt. Q, E. D. 
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Other examples to this rule. 


' ' * ' r T x Y Y 
| ENS * INE 1 —  * 09 
360 240 180 144 120 120 go 72 60 
720' 720" 720 720 720 300 360 360 360" 
' x * * 1 # 
* * * * *. 
30 24 20 6 5 
120 120 120 | A. 


The uſe of this rule will ſoon appear in the addition 
and ſubtraction of fractions: in the mean time it ma 

not be amiſs to obſerve, that it would be very diffi- 
cult, it not impoſſible, to compare fractions of dif- 
ferent denominations, without firſt reducing them to 
the ſame. As for inſtance ; ſuppoſe it ihould be 
aſked, which of theſe two fractions is the greater; 
3, or +; in this view it would be difficult to deter- 
mine the queſtion ; but when I know that + are the 
ſame with z, and that 5 are the fame with 22, I 
know then, that + are greater than +5 by. a twenty 
eighth part of the whole. We now proceed to the 
four operations of fractions, to wit, their addition, 
ſubtraction, multiplication and diviſion : and firſt, 


Of the addition of fractions. 


9. Whenever two or more fractions are to be added 
together, let them firſt be reduced to the ſame deno- 
mination, if they be not fo already; and then adding 
the new numerators together, put down the ſum with 
the common denominator under it. Tn the cate of 
mixt numbers, add firſt the fractions together, and 
then the whole numbers: but it the fractions when 
added together, make an improper fraction, reduce 
It by the 2d art. ro a whole, or mixt number ; and 
then putting down the fractional part, if there be any, 
reſerve the whole number for the place of integers. 

888 Tg 


Q. 


QT 
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_ 
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To this rule might be reterred (if it had not been 
taught already in the zd art.) the reduction of a mixt 
number into an improper fraction, which is nothing 
elſe but adding a whole number and a fraction to- 
gether, and may be done by conſidering the whole 
number as a traction whote denominator is unity. 


Examples of addition in fractions. 


1/t, and , when added together make „, for 
juſt the ſame reaſon as 3 ſhillings and 4 ſhillings when 
added together make 7 ; thillings. 

24dly, The fractions + and + when reduced to the 
ſame denomination by tlie laſt art. are , and , and 
theſe added together make ; therefore the fractions 
and + when added together make up the fraction 2. 

For a better confirmation of theſe abſtract con- 
cluſions, but chiefly to inure the learner to conceive 
and reaſon diſtinctly about fractions, it will be very 
convenient to apply theſe examples in ſome particular 
cale, as for inſtance, in the caſe of a pound ſterling; 
and if we do ſo here, we are to try, whether and 
of a pound when added together, amount to Hg of a 
pound, or not: here then we ſhall find by diviſion, 
that the third part of a pound is 6 ſhillings and 8 
pence, and the fourth part 5 ſhillings ; and theſe 
added rogether, make 11 fhiilings and 8 pence z 
therefore + and + cf 2 pound when added together, 
make 11 ſhillings and 8 pence; but by the «th art. it 


will be tound that, - of a pound are alſo 11 ſhillings 


and 8 pence; therefore; and g of a pound, when added 
together, make 7, of 2 pound; and the fame would 
have been true in any other inſtance whatever. 
3d'y, ; and , that is, + and 243, when added 
together, make 1, winch will alſo be true in the 
cale of a pound ſterling ; tor by the gth art. + of a 
pound are 8 thillings, of a pound are 7 Si 
and 6 pence, and their ſum is 15 fhillings and 
pence z which will alto . tound to be the value * 
4 | 0 
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3+ of a pound; therefore + and + of a pound when 
added together, make 43; of a pound. 

4thly, + and +, that is, 44 and , when added 

her, make 53, an improper fraction; which 

being reduced to a mixt number, by the 2d art. is 
1 and +: let us now try,' whether 5 of a pound, 
and 4 of a pound when added together will make 
one pound and 2 of a pound over, or not: now 
+ of a pound, or 13 ſhillings and 4 pence, added to 
+ of a pound, or 16 ſhillings, amount to 1 pound 
9 ſhillings and 4 pence; and + of a pound, are 
found to be 9 ſhillings and 4 pence, therefore + and 
+ of a pound when added together, make one pound 
and + of a pound over. 

5thly, 3 and +5, that is, +} and 5% : when added 
together, make , or 1-7, which will alſo be true 
in the caſe of a pound ſterling. 

* . 360 240 180 144 

6:hly, £3 7 T3 5 G69 that 18, 720 720 720 720 
120 1044 CRY 
2 when added together, make _— that is, 1259: 
try it in money. 

puh, 2, 2, 2, 4 and 4, chat is, 28, £2,990 


720 720 720 


6 600 2556 
and —, when added together, make , that 
720 720 720 


is, 3 5: 

8200, The ſum of the mixt numbers 7 and 84 is 
15 f; for the ſum of the fractions is i by the ſe- 
cond example, and the ſum of the whole numbers 
is 15. 

gthly, 5 + added to 7+ gives 13,7; for the ſum 
of the fractions is 1 , by the fourth example; and 
the whole number 1, added to the whole numbers 
5 and 7 gives 13. | 

10:hly, 8:, 95, 104, 113, 123, added together 
make 53:43; for the fractions themſelves make 344 
by the ſeventh example, and the whole number 3 
added to the reſt makes 53. 


I rthly, 


dad ATE NO. Oe T7 he 
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I bly, The whole number 2 added to the ſrac- 
tion + gives 4; for the whole number 2 may be 
conſidered as a fraction, whoſe denominator is uni- 
ty 3 now + and + when reduced to the ſame deno- 
mination, are + "and 2 3, which added together make 
TFT 

Thus alſo may unity be added to any fraction 
whatever, when ſubtraction requires it; but better 
thus: unity may be made a fraction of any deno- 
mination whatever, provided the numerator be equal 
to tae denominator, by art. ad: ſuppoſe then I 
would add unity to x3 1 luppoſe unity equal to , 
and this added to + makes +: 2gain, unity added 
to + makes 2, becauſe + and + make . 


Of the ſubtraftion of fractions. 


Whenever a leſs fraction is to be ſubtracted 

* 1 a greater, they muſt be prepared as in addition; 
that is, they muſt be reduced to the ſame denomi- 
nation, if they be not ſo already; then ſubtracting 
the numerator of the leſs fraction from that of the 
greater, put down the remainder with the common 
denominator under it. In the caſe of mixt numbers, 
ſubtract firſt the fraction of the leſſer number from. 
that of the greater, and then the leſſer whole num 
ber from the greater: but it, as it olten happens, the 
greater number has the leſſer traction belonging to it, 
then an unit muſt be borrowed trom the whole num- 

ber and added to the fraction, as intimated in "the 
cloſe of the laſt article. 


Examples of ſubtractian in Salts 


1/7, v ſubtracted from , leaves r, juſt in the 


fame manner as 3 ſhillings ſubtracted from 4 ſhillings 
leave 1 ſhiliing. 


2dly, 2 ſubtracted from 5, that is, r ſubtracted 
from 225 leaves 2 or. So + of a pound, or 
& 15 ſhillings, 
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15 ſhillings, ſubtracted from ; of a pound, or 16 
ſhillings and 8 pence, leaves 2 of a pound, that is, 


1 ſhilling and 8 pence. 


3dly, 7+ ſubtracted from 8 2, that is, 7 7 ſub- 
tracted from 8 3, leaves I +. 

4thly, 7 +. ſubtracted from 9 25 that is, 7 + ſub- 
tracted from 7 4, leaves 2, or +; for here the greater 
number having the leſs traction belonging to it, | 
borrow an unit from the whole number 8, and fo 
reduce | it to 7; and then this unit, under the name of 
+, I add to the fraction 4, and fo make it 

5thly, 7 + fubtracted from 8 2, that is, 72 ſub- 

'from 82, that is, 7+ ſubtracted from 72, 

leaves + 

6thly, 7.3. ſubtracted from 8, that is, 7 ſubtracted 
from 73, leaves 3. 


Of the multiplication of fractions. 


11. To multiply a whole number is to take the 
multiplicand as often as that whole number expreſſes : 
therefore to multiply by a mixt number, is, not only 
to take the multiplicand as often as the integral part 
expreſſes, but alſo to take ſuch a part or parts of it 
over and above, as is expreſſed by the fraction an- 
nexed. Thus 10 multiplied by 24 produces 25 : 
for as 2+ is a middle number between 2 and 3, o 
the product ought to be a middle number between 
20 and 3o, that i is, 25: In like manner 10 multi- 
plied by 1+ produces 15, and being multiplied by + 


produces 5: therefore to multiply by a proper fraction 


is nothing elſe but to take ſuch a part or parts of the 
multiplicand, as is expreſſed by that traction. Cer- 
tainly to take 10 twice and halt of it over, once and 
half of it over, no times and half of it over, 
(which laſt is taking the half of 10,) are operations 
of the ſame kind, and differ only in degree one from 
another, and therefore, if the two former operations 


pals by the name of mult plication, this laſt ought to 
do 
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do fo too; and it there be any abſurdity in the caſe, 
it lies in the name, and not in the thing. 

Arithmetic was at firſt employed about whole 
numbers only, and thus far the name of multiplica- 
tion was adequate enough, except in the caſe of 
unity. But ic being atterwards conſidered, that no 
quantity whatever could be called an unit. that was 
not further di /iſible; and conſequently, that there 
was not only an infinity of fractional numbers below 
unity, but alſo an infinity of mixt numbers between 
any two whole numbers whatever; it was judged, 
rightly enough, that the art of Arithmetic would 
not be pertect till it's operations extended themſelves 
to this ſort of number allo; and this being done 
without changing their names, it was then that the 
name of multiplication became too ſcanty for the 
ſignified : this therefore ougglit to be attributed to the 


unavoidable want of foreſi cht in the firſt impoſers, 


and not to any impertection in the ſcience itſelf. 
This is no more than the cate of many other arts and 
ſciences that have outgrown their names. Thus 
Geometry, that originally and properly ſignified no 
more than the art of turveying, is now defined to be 
a ſcience treating of the nature and properties of all 
tigures, or rather of the different modifications of 
extenſion and ſpace; ſo that now ſurveying is the 


leaſt and loweſt part of that icience. Thus Hy- 


droſtatics, which originally ſignified no more than 
the art of weighing bodies in water, or rather the 
art of finding out the ſpecific gravities of bodies 
by weighing them in water, is now made the name 
of a ſcience, which treats of the nature and pro- 
periies of fluids in general; and the ſeveral proper- 
ties of air and mercury, fo far as they are fluids, fall 
under the conſideration of Hydroſtatics, as properly as 
thoſe of water. 

But perhaps it may be further urged, that to take 
the hall of any quantity, 1s not to multiply, but to 
divide it. To which I anſwer: * it is impoſſible 

to 
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to take the half of any quantity without dividing it 
by 2; and conſequently, that to multiply by 2 has 
the fame effect as to divide by 2 ; but this does not 

rove that multiplication is the fame as diviſion, but 
only that thele two operations, how contrary loever, 
may be made to do each others buſineſs, which is no 
myltery to any one who is the leaſt converſant in 


Arithmetic, and will be further explained in the next 


article. 

A fraction may be multiplied by a whole number 
two ways; either by multiplying the numerator by 
that number, or elſe by dividing the denominator by 
the ſame, where ſuch a diviſion is peſſible: thus if 


the fraction ; be to be multiplicd by 2, the product 


will either be by doubling the numerator, or + 
by halving the denominator: this is evident trom 
the 6th art. becauſe a fraction will be equally en- 
creaſed, whether it be hy encreaſing the numerator, 
or by diminiſhing the denominator. 

It a fraction be to be multiplied by a fraction, 
multiply the numerator and denominator of the mul- 
tiplicand, by the numerator and denominator of the 
multiplicator reſpectively, and the fraction thence 
ariſing, will be the product fought : thus if it was re- 
quired to multiply + by +, or {which amounts to the 
ſame thing) if it was required to determine how much 
is + of +, the anſwer would be + ; and the reaſon is 
plain; for + of + is ++, by the fixth art. becauſe 
making the denominator three times greater, makes 
the fraction three times leis; but it + of + be +2, 
then + of + ought to be twice as much, that is +4 
therefore to determine the amount of + of 3, the 
numerator and denominator of + muſt be multiplied 
reſpectively by the numerator and denominator of 
+; and the fame reaſon will hold good in all other 
inſtances. 

If a whole number is to be multiplied by a fraction, 
either change the multiplicator and multiplicand one 


for another, and then proceed as above directed; or 


elle 
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elſe conſider the multiplicand as a fraction whote de- 
nominator is unity, and fo proceed according to the 
rule for multiplying one traction by another; by 
which means both rules will be contracted into one. 
Thus 6, or 5, multiplied into 3, produces '+, or 4. 

Ir the multiplicator, or multiplicand, or both, be 
mixt numbers, they muſt firſt be reduced to impro- 
per fractions by the third art. and then be multiplied 
according to the general rule. 


Examples of multiplication in fractions. 


19. + of 5 multiplying numerators together, and 
denominators together, is 2, or +! : ar dl fo we find 
it in any particular caſe: for { of a pound are 17 
ſhillings and 6 PERCe 3 and + of 17 ſnillings and 6 
pence, that is, by the 5th ark.) + of 35 ſhillings, is 
11 ſhillings and 8 pence; therelore + of ; of a pound 
are 11 ſhiilings and 8 pence, which will alſo be tound 
to be the value of ot a pound. 

Here we may oblerve once for all, that whenever 
two fractions are to be multiplied together, the pro- 
duct will be the ſame, which ſoever it is that multi- 
plies the other, juſt as it is in whole numbers, and 


for the ſame reaſon; for if 7 be to be multiplied by 


+, then the numbers 7 and 8 mult be reſpectively 
multiplied by 2 and 3; but if ; is to be multiplied 
by z, then the numbers 2 and 3 muſt be reſpectively 
multiplied by 7 and 8, which amounts to the fame 
thing; whence it follows, that 5 of 7 come to the 
fame as Z of : to confirm this, we have ſeen already 
that 5. Of of a pound amount to 11 ſhillings and 8 


' pence; let us in the next place enquire into The value 


of + of ; of a pound: now +. of a pound are 13 fhul- 
lings and 4 pence; and 7 of 1 3 ſhillings and 4 pence, 
that is, + of 93 ſhillings and 4 pence, is 11 ſhillings 
and 8 pence 3 ; therefore + of + of a pound are the 
lame as of + of a pound, fince boch amount to 11 
ſhillings and $ pence. 
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2dly, 7 of 5 of 22 are 28, or 23 for 2 & 5X9 


make go, and 3 x 6 Xx 10 make 180: thus 22 of a 
pound are 18 ſhillings z and + of 18 ſhillings are 15 
; and + of 15 ſhillings are 10 ſhillings; 

which are of a pound. 
3aly, + of + of 4. are : thus 4 of a pound are 15 
ſhillings ; and - of 15 ſhillings are 11 ſhillings and 
3 pence; and : of 11 ſhillings and 3 pence are 8 
ſhillings and 5 pence tarthing : which will alſo be 
found to be the value of 54 of a pound. 
4thly, The mixt number 6} multiplied by the 
whole number 7, or the whole number 7 multiplied 
by the mixt number 6 3, will produce in either caſe 
47 +: for the mixt number 6 4 being reduced (by the 
3d art.) to an improper fraction, becomes ; which 


being multiplied by 7, or 4, makes — or, when 


reduced to a mixt number, 47 +. 

This multiplication may allo be made another 
way, thus: 4 multiplied by 7 makes 2, that is, 
(by the 2d art.) 54; put down the fraction +4, and 
keep the 5 in reſerve; then 6 multiplied by 7 makes 
42, which, with the gj in reſerve, makes 47; there- 
tore the whole product is 47 4,25 before. 

5thly, 3+ multiplied by 2 +5, that is, & multi- 


plied by , makes 


120 0 
, that is, 10: thus 342 of a 
12 


pound are 3 Pounds, 15 ſhillings; and twice 3 pounds. 
15 ſhillings is 7 pounds, 10 ſhillings ; Moreover + of 

3 pounds, 15 ſhillings, or + of * pounds, 10 ſhil- 
1 IS 2 pounds s, 10 ſhillings; and theie 2 pounds, 
(© ſhillings, added to the former part of the product, 
to wit, 7 pounds, 10 ſhillings, give 10 prone for 
the whole product; cheretore 3 zz of a pound multi- 
plied by 2, make 10 pounds. 


J 
6. LA, 
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6thly, 96 + DOE ky 24 :, that is, 2, 2 
tiplied by , gives — 


2348 8. 
7th, 36 f multiplied into itſelf, that is, —. mul- 


2, that is, (by the ud art.) 


tiplied by _ makes — „ that is, 1314 +5. 
Before I put an end to this art. I do not know 
whether it will be thought worth my while to take 
notice of a very abſurd queſtion fometimes bandied 
about, wherein it is required to multiply + of a pound 
by + of a pound: I call this a very abfurd queſtion, 
becaule there is no manner of propriety in it; for in 
the very idea and definition of multiplication, the 
multiplicator at leaſt is ſuppoſed to be an abſtract 
number, or fraction, otherwiſe, what can be the 
meaning of taking the multiplicand as often, or as 
much of it, as is exprefſed by the multiplicator? ? If 
by multiplying 3 of a re by + of a pound, be 
meant no more than mult iplying + of a pound by 2, 
why is the word pound expreſſed in the multiplicator ? 
and it there be any other meaning in it, why does 
not the propoſer explain it, fince it is not expreſſed 
in the queſtion ? Let him tell me what he means b 
multiplying 1 pound by 1 pound, and I will ſoon 
undertake to anſwer his queſtion ; but if he neither 
can nor will do this, the queſtion neither deſerves, 
nor is capable of an anſwer. I am not ignorant of 
another queſtion more frequently uſed than this, and 
of equal nonſenſe, it cuſtom had not explained it, 
and that is, to multiply 3 yards by 2 yards, and the 
like; whereby is meant I ſuppoſe, to aſſign the num- 
ber of ſquare yards contained in a rectangled parallelo- 
gram, or long {quare, 3 yards in length, and 2 yards 
in breadth; but if this be the ſenſe put upon that 
queſtion by common conſent, that is all the title it 
has 
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has to it, there being no ſuch thing either expreſſed, 
or {0 much as implied, in the terms of the queſtion. 


A L EMM A. 


12. Let n be any whole number, mixt number, or frac- 
tion; I ſay then that the quotient of n divided by any 
fraction is equal to the product of n multiplied into 
the reverſe of that fraction: as tor inſtance, 


Let # be divided by :; I fay that the quotient of 
u divided by 2, will be equal to the product of x 
multiplied by + : for let q be the quotient of x di- 
vided by +; that is, let q be a number expreſſing 
how often the fraction Z 15 contained in ; then will 
+ multiplied by 4, be equal to z, from the nature of 
multiplication ; but the product of 5 multiplied by q 
is the ſame with the product of q multiplied by 2; 
that is, + of q, by the laſt article; therefore x is equal 
to + of q; therefore + of x is equal to + of q; there- 
fore + of n are equal to ; but + of » is the product 
of = multiplied by 5 ; therefore the product of mul- 
tiplied by + is equal to q; but the quotient of x di- 
vided by + was q, by the ſuppoſition ; theretore the 
quotient of x divided by 2, is equal to the product 
of # multiplied by 5. Q: E. D. 
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Hence may the rule of diviſion be at any time 
changed into that of multiplication, only by invert- 
ing the terms of the divifor, and then multiplying in- 
ſtead of dividing. The taine will alfo obtain in whole 
numbers, it they be conſidered as fractions whote de- 
nominators are units: thus to divide x by 2, that is, 
2, will have the ſame effect as to multiply it by 2, as 
was hinted in the foregoing article. 


Of 


8 


— 


Rs we Pay wh UH 26 


9 


An. 1 FRACTIONS. - 49. 


. Of the diviſian of fractiens. 


13. The diviſion of fractions like all other diviſion, 
1s to find how often one fraction called the diviior, 
is contained in another called the dividend ; and that 
which ſhews this, is called the quotient, whether it 
be a whole number, a mixt number, or a proper 
fraction: for in fractional diviſion the quotient is 
always intended to be exact, without any remainder, 
and therefore muſt ſometimes be a whole number, 
ſometimes a mixt number, and ſometimes a proper 
fraction. Thus if 18 is to be divided by 6, the quo- 
tient will be 2; becauſe 18 contains 6 3 times: but 
if 21 is to be divided by 6, the quorient will be 
2 +; becauſe 21 contains 6 three times, and halt of 
it over and above: laſtly, it 3 is to be divided by 6, 
the quotient will be +, becaute here the diviſor be- 
ing greater than the dividend, cannot be ſo much as 
once contained in it, and therefore the quotient in 


this cate, muſt be a proper fraction, that is, 2, ſince 


5 is juſt the halt of 6. 

A fraction may be divided by a whole number 
tro ways; either by dividing the numerator by that 
vhole number when poſſible, or elle by multiplying 
the denominator by the fame : thus the halt of 5 may 
be taken, that is, / may be divided by 2, either by 
halving the numerator, and the quotient will be 3, 
or elſe by doubting the denominator, and then the 
quotient will be , both which amount to the ſame 
thing, by the 6th and 7th articles. 

It the diviſor be a fraction, the quotient may be 
had by multiplying the dividend into the inverted 
divifor, according to the rules of muitiplication al- 
ready laid down: thus it + is to be divided by 5, 
the quotient will be the fame as the product of + 
muitiplied by 3, that is, 4-4, or 17; the demonſtra- 
tion whereot is contained in the laſt article. 

D And 
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And here again, as well as in the eleventh article, 
we are to obierve, that if either the diviſor, or divi- 
dend, or both, be mixt numbers, they muſt be re- 
duced to improper fractions betore the general rule 
can have place; and that it either, or both be whole 
numbers, they muſt be conſidered as fractions whoſe 
denominators are units. 

From the general rule of diviſion before laid down 
it follows, that every fraction may be conſidered as 

the quotient oi the numerator divided by the denomi- 
nator, and that, whether the terms of the traction un- 
der conſideration be whole numbers, or (which ſome- 
times happens) mixt numbers, or even pure fractions: 
a demonſtration of this laſt caſe will ſerve tor all, ſince 
mixt numbers may be reduced to fractions, and whole 
numbers may be conſidered as fractions whoſe deno- 


4 
minators are units. Let the fraction propoſed be A 


I ſay, that this fraction is equal to the quotient 
ariſing from the diviſion of the numerator + by the 
denomina tor : to demonſtrate which, multiply both 
= the numerator, and + the denominator, by + the 
inverted EIN ART and the traction will be changed 
into this, 15 or , being of the fame value with 


the former, by he 600 art. but the quotient of + di- 
vided by is alſo u: as above; therefore the fraction 


5 is equal to the quotient ariſing from the diviſion of 
7 

the numerator by the denominator: and the ſame way 
of reaſoning may be uſed in any other inſtance. This 
conſideration is of very great uſe in Algebra, where 
quantities are very often io generally expreſied, that 
there is no other way of repreſenting the quocient, 
but by a fraction whoſe numerator is the dividend, 
and denominator the diviſor. Hence alſo we are 
taught how to reduce a complicated fraction into a 
ſimple one, whoſe numerator and denominator are 
whole numbers, to wit, by dividing the numerator 


by 
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4 
by the denominator : thus we fee that + is the ſame 
＋ 
3. 


Other examples of diviſion in fractions. 
1, 3 divided by 3 „ or, which is the fame thing, 


4 multiplicd 1 into 2, makes 22, Or 1 =, which ſhews, 
that 3. 1s contained once, and g part of it over and 
above, in : for a further confirmation ot this, 5 of 
a pound are 16 ſhilliags and 8 peice; and | of 2 

nd are 15 ſhillings: now 15 ſhillings are once 
contained in 16 ſhillings and 8 pence, and there is 
1 ſhilling and 8 pence over; which 1 ſhilling and 8 
pence is juſt + + of 15 ſhillings. To prevent. over- 
ſights, the learner is te remember, that it is the 
terms of the diviſor only that are to be inverted, and 
not thoſe of the dividend : thus to divide + by + is 
the ſame as to multiply + into 4, but not the lame as 
to multiply + > into +. 

2dly, To divided by , or r multiplied into , make 
, Or 2 , which may be confirmed like the for- 
mer: for +} of a pound are 18 ſhillings; and + of a 
pound is 6 ſhillings and 8 pence: row 6 ſhillings 
and 8 pence are twice contained in 18 ſhillings, and 
there are 4 ſhillings and 8 pence over; which 4 ſhil- 
lings and 8 pence will be found by the 5th art. to be 
juſt ++ of 6 ſhillings and 8 pence. 
Zaiy, The whole number 10 divided by 2 4, that 
is => divided by 3, or multiplied into 4, makes g, 
or 3 2. 

uthly, 2 3 divided by 2, or 4 qivided by 2, or 
multiplied into + makes e, or . 

5ihly, 16 5 divided by 1 + | that is, *2 divided by 


or multiplied into? DFT 2, or 14. 


D2-: Further 
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Further clſer val ions concerning multiplication and 
di diſien in fractions. 


14. When two fractions are multiplied together, 
or one is divided by the other, it often happens, that 
though the original fractions be both in their leaſt 
terms, yet the product, or quotient from them, ſhall 
be otherwiſe, and require a further reduction: as for 
inſtance, the trations 5 and 3 are both in their 
leaſt terms; and yet if they be multiplied rogether, 
their product +3 is fo far from being in it's leaſt 
terms, that it may be reduced to + : : fo again in di- 
Vion, and * 5. are ira&tions both in their leaſt 


I 
T © 1 4 


terms; and yet it the latter be divided by the for- 
. 150 ; 
mer, the quotient 2 is reducible to 23. It may 


not be amiſs therefore, to enquire into the cauſe of 
this, and ſee whether the original- fractions may not 
be ſo prepared beforehand, as that the product, or 
quotient, ſhall always come out in it's leaſt terms. 
Firit then, as to the multiplication of 5 and r; here 
it is eaſy to ſee, that the product of c and 1 multi- 
Plied together, will juſt amount to the ſame, as that 
of into ?, the denominators of the fractions being 
interchanged : this I ſay is certain trom the operation 
itſelf ; tor the ſame numbers are multiplied together 
in both caſes; but thefe laſt fractions are far from 


being in their leaſt terms, tlie former, 44 being re- 


ducible to 2, and the latter © to; ; but alter theſe 
new fractions „ and * are reduced to their leaft 
terms + and :; their product 4} will be the fame in 
value with that of the original fractions, and at the 
ſame time will be in it's leaft terms. Thus then we 
fee, that to have the product in it's leaſt terms, care 
muſt be taken, not only to reduce the original frac- 
tions as low a poſtihie, but atrer that, to interchange 
their denominators, and then again to reduce thele 

new 
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new fractions to their leaſt terms, and laſtly, to mul- 
tiply theſe reduced fractions one into another. 

The ſame manner of practice will alto ſerve for di- 
viſion, after it is reduced to the rule of multiplication : 
as for example; the quotient of 4 divided by +2, is 
the ſame with the product of +5 multiplied into g; 
and this again, is the fame with the product of *+ 
multiplied into 1 5 as above; but becauſe the frac- 
tions 3 Ind 22, are not in their loweit terms, they 
mult be reduced to F and r before it can be expected 
that their product 34 * ſhould be in it's leaſt terms. 
Thus we have reduced the two compendiums of 
multiplication and diviſion, not only to one rule in- 
ſtead of two, as. they are commonly given out, but 
alto to ſuch a rule as carries it's own evidence along 
with it. 

N. B. What was here done by interchanging the 
denominators, and keeping the numerators m their 
places, may as well be done by interchanging the nu- 
merators, and keeping the denominators in their 
places, the reaſon of both being the fame. 


Of the rule of proportion in fractions 


15. The rule of proportion in fractions, is ſo much 
the ſame with the rule of proportion in whole num- 
bers, that nothing more needs to be ſaid of it, except 
to illuſtrate it by an example or two. 


Examples of the rule of proportion in fractions. 


1ſt, If give + what will give? Here + and 33 

multiplied together give 22; and this divided by 2, 
(or multiplied by +) quotes +, or 5, which is an 
anſwer to the queſtion. | 

2dly, If 2 I grove 3 2, what will 45 give? Theſe 
mixt numbers being by the zd art. reduced to im- 
proper fractions, will ſtand thus: If + give , what 
will ** give ? Here ' and 7 multiplied together 

D 3 give 
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give Ln or 18; and this divided by 3, quotes 6 2, 
which is an anſwer to the queſtion. 

3dly, If + of a yard coft + of a pound, what ill. 
of an ell coſt ? Here it mult be obſerved, that an ell 
is + of a yard, and coilequently that 1 of an ell is + 
of +, or „ of a yard; ſo that the queſtion may be 
ſtated thus: If + of a yard oft - - of a pound, what 
will 1 of 0 yara c 1 ? Flere + and * multiplied to- 
gether make .* 4 and this divided by ; quotes r of 


a pound, or 4 Hillings and twopence; which there- 
fore is an antwer to tae queſtion. 


The reduclien of proportion from frattional to 


integral terms. 


Whenever two fractions are propoſed, as + and 2, 
whoſe proportion is deſired in whole numbers, re- 
duce the tractions firſt to the ſame denomination by 
the Sch art. that is, in the preſent cale, to by and 
TE ; then you will have + to ; as {+ is to ; but 
1-215 tO 13 as IO to 12, or as 5 to 6; Pk AS + 
to g as 5 to 6: here we may obſerve, that though 
the finding of the common denominator be neceſſary 
for underita, adiag the reaſon of the rule, yet it is not 
at all neceſſary tor the practice of it; tor to what 
purpoſe 1s it to find the common denominator, to 
throw it away again when we have done ? In practice 
therefore, multiply the numerator of the fraction 


which is the firſt in the proportion, by the denomi- 


nator of the ſecond, and then the numerator of the 


ſecond traction, by the denominator of the firſt, and 
the two products will exhibit reſpectively, the propor- 
tion of the firſt iraction to the ſecond in whole num- 
bers, as was cvident in the foregoing example. 


Of the eætraction of roots in fractions. 


16. As every fraction is ſquared, or multiplied into 
itſell, by ſquaring both the numerator and denomi- 


nator, 


7 


ww. 
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nator, (fee art. 11.) fo e conver/o the ſquare root of 
every fraction will be obtained by extracting the 
ſquare root both of the numerator and denomina- 
tor: thus the ſquare of + is , and the ſquare root 
of +2? is 3. But here care muſt be taken, whenever 
the ſquare root of a fraction is to be extracted, that 
the traction itſelf be firſt reduced to it's ſimpleſt 
terms, by the th art. otherwiſe the fraction may 
admit of a ſquare root, and yet this root may not be 
diſcovered: thus it it was required to extract the 
ſquare root of the fraction , it would be impoſſible 
to obtain the root either of 18 or 32; and yet when 
this fraction is reduced to it's leaft terms +?, it's 
ſquare root will be found to be 3. 

When the ſquare root of a number cannot be ex- 
tracted exactly, it is uſual to make an approximation 
by the help of decimals, or otherwite, and fo to 
approach as near to the value of the true root as 
occaſion requires. Now in the cafe of a fraction, 
if the ſquare root of neither the numerator nor deno- 
minator can be exactly obtained, there will be no 
neceſſity however, for two approximations, becauſe 
ſuch a fraction may be eaſily reduced to another of 
the fame value, whote denominator is a known 
{quare : as for inſtance ; ſuppoſe the ſquare root of 
46 +. or — was required: I multiply both the nu- 


merator and denominator of this fraction by 5, and 


1155 
ſo reduce it to -: Here the denominator 25 


7 
is a known ſquare number, whoſe root is 5; and the 
ſquare root 1155 is 34 nearly; therelore, the ſquare 
root of the fraction propoled is nearly 2, or 64. 
But after all, the beſt way of extracting the ſquare 
root of a vulgar traction, is by throwing it into a 
decimal traction, as will be ſhewn hereaiter. 

Note. That whatever has here been ſaid concerning 
the extraction of the ſquare root in fractions, may 
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eaſily be applied, mutatis mutandis, to the extraction 
of the cube root, Ec. 


decimal fractions. 
And firſt of their notation. 


17. A decimal fraction is a fraction whoſe deno- 
minatcr is 10, or 100, or 1000, Or I0000, c. and 
this denominator is never expreſſed, but always un- 
derſtood by the place of the figure it belongs to: 
for as all figures on the leſt hand of the place of u- 
nits, riſe in their value, according to their diſtances 
from it, in a decuple proportion; ſo all figures on 
the right hand of the place of units, ſink in their 
value in a ſubdecuple proportion: as for inſtance; 
the number 345.6789, where 5 ſtands in the place 
of units, is to be read thus; three hundred forty-five, 


fix tenths, ſeven hundredth parts, eight thouſcnd:b 


parts, nine tenthoujandth parts: or the decimal parts 
may be read thus; fix thouſend ſeven hundred eighty 
neue tentheuſandth parts; the denominator being ten 
thouſand, becaule the laſt figure 9, according to the 
former way of reckoning, ſtands in the place of 


tenthouſandth parts. The reaſon of this latter way 
. ON 3 Coco 

of reading is plain; for 2 are , and — are 

10000 I CO 


700 BE: 80 600 700 80 
——, and ——— are „ and ——, N 
ICCCO 1000 10000 10020 10000 1000 
8 6789 
and - , all added together, make . 
I OOCO 10000 


Cyphers are uſed in the expreſſion of decimals as 
well as whole numbers, and for the ſame reafon. 
Thus .067 may be read either 0 /cnths, fix hundredth 
parts, ſeven theuſendth parts; or fixty ſeven thouſand!h 
parts. But cyphers on the right hand of a decimal 
number (if nothing follows them) are as inſignificant 
as cyphers on the left hand of a whole number; and 
yet cyphers are ſometimes placed after decimals, oy 
; | the 
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the ſake of regularity, or when we want to increaſe 
the number ot decimal places. 

From what has here been ſuid, it will be eaſy to 
multiply or divide any number by 10, 100, Ido, 
Sc. only by removing the ſeparating point towards 
the right or left hand. Thus the number 343.6789 
being multiplied by 10, becomes 3456. 789; and 
being multiplied by 100, becomes 34567 .89: and 
the tame number 345 .6789 being divided by 10, 
becomes 34.50739z; and being divided by 100, 
becomes 3.436799: thus again, the number 345 
being divided by 10000, — 03453 for to 
divide by 10000, is the tame thing as to remove the 
ſeparating point 4 degrees towards the leit hand, it 
there be any ſeparating point in the number given; 
but if there be none, as in the preſent caſe, then to 
put a ſeparating point four degrees towards the left 
hand, which in this example cannot be done, but by 


che help ot a cypher in the arit decimal place. 


Of the eddition and jubiraTion of decimal 


Jrations. 


18. The chief advantage of decimal arithmetic 
above that of common fractions, conſiſts in this, 
that in decimals, all operations are performed as in 
whole numbers: this will preſently appear from the 
ſeveral parts of decimal arithmetic, as they come 
now to be treated of in order; and farit of addition 
and ſubtraction. 

Addition and ſubtraction in decimals are performed 
after the ſame manner as in whole numbers, care 
being taken, that like parts be placed under one 
another: as for ec: :ample, .567 arc added to .89 
chus; 

89 89 890 

567 ſubtracted thus; 567 or thus; 67 


1.457. 3233 323. 
"of 
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Of the mulliflicaticy of decimal fractions. 


19. Muitiplication in decimals is alſo performed as 
in whole numbers, no regard being had to the de- 
cimals as ſuch, till the product is obtained; but then, 
ſo many decimal places muſt be cut off jrom the 
right hand of the product, as are contained both in 
the multiplicator and multiplicand: as for inſtance 
let it be required to multiply 4 .56 by 2.3: here 
conſidering both factors as whole numbers, I mul- 
tiply 456 by 23, and find the product to be 10488; 
but then conſidering that there was one decimal in the 
multiphcator, and two in the multiplicand, I cut 
oft three decimal places from the right hand of the 
product, and the true product ſtands thus; 10 .458. 

To ſhew the reaſon of this operation, let the two 
factors be reduced to ſimple fractions according to 
the common way, and we ſhall have 2 .3 equal to 


2 J 


6 : 
tes and 4. 36 equal to — and theſe two fractions 


8 10488 8 
multiplied together make —— ; divide by 1000, 
IC CO 


which is done by cutting off the three laſt figures, 
according to art. the 17th, and the quotient will be 
10.488. Another example may be this: let it be 
required to multiply 4.5600 by .23: the product of 
45600 multiplied by 23 is 1048800: but as there 
were two decimals in the given multiplicator, and 
none in the multiplicand; I cut off two decimal 
places irom the laſt product, and the true product 
will be found to be 10488 . oo, or 10488. Laſtly, 
let it be required to multiply .0004 56 by .23: here 
neglecting the initial cyphers in the multiplicand, I 
multiply 456 by 23, and the product 1s 10458: 
then I conſider, that there were two decimal places in 
the multiplicator, and fix in the multiplicand, and 
conſequently that cight decimal places are to be cut 
off from the laſt product: but the laſt product 

conſiſts 


1 
4 


as. 2 
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conſiſts of only 5 places; therefore I place three cy- 
phers to the left haud, with the ſeparating point be- 
tore them, and fo make the true product .o0010488. 

t here are various compendiumis of this fort of mul- 
tiplication to be met with in Czghtred and others; but 
they are ſuch, as by a little exerciſe, any one tolerably 
well grounded in this part of Arithmetic will caſily 


diſcover of humielt as they lie in his way. 


Of the diviſian of decimal fractions. 


20. Diviſion in decimal fractions is performed, firſt 
by conſidering them as whole numbers; and dividing 
accordiagly; and then cutting off from the right 
hand Gi the quotie.it, as many decimal places as the 
dividend hach more than the diviſor. The reaſon 
Whercot is Mauliclt from the 19th article: for ſince 
the divilur and quotient multiplied together are to 
make the dividend, the diviior and quotient ought 
to have as many decimal places between them, as 
there are in the dividend; therefore the quotient 
alone cught to have as many decimal places as the 
dividend hach more than the divitor. 

Example the 1½; Let it be propoſed to divide 
10 .458 by 2.3: here dividiugg the whole number 
10488 by the whole number 23, I find the quotient 
to be 436: but then conlidering that there were 3 
decimal places in the dividend, and but one in the 


divilor, I cut off two places from the right hand of 


the quotient, and to make the true quotient 4. 36. 


Example 24; Let it be propoſed to divide 3678.9 


by .o6 : here becauſe there are two decimal places in 
the diviſor, and but one in the diyidend, I ſupply 


zthe deficient place by putting a cypher after the di- 


vidend, thus, 5678.90; then dividing the whole 
number 567890, by the whole number 6, (tor ſince 
6 is now conſidered as a whole number, the cypher 
before it may be neglected; ) I find the quotient to 


be 94648, which is not to be tunk, becaule the di- 


vidend 


-—— 
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vidend was made to have as many decimal places as 
the divitor ; but as this quotient is not exact, it for a 
greater degree ot exactnels I would continue it to any 
number ot decimal places, ſuppoſe 2, inſtead of one 
cypher alter the divitor, I would have put three, and 
then the quotient would have come out 494648. 33, and 
this quotient is much more exact than the former, as 
lying betwcen 94648 .23 and 94648 . 34: but it 
ought further to be oblerved concerning this quo- 
tient, that it the diviſion was to be continued 1% 7. 
uicdiu, the ſigures in the decimal places would be all 
3's: this is evident from the work; for the two lait 
dividuals are the fame, and theretere they mult all 
be the fame. 


To reduce a culgar fraction io a decimal fraction. 


21. Since every fraction may be confidered as the 
quotient of the numerator divided by the denomina- 
ror, (ſee art. 13th,) we have an ealy rule for redu- 
cing a vulgar fraction to a decimal fraction, which is 
as follows : put as many cypkers after the numera- 
ror as are equal in number, to the number of decimal 
places whercof you intend your reduced fraction to 
conſiſt, and call theſe cyphers decimal; and then 
dividing the numerator by the denominator, the quo- 
tient will be a decimal number equal to the fraction 
firſt propoſed, or perhaps a mixt number, it the 
fraction propoſed was an improper one. 

Example /; Let this fraction be propoſed to 
be reduced to a decimal one conſiſting of four deci- 
mal places: here putting 4 decimal cyphers after the 
numerator 3, I divide 3. 000 by 49, and the quo- 
tient uncorrected is 612: but now conſidering that 
there were 4 decimal places in the dividend, and nones 
in the diviſor, and conſequently that four decimal 
places are to be cut of from the quotient, whereas 
it conſiſts but of three; I ſupply this defect of places 
by a cypher at the left hand, and ſo make the quo- 
Lent . 0012. 


W 3 . a 4 W * 
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Example 
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Example 2d; Let this fraction H be propoſed to 
be reduced to a decimal fraction an. if pci- 
fn5le, of fix places: here dividing 7 .000000 by 16, 
I find the true quotient to be .4375, the two lat cy- 
phers in the di idend being uſclets. 

Nate. When this divition runs ad inſſuilum, it will 
be impoſſible for che reduction to be exact in a finite 
number of terms; but an approximation may be 
made that ſnail come nearer to rae quotient than the 
leaſt aſſignable difterence, by taking more and more 
terims. 


To reduce the decimal farts of a "w_ integer to fuch 
ether parts as that integer 15 1 ſuc: „ divided Into. 


22. To explain this rule, and to give an example 
of it at the ſame time; let. 345 ol a pound ſterling. 
that is, three hundred torty five choufandth parts a 
a pound be given to be reduced into fhillings, pence 
and farthings: here then I oviorve, that as any num- 
ber of pounds, muitipucd by 20 will give as many 
ſhillings as are equal to the pounds, fo any decimal 
parts oi a pound multipucd by 20, Will give as many 
th! illings, and decimal parts ct a ſhilling, as gr cqui- 
valent to the decimal parts of a pound; and fo on 


as to pence and farthings : multiplying therefore 


345 by 20, the product is 6 and 9, or 6. o, 


Which ſignifies, that. 345 ct a pound are equivalent 


to ſix ſhillings and nine tenths ot a ſhilling, which is 
uſually written thus; 6 . ſhillings : again, multi- 
plying this laſt decimal .9 by 12 for pence, I find 
that .9 of a ſhilling arc equivalent to 10 .8 pence : 
laſtly, multiplying . 8 by 4. for tarthings, I anc that 
8 of a penny are equivalent to 3 .2 tarthings 3 as 
for the .2 of a farthing, I neglect it, there being ro 
lower denomination, or at leatt, not intending to de- 
ſcend any lower; and ſo I find . 3 45 of a p- ound to 
amount to ix ſhillings and tenpence three Carthings. 


or” 
1 6 
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To reduce the common parts of any integer into 
equivalent decimal parts of the fame. 


23. This reduction being the reverſe of the former, 
it might be performed by diviſion, as that was by 
multiplication ; but when all things are conſidered, I 
do not know whether the following method may not 
be thought as eaſy, and as intelligible as any: let it 
then be Tequired to reduce 2 hours, 34 minutes, 56 
ſeconds, into equivalent decimal parts cf a day. 
Now in one day there are 86400 ſeconds; and in 
two hours, 34 minutes, £56 ſeconds, there are 9296 
ſeconds ; therefore two hours, 34 minutes, 56 le- 


f 9255 
conds, are equivalent to -- a of one day : reduce 


this vulgar fraction to an equivalent decimal, by the 
laſt article but one, and you will find it to be. 10759; 
therefore 2 hours, 34 minutes, 56 ſeconds, are 
equivalent to. 10759 of one day. But there is one 
article ſtill remains to be adjuſted, and that is, to 
how many decimal places the toregoing fraction muſt 
be reduced, fo as to exprets accurately enough, the 
parts of a day to a ſecond of time. Now to know 


. - : I 
this, I conſider that one ſecond of time is * of 
| 64 


one day; therefore I reduce —— to a decimal 
$0400 
fraction, at leaſt as far as to the firit ignificant figure, 
and find it to be oO; whence I comckade,.” that 
to expreſs the parts ct a day to a ſecend ot time by 
any decimal, that decimal muſt not conſiſt of fewer 
than 5 places, becauſe there were 5 places in the de- 
cimal fraction .ooo01. Now to ſhew that the deci- 
mal fraction above tound, to wit, .10759 exprelles 
the time propoſed to a ſecond, reduce it back again, 
by the laſt art and you will find it amount to 2 hours, 
34 minutes, 35 8 ſeconds. 
For another example, let us take the reverſe of 
that in the laſt art. that is, let ic be propoſed to re- 
duce 
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_— [tz hillings ten pence» 3 .2 farchings, into equi- 

alent decimal Parts ot a pound: Oe pound con- 
tains 960 farthings, or 9600 tenths ot a larthing; 
and 6 thii! ings, 10 pence 3.2 farthings, contain 3312 
tentns of a tucking; the reture 6 hi _— 10 pence 


3 .2 farthings, are equivalent to 2 


9700 


" of a pound ; 
I s . . 

but _ being reduced to a decimal, is, .oo91 Ec. 

wherein the firſt ſignificant figure is in the 4th place 
. - f 312 5 

therefore I reduce the fraction — to four deci- 

LS 

mal places, and they amount to . 3450, that is, . 345 

of a pound; 1o that in this particular cale, three 

decimal places are ſuſficicut to exhreſs exactiy the tum 


propoted. 


Of rhe extraction of the ſguare root in 4 mal 
frattions. 


24. Having treated of the multiplication an"! divi- 


ſion of decimal fractions, it would be atog cur 


needleſs to ſay any thing concerning tue rule of pro- 
portion, which is but à part ular appicauton of Hull: 
therefore I ihall now paſs on to the entradcien of tac 
ſquare root, at læaſt fo far as it concerns decimal ffac- 
tions, There are but few iquare numbers, or lach 
as will admit of an exact ſquare root, in cemparitun 
of the reſt; and therefore, whenever a number is pro- 
poſed to have it's ſquare root extracted, the artiit 


mult firſt determine wich himſelf, to how many de-. 


cimal places it is proper the root ſhould be continued; 
and then by annexing decimal cyphers, ii nec be, 
to the right hand of the number propoſed, he muſt 
make twice as many decimal FE chere, as the root 
is to conſiſt of; after this, he mutt put a point over 
the place of units, and then pailing by every other 

figure, he muſt point in like manner all the reſt, 
boch to the rizht hand, and to the leit: by this 


Means, 


| 
| 
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means, the number will be prepared, and the {quare 
root may be extracted as in whole numbers, provided 
that fo many decimal places be cut off irom the root 
when obtained, as were firſt deſigned. 

Example 1; Let the root of 2 345 5 .6 be required 


to two Aecima! places. The number when prepared, 


Rands thus, 2 2 345 .6000, or as a whole number, thus, 


234460; and its ſquare root, when extracted, will 
be 494.3 Acarly z and therefore 48 .43 will be the root 
ſouglit. To dry tnis root 48 .43, multiply it into 
wel, and the 4 firſt figures of the ſquare will be 

2345, which are all true, nor can it be expected any 
more ſhould be ſo, becauſe there were but four places 
true in the root, no notice being taken of the reſt : 
but had the root been extracted true to 5 places, that 
15, to as many places as the original ſquare conſiſted 
ct, it would then bave been 46.431; multiply this 
number into itſelf, and 5 of the firſt figures of rhe 
product, taken witn the leaſt error, wili be 2345.6. 
which 15 the cr riginal iquare itſell. 

Example 260 Let the root of . 0023456 be re- 
quired to 5 decimal places. Here putting a cypher 
in tue Piace of units to direct tac punct tation, this. 
0.0592 3 4.56000, T extract the ſquare root of 2345 6 
as of a whole number, and find it to be 4843, as 
above: but conſidering that this root is to be funk 5 
places, I put a _ to the leit hand, and fo make 
he true root. 0484 

That the 1. pace uare oug at to have twice 2s 
many decimal places os the root, is evident, both d 
rien, and & po ericrt : d prior, becauſe in extrack- 
ing. tive fa re (CCHF, TWAaA licrures are brought COwn 
from th lquare jor every tingle figure gained in the 
rect; and @ poſteriori, becaule the root multiplied 
into iticit is to pro duce the ſquare; and therefore, 
irom the nature of muitiplication, the quare ought 
to have teice as many decimal places as the root. 
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B O O K I. 


The Deſinitien of Algebra. 


Art. 1. SHALL not here detain the young 
ſtudent with a long hiſtorical account of 
the riſe and progreſs of Algebra; nor 
even ſo much as with either the etymo- 

logy or ſignification of the word, which would contri- 

bute but very little to his information, till he has made 

a further progreſs in the ſcience itſelt, and whereof 

he will find enough in Dr. Vallis and others. Nor 

indeed is it a ſubject altogether ſo proper at this time 
to be inſiſted upon ; this art, like many others, ha- 
ving now conſiderably outgrown it's name, and be- 
ing often employed in arithmetical operations very 
different from what it's name imports. All I fhall 
advance then, by way of definition is, that Agebra, 
in the modern ſenſe of the word, is the art of com- 
puting by ſymbols, that is, generally ſpeaking, by let- 
ters of the alphabet; which for the ſimplicity and 
diſtinctneſs both of their ſounds and characters, are 
much more commodious for this purpoſe than any 
other ſymbols or marks ara 

In 
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In this way of notation, it is uſual to ſubſtitute let- 
ters not only tor ſuch quantities as are unknown, and 
conſequently, ſuch as cannot well be repreſented other- 
wile, but alio ior known quantities themſelves, in or- 
der to keep them diſtinct one from another, and to 
form general concluſions. As tor inftance ; ſuppoſe 
it was demanded of me, what two numbers are 
thoſe, whoſe ſum is 48, and whoſe difference is 14: 
here, if I only put x, or ſome other letcer for one 
of the unknown quantities, and ute the known ones 
48 and 14 as I find them in the problem, I ſhall 
only come to this particular concluſion, to wit, that 
the greater number 1s 31, and the leſs 17, which 
numbers will anſwer both the conditions of the prob- 
lem. But it inſtead of the known numbers 48 and 
14, I ſubſtitute the general quantities @ and & reſpec- 
tively, and fo prop-vic the problem thus; What two 
numbers are theſe, wheſe ſum is a, and wheſe difference 
zs b? I ſhall then come to this general concluſion, 
viz. that Half the ſum of a and b will be the greater 
number, and bf their difßerenct will be the leſs : which 
general theorem will fuit not only the particular caſe 
abovementioned, but allo all other caſes of this prob- 
lem that can poſtiviy be propoſed. How I come by 
theſe two conclution-, will be ſufficiently ihewn in 
the courſe of this work; as allo many other advan- 
tages attending this way of ſubſtituting letters for 
known quantities, beſtces thoic already mentioned. 

Vhat 1 have here ſaid, was only to illuſtrate in 
ſome meaſure, the definition already given of Alge- 
bra, and to ſhew, that letters are there uſed, not ſo 
much to ſignity particular quantities as ſuch, as to 
fignity the relation they have to one another in any 
problem or computation. F rom all which it may be 
obſerved, that letters repreſent quantities in Algebra 
uſt in the fame manner as they do perſons in com- 
mon liie, when two or more perſons are diſtinctly to 
be conſidered with regard to any compact, law-ſuit, 
or in any other relation Whatever. 

N. B. 
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N. B. A ſingle quantity is ſometimes repreſented 
by two or more letters, when it is conſidered as the 
product of the quantities ſigniſied by thoſe letters 
ſingly: thus 45 is the product of the multiplication 
of a and &; and abc is the product ariſing trom the 
continual multiplication of a, & and c. But of this 
more particularly under the head of multiplication. 


Of affirmative and negative quantities in Algebra, 


2. Algebraic quantities are of two ſorts, affirma- 
tive and negative: an affirmative quantity is a quan- 
tity greater than nothing, and is Known by this 
ſign +; a negative quantity is a quantity leſs than 
nothing, and is known by this fign — : thus + @ 
ſignifies that the quantity @ is affirmative, and is to 
be read thus, plus a, or more @: — 6 lignifies that 
the quantity & is negative, and muſt be read thus, 
minus b, or lets b. 

The poſſibilicy of any quantity's being lefs than 
nothing is to ſome a very great paradox, it not & 
downright abiurdity ; and truly fo it would be, it we 
ſhould ſuppoſe it poſſible tor a body or iubſtance to 
be leis than nothing. But quantities, . 1 the 
different degrees of qualities are eitimated, may be 
eaſily conceived to paſs from affirmation through 
nothing into negation. Thus a perſon in his or- 
tunes may be f2id to be worth 2000 pounds, or 1000, 


or nothing, or — 1000, or — 20090 ; in which two 


laſt caſes he is faid to be 1000 or 2000 pounds worle 
than nothing: thus a body may be faid to have 2 
degrees of hear, or one degree, or no degree, or — 
one degree, or — two degrees : : thus a body may be 
ſaid to have two degrees ci motion downward., or 
one degree, or no degree, or — one degree, or — 
two degrees, Sc. Certain it is, that all contrary 
quantities do neceſſarily admit of an intermediate ſtate, 
which alike partakes of both extremes, and 15 beſt 
repreſented by a cypher or o: and if it is proper to 

E 2 ſay, 
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ſay, that the degrees on either ſide this common limit 
are greater than nothing; I do not fee why it ſhould 
not be as proper to ſay of the other ſide, that the 
de:,.ccs are leis than nothing; at leaſt in compariſon 
to the former. That which molt perplexes narrow 
minds in this way of thinking, 1s, that in common 
life, molt quantities loſe their names when they ccaſe 
to be affirmative, and acquire new ones 10 ſoon as 
they bc in to be negative: thus we cali: negative 
goods, :-hts ; negative gain, loſs; negative hat, 
cold; negative deſcent, aicent, Ec: and in tnis ienſe 
indeed, it may not be ſo caiy to conceive, how a 
quantity can be leſs than nothing, that is, how a 
un tity under any particular denomination, can be 
ai to be leſs than nothing, to long as it retains that 
denomination. But the queſtion is, wicther, vi wo 
conis ry quantities under twy different natics, Vac 
quantic, under one name may not be ſaid to be lets 
than nothing, when compared with the other quan- 
tity, though und-r a Cerio name; wacther any 
degree of cold may not be ſaid to be turther trom 
any degree of hear, than is iukewarmth, or no heat 
at all. Diſticulties that ariſe from the impoſition of 
ſcanty and limited names, upon quantities which in 
themiclves are actually unlimited, ought to be charged 
upon choie nemes, and not upon the things them- 
ſelves, as I have formerly chi ed upon another oc- 
caſion; tee introduct zn, art. 11. In Algebra, where 
quar: us are abſtractedly conſidered, without any 
regard to degrees of migziitude, the names of quan- 
tives are as extenſive as the quantities themſelucs; io 
that ali quantities that differ only in degree ene trem 
another, how contrary forver they may be one to 
another, aß under the fame name; and affirmative 
and negative quantitiæs are only diltinguithed by their 
ſigns, as was obſerved before, and not by their names; 
the ſame leger repreſenting both: thele ſigns there- 
fore in Alge ora carry the fame diſtinciion along with 
them as do particles and ajectives foinetiines in com- 
mon 


2 
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mon language, as in the words convenient and incon- 


venient, happy and unhappy, good health and bad 
health, Cc. 

Theſe affirmative and negative quantities, as they 
are contrary to one another in their own natures, ſo 
likewiſe are they in their eifects, a coniideration which 
it duly attended to, would remove all difficult: es con- 
c-rning the ſigns of quantities ariſing trem addition, 
ſubtraction, multiplication, diviſion, Ve for the re- 
ſult of working by affirmative quantities in all theſe 
operations is known ; and therefore like operations in 
negative quantities may be Known by the rule of 
contraries. 

Before we proceed any further, it may not be amiſs 
to advertiſe, that it a quantity has no ſign beiore it, 
it muſt always be taken to be affirmative ; and that if 
it has no numeral coefficient before it, unity muſt al- 
ways be underſtood : thus 24 ſignifies 4 22, and a 
ſignifies 14 or + 14. 

By the numeral coefficient of a quantity, I mean 
the number or fraction by which that quantity is mul- 
tiplied: thus 2 4 ſignifies twice 4, or à taken tv ce, 


. . a . 
and the coefficient is 2: 4 4, or L ſignifies 3 of che 


quantity 4, and the coefficient is 3. 

N. B. The fign of a negative quantity is never 
omitted, nor the ſign of an affirmative one, except 
when ſuch an affirmative quantity is cenfidered by 
itſelf, or happens to be the firſt in a ſeries of quan- 
tities ſucceeding one another: thus we do not often 
mention the quantity a, but the quantity 4; nor 
the ſeries +4 —b —c +&, but the ſeries a -d. 
We ſhall now conſider the ſeveral operations of alge- 
braic quantities. 


Of the addition of algebraic quantities. 


3. This article I ſhall divide into ſeveral para- 
E 3 if, 


oraphs : as 
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1ſt, Whenever two or more quantities of the ſame 
denomination, and which have the ſame ſign before 
them, are to be added together, put down the ſum 
of their numeral coefficients with the common ſign 
before it, and the common denominator after it: thus 
+28 and + 32 added together make +5 a, for the 
ſame reaſon as 2 dozen and 3 dozen added together 
make 5 dozen: thus again, — 3ab, — 4ab and — 345 
when added together make — 124; tor the ſame 
reaſon as ſeveraf debts added together make a greater 
debt. 


2d, If two quantities of the ſame denomination 


which have different ſigns before them are to be added 


together, put down oaly the difference of their nu- 
meral coefficients with the common denominator after 
it, and the ſig of the greater quantity before it: for 
in this calc, che quantities to be added being con 

one to another, tne leſs quantity, on which ſide ſo- 
ever it lies, will always deſtroy ſo much of the other, 
as is equal to itſelt. Thus + 5@ added to —28 
makes ＋ 34; as if a perſon owes me 5000 pounds 
upon one account, to whom I owe 2000 upon ano- 
th-r, the balance upon the whole will be 3000 pounds 
on my ſide. It it be objected, that this is ſubtraction, 
and not addition; I anſwer, that the addition of —2 4 
will at any time have the ſame effect as the ſubtraction 
of ＋ 24: but I deny that the addition of — 28 is the 
ſame, or will have the ſame effect as the ſubtraction of 
— 24. Other examples of this caſe may be thele 
+ 7a added to - 7a gives o; + 34 added to— 12 4 
gives — 94; +4 added to — 3a gives —44; +586 
added to — 2 gives +44; ＋ 3 added to — +a gives 
+ 2-4 ee. 

34, When many quantities of the ſame denomina- 
tion are to be added together, whereof ſome are affir- 
mative and fome negative, reduce them firſt to two, 
by adding all the affirmative quantities together, and 
all the negative ones, and then to one by the laſt pa- 
ragraph. Thus + 10a —9@ +88 — 7a when added 


togethe 
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together make 24; for + 10@ and + 8 make + 
18 a, and — 9 ard — 74 make — 16a; and +188 
and — 16a make + 24. 

4:h, Quantities of different denominations will not 
incorporate, and therefore cannot otherwiſe be added 
to ether, than by placing them in any order one after 
anocher with their proper ſigns before them, except 
the firſt, wnoſe ſign, it affirmative, may be omitted. 
Thus + 23 azd —36 and + 4c and — 54, when add- 
ed together, make 28 — 3b + 4c — 5d: thus à and 
added together make a +4; and hence it is, that 
whenever two quantities are found with this ſign + be- 
twixt them, it lignifies the ſum ariſing ſrom the addi- 
tion of thoſe two quantities together: thus it @ ſtands 
for 7, and & ſtands for 3, a + 6 will ſtand tor 10, 
and fo of the reſt: but if - is to be added to a, the 
ſum muſt be written down thus, a—4; tor to add— 5, 
is the ſame as to ſubtract + 5. 

5th, Compound quantities, whoſe members are all 
of different denominations, are likewife incapable of 
being added any other way, than by being placed one 
after another without altering their ſigns : thus 3 a + 
46 added to 5c— 6d can only make 3a +44 + 5c 
— 64d. But it the members are not all ot different de- 
nominations, it may then be convenient to place one 
compound quantity under another, with like parts 
under like, as far as it can be done, as in the tollow- 
ing examples : 

a+b t For à and @ added together make 
a —b 24; and ＋ and — added together 
24 . deſtroy one another, and ſo make 
o or *; which char cter in Algebra 
is always uſed to ſignify a vacant 

place. 

2X%—3a+4b— 5c+6d4—7e *% 
lox+9a—8b— 7c—bd *—5f 


12x+6a4—4b—12c #—7e—5f. 
E 4 Note, 
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Note, That in the addition, ſubtraction and mul- 
tiplication of compound algebraic quantities, it mat- 
ters little which way the work is carried on, whe- 
ther trom right to left, or from left to right, becauſe 
here are no reterves made for higher places. 


Of the ſubtraction of algebraic quantities. 


4. Whenever a ſimple algebraic quantity is to be 
ſubtracted ſro m another quantity, whether ſimple or 
compound, firtt change the ſign of the quantity to be 
ſubtracted, that is, ii it be affirmative, make it, or 
at leaſt call it negative, and vice vers, and then add 
it ſo changed to the other: tor ſince (as was before 
hinted) the ſubtracting of any one quantity from ano- 
ther, is the fame in effect as adding the contrary, and 
ſince changing the ſign of the quantity to be ſubtract- 


ed, renders that quantity juſt contrary to what it was 


before, it is evident, that after ſuch a change it ma 
be added to the other, and that the reſult of this ad- 
dition will be the ſame with that of the intended ſub- 


traction. Thus may the rule of ſubtraction, by 


changing the ſign of the quantity to be ſubtracted, 
be at any time changed into that of addition, juſt as 
the rule of diviſion in fractions by inverting the terms 
of the diviſor, was changed into that of multiplica- 
tion. As for example, * b ſubtracted from à leaves 
a—b, becauſe —b added to @ makes 4-5; fo that 
42 - may be conſidered either as the ſum of à and — b 
added together, or as the remainder of +6 ſubtracted 
from a, or as the difference between à and &, or as the 
excels of à above 6, all which amount to the ſame 
thing : as if à ſignifies 7, and $3, 4 - mult ſtand 
for 4, and ſo of the reſt. 

The rule of ſubtraction here given is univerſal, 


though there will not be always occaſion to have re- 


courſe to it: for ſuppoſe 3 à is to be ſubtracted from 
7 a, every ones common ſenſe will intorm him, that 


the: e 
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there muſt remain 4 a, juſt as threeſcore ſubtracted 
trom ſevenſcore leaves fourſcore. 


73 


Other examples of algebraic ſubtractioan may be 
theſe that follow. 


1/t, 7 a ſubtracted from 5 à leaves — 2 a, becauſe 
—7 @ added to + 5 a makes — 2 4, by the 2d para- 
graph of the laſt article. 


24, 9a ſubtracted from o leaves — 9 a, becauſe 
—9 a added too makes —9 38. 


34, 12 4 ſubtracted trom — 3a leaves — 1; a, 
becauſe — 12 4 added to — 34 makes — 15 a, by 
the firit paragraph of the laſt article. 

4th, — 3 @ ſubtracted from — 8 à leaves — 3 a, 
becauſe + 3 4 added to — 8 @ makes — 3 4. 

5th, - 74 ſubtracted irom - 3a leaves + 44, be- 
cauſe +74 added to — 3a makes +48. 

645, —6a ſubtracted from o leaves + 6a, be- 
cauſe +6a added to o makes +64. 

7th, — 5a ſubtracted from + 3a leaves + 10e, be- 
cauſe +52 added to + 54 makes + 104. 

8th, - ſubtracted from à leaves a+56, becauſe 
+6 added to 4 makes a+b, by ons 4th paragraph 
of the laſt article. 


9:h, —2 ſubtracted from 7 leaves 9, becauſe +2 
added to 7 makes g. 


From the firſt of theſe examples it appears, that 


a greater quantity may be taken out of a lefs, but 


then the remainder will be negative; quit as a 
gameſter that has but 5 guineas about him ma 
lovie 7, but then there will remain a debt of 2 gui- 
neas upon him. By the laſt example it appears, 
that —2 ſubtracted from 7 leaves 9, that 1s, that 
if a negative quantity be ſubtracted from an affir- 


mative one, the affirmative quantity will be ſo tar 


from being diminiſhed thereby, that it will be increaſ- 
ed ; a principle which I fear will be found ſomewhat 
hard of digeition, eſpecially W” weak conſtitutions : 


theretore 
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therefore to ſtrengthen my patient as far as lies in my 
power, I ſhall ſuggelt to him the following conſi- 
derations: 

1/t, In any ſubtrac tion, if the remainder and the 
leſs number added together, make the greater, the 
fubtraction is juſt: but in our caſe, the remainder 
9 added to the leſs number — 2 makes the greater 
number 7; theretore — 2 ſubtracted from 7 icaves 


245, In all fubrraceion whatever, the remainder is 
the difference betwixt the greater number and the 
leſs: but the difference between +7 and — 2 is 93 
therefore — 2 ſubtracted trom, + 7 leaves . 


3dly, 7 is equal to 9 — 2 by the ſecond paragraph 
of the laſt article; therciore — 2 ſubtracted from 
will have the ſame remainder as — 2 ſubtracted from 


—2: but —2 ſubtracted from 9 - 2 leaves gz 
therefore — 2 ſubtracted from 7 leaves 9. In ſhort, 
the taking away a defect in any cafe whatever, will 
amount to the fame, as adding ſomething real: as if 
an eſtate be incumbe red with a mortgage or a rent- 
charge upon it, wi:cever takes off the incumberance, 


uſt fo much increaſes the value of the eſtate. 


4thly, The leſs there is taken from 7, the more 
will be left: if nothing be taken, there will remain 
7; therefore it lets than nothing be taken, there 
ought to remain more than 7. 

5thly, If after ail that has been ſaid, or perhaps 
all that can be ſaid in this abſtracted way, ſome 
ſcruples ſtill remain, let us apply the principle we 
have already advanced, and try whether we ſhall meet 


with any better ſucceſs chat way. Let it then be 


required to ſubtract the compound quantity 4 — 2 
from the compound quantity 64 +7 : in order to 
this, I place @ under 64, and — 2 under 7, and 


then ſubtract as follows; à from 6 4 and there re- 


mains 5 4, — 2 from 7 and (it our aſſertion be true) 
there remains 9; thereiore the whole remainder is 
5@ +9. 
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5a+9. Now I dare appeal to every one's common 
ſenſe, whether this ſubtraction be not juſt: tor certain 
it is, that if a be ſubtracted from 6a + 7, the re- 
mainder will be ga +7; and it 1o, then it is as 
certain, that if a — 2 be ſubtracted, which is leis than 
the ;ormer by 2, the remainder will be greater by 2, 
that is, 3 +9. But to proceed: 


Other examples of the ſubtraction of compound © 
aigevraic quantities may be theſe. 


ar Þ i hus 7—3,0r 4, {ſubtracted from 7 #+12 
a—b +3, or 10, leaves twice 3, or 6. 34 ＋7 


— —— 


„ ＋244 | | —3a+5. 


From 12x+6a4—4b—12 #—7Je—5f 
Take 2x—3Ja+4b— 5c+6d—7e * 


Remains 10x +9a—8b —7c—6d4 #—5f 


Proof 12x+6a—4b—12c $—7e—5f. 
If never a member of the ſubtrahend be found to 


be of the lame denomination with any member of 
the number from whence the ſubtraction is to be 
made, change the ſign of every member of the 
ſubtrahend, and then add it to the other. As if 
5c— 64 is to be ſubtracted from 34 - 45, firſt 
change the ſign of 5c— 64, and make it—5c+64, 
and then add it to the other, and you will have 
32—4b— 5c + 6 tor a remainder. 


Of the multiplication of algebraic quantities. 


And firſt, how to find the ſign of the product in 


multiplication, from thoſe of the multiplicator 
and multiplicand given. 


5. Before we can proceed to the multiplication 
of algebraic quantities, we are to take notice, 
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it the ſigns of the multiplicator and multiplicand be 
both alike, that is, both atfirmative, or both ne- 
gative, the product will be a:2rmunve, otherwiſe it 
will be negative: thus + 4 multiplied into + 3, or 
— 4 into — 3 produces in either caic +12: but 
— 4 multivlicd into + 3, or + 4 into — produces 
in cither caſe — 12. 

It the reader expects a demonitration ot this rule, 
he muſt firſt be advertiſed of two things: „it, that 
numbers are ſaid to be in aritumetical progreſſion, 
when they increaſe or decreaic with equal auncrences, 
as o, 2, 4, 6; or 6, 4, 2, 0; alſo as 3, o, — 3; 
4, ©, = +3 12, 0, = 123 Or — 12, o, + 12: 
Wie it follows, that three terms are the icweſt 
that can form an arithmetical progremon; and that 
of theſe, it che two firſt terms be known, the third 
wiil eaſily be had: thus if the two ärſt terms be 4 
and 2, the next will be o; ii the two firſt be 12 and 
©, the next will be—12; if the two jirſt be — 12 
and o, the next will bz + 12, Ec. 

24ly, It a ſet of numbers in arithmetical pro- 
greſlion, as 3, 2 and 1, be ſucceſſively multiplied 
into one common multiplicator, as 4, or it a ſingle 
number, as 4, be ſucceſſively multiplied into a ſet 
of numbers in arithmetical progreſſion, as 3, 2 and 
1, the products 12, 8 and 4, in either caſe, will be 
in arithmetical progrefſion. 

This being allowed, {which is in a manner felt- 
evident,) the rule to be demonſtrated reioives ittelt in- 
to four caſes : 

1%, That +4 multiplied into + 3 produces 
+ 12. | 

2dly, That — 4 multiplied into + 3 preduces 
— 12. 

3dly, That +4 multiplied into — 3 produces 
— 12. 

And laſtly, that — 4 multiplied into — 3 produces 
+ 12. Theſe caſcs are generally expreſſed in ſhorr 
thus: firſt + into + gives + ; ſecondly — into + 


gives 
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gives —; thirdly + into — gives — ; ſourthly — 


into — gives +. 

Caſe ft. 1 hat + 4 multiplied into + 3 produces 
+ 12, is feli-cvident, and needs no demonttration ; 
or if it wanted one, it might receive it from the firtt 
paragt..y: of the 3d article; for to mult.ply + 4 by 
+3 15! fame thing as to add 4+ 4+4 into one 
tum; bt 4+4+4 added into one ſum give +12, 
theretore +4 muiiphed into 4+ 3, gives +12, 

Caj: zd. And trom the ſecond paragraph of the 

zd at, it might in like manner be demonitrated, 
tuat — 4 maltiplicd into +3 produces —12 : but I ſhall 
here deinon:crate it another way, thus: multiply the 
ters of 1.5 arithmetical progreſſion 4, —4, _ 
+3, 2 the product: '5 will be in arithmetical 
gre:f.cn, as bove; but the two firſt products ar are 
12 md 5 e the third will be — 12; there- 
fore — + multiplied into +3, produces — 12. 
Cafe zd. Fo prove that +4 multiplied into — 3 
pro . — 12; multiply + 4 lo +2, o, and —3 
ſucc ſſiveiy, and me products will be in arithmetical 
progreſſion ; but the two arit products ze 12 and o, 
theretore the third will be — 12; theretore +4 
mult. plied 1 into — 3 produces — 12. 

Ca/? 4th. Laſtiy, to demonſtratæ, that —4 mul- 
tiplied into — 3 produces +12, me — 4 into 


3» O, 2 cl 1 1accgflis, 1\ , and the products will be 
in arithmetical prog: on; but the wo firſt pro- 
ducts are — 12 and „ by the ſecend caſe; theretore 
the third proc ac 111 be + 12; thereiore — 4 mul- 


tiplied into — ; produces + 12. 


Co/. 24. + 4, O, —4 Caſ. 3d, ＋4. + 4. + 4 
+ 3» +3» +3 1 - OJ 


+ 12, O, — 12. ＋ I2, O, —I2. 


Caſ. 4th, „ õ 4+ 
+ 35 ©, — 4 


— 


—12, o, +12. Theſe 
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Theſe 4 caſes may be allo more briefly demon- 
ſtrated thus: +4 multiplied into + 3 produces ＋ 12; 
therefore — 4 into + 3, or +4 into — 3 ought to 
produce ſomething contrary to + 12, that is, —12 : 
bur it — 4 multiplied into + 3 produces — 12, then 
—4 multiplied into — 3 ought to produce tumething 
contrary to — 12, that is, +12; fo that this lait 
cate, ſo very formidable to young beginiers, appears 
at laſt to amount to no mere than a common principle 
in Grammar, to wit, that two negatives make an 
affirmative; which is undoubtecly true in Gram mar, 
though perhaps it may not always be obicrved in 


languages. 


Of the multiplication of fimfle algebraic quantities. 


6. Theſe things premiſed, the multiplication of 
ſimple algebraic quantiues is perlormed, firſt by mul- 
tiplying the numeral coeticients together, and then 
putting down, alter the product, all the letters in 
both factors, the ſign (when cccal.on requires) being 
prefixcd as above ditccted. Thus 44 IEG into 
3a preduces 1209. 

T hough this kind of language (for it is no more) 
like all others, be purely arbitrary, yet that a more 
rational one could nor have been invented ior this 
purpole, will appear by the following conſideration. 
It any quantity, as 6, is to be multil- 1 by any num- 
ber, as 2, 3 3 or 4, the. product c not be better re- 
preſented than by 25, 3 5, 435, Ec; thereiore it & is 
to be multipiied by 4, the prode ought to be called 
ab: but it þ multiplied into & produces 2, then 46 
multtplicd into 4 ought to produce 4 times as moch, 
Earls, 44; laſtly, it 46 multiplied into @ produces 

4 , then 4% wultiplied into 3 4 ought to produce 
3 times as much, that is, 12 46. 

Hence it is, that whenever in Algebra two or more 
letters are und together, as they ſtand in a word 
withuut any thing between them, they ſignity the pro- 

duct 
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duct ariſing from a continual multiplication of the 
quantities repreſented by them: thus 4 5 ſignifies the 
product of à and 4 alpen together; and a bc ſig- 
nitics the product of the quantity @ 6 multiplied into 
c: thus aa ſignifics the product of 4 multiplied into 
itſelf, or the itquare of 2, and not 2 4; and theretore 
whoever ſhews himicit unable to diſtinguiſh bet wixt 
2 a and @ a, diſcovers as great a weaknels as one that 
is not able to diſtinguiſh betwixt 2 dozen and a dozen 
dozen or 12 times 12. 

It is a matter of no great conſequence in what or- 
der the letters are placed in a product; for 46 and ba 
differ no more from one another than 3 times 4, and 
4 times 3: and yet it is convenient that a method be 
obterved, leſt like quantities be ſometimes taken for 
unlike ; therefore the beſt way will be, to give thole 
letters the precedency in a product, that have it in 
the aiphaber z except when an unknown quantity is 
multiplied by tome known one, and then it is uſual 
to place the known quantity before it. 

Note. For the ſignification of this mark, X fee in- 
troduct. at the — oi the 7th article. Note alſo, 
that this mark = is a mark * equality, ſewing that 
the quantities between which it ttends, are equal to 
each other, and muſt be read as the ſenſe requires: 
thus 2X 0=3X4=12 may be read thus; 2X6 equal 
3X4 equal to 12: or thus; 2X0 is equal to 3X4, 
which is equal to 12. 


Examples of ſimple algebraic multiplication. 


1ſt, 4abXx54=2044). 2d, — gab CU - zoablc. 
3d, beacx—7bd=—42abcd. 4th, --=. 
5th, XX ZX=3xx. th, —xXX—x=—+xx#. 


7th, —525xX+3=—1 52h. Sth, ac ab. 


Diſtiucticus 
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Diſtinctions to be obſerved betwixt addition and 
multiplication. 


That the young algebriſt may not confound the 
operations of addition "and multiplication, as is fre- 
quently done; I ſhall here ſet down ſome marks of 
diſtinction, which he ought to attend to: 

As firſt, a added to @ makes 2 @, but a ma 
into a makes a 4. 

2dly, a added to o makes a, but 4 multiplied into 
o makes 0. 

3dly, a added to — a makes o, but & multiplied i into 
— 4a makes — 4. 

4thly, —à added to —@ makes — 24, but —@ 
multiplied into —a makes + aa. 

5thly, a added to 1 makes 2+ I, but 4 naked 
into 1 makes 4. 

6thly, 24 added to — 34 makes 24—36, but 24 
multiplied into — 46 makes — 646. 

For a {urther confirmation of the learner, I have 
added, by way of exerciſe in his algebraic language, 
the following equations; which I deſire he would 
compute after me. Suppoſe a=7, and b=3 : then 
we ſhall have . iſt, a+5=10, 2dly, a—b=4. 
3dly, 44+ 335 = 43. 4thiy, 44—55=13. 5thly, 
aa=49. Gthly, ab=21. 57thly, b5=9g.. Schl, 
a aa 343. qthly, 46g = 147. totaly, abb=63. 
IIthly, 24, 27. 1zthly, ao +2e6+66=49 +42 
+9g=100. 13thly, 42 — 2 9 - 42 ＋9 = 
16. 14thly, a g g e343 ＋441 
+189+27=1000. ig hy, 44-344“ e234 
—bbb=343—441 +189 —27=04. 


Of powers ond their indexes. 


. Whenever in multiplication a letter is to be re- 
peated oftener than once, it is uſual by way of com- 
pendium, to write down the letter with a ſmall figure 
1 After 
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after it, ſhewing how often that letter is to be re- 
peated: thus inttead of xx we write x*, inſtead of 
xxx we write x, inſtead of xxxx we write x*, Se. 
Theſe products are called powers of x; the figures 
repreſenting the number of repetitions, are called the 
indexes of thoſe powers; and the quantity x from 
vhence all theſe powers ariſe, is called the root of 
theſe powers, or the firſt power of x; x* is called the 
ſecond power of x, x* the third power, x* the fourth 
power, Sc. Vieta, Oughtred, and ſome other ana- 
lyſts, inſtead of ſmall letters uſed capitals, and inſtead 
of numeral indexes, diſtinguiſhed theſe powers by 
names: thus Vzeta in particular, called x*, X ſquare ; 
**, Xcube; x*, A ſquare-ſquare; x*, X ſguare- cube; 
* A cube-cube; x", X ſquare-ſquare-cube, &c: 
which names Ougbtred contracted, and wrote them 
thus; Ag, Xe, A4, Age, Acc, Xqqc, Ec. but 
now theſe names are pretty much out ot uſe, except 
the two firſt, when applied to a line ſquared or cubed. 

If we ſuppoſe x, we ſhall have 2x=10, x*=25, 
32 13, 14, 4X=20, x*=025, Sc. 

The mulriplication of theſe powers is eaſy : thus 
x XX*=x*, becauſe xxXxxX=xxxxx: whence it ma 
be obſerved, thar the addition of indexes will always 
an{wer to the multiplication of powers, provided they 
be powers of the ſame quantity; for as 2+3=5, fo 
* XX , &c but it they be powers of different 
quantities, their indexes muſt not be added: thus 
a*Xxx*=a*x*, and a Xx x ͤ g & And here it 
muſt be obſerved, that if a number be found between 
two letters, it muſt always be referred to the foi mer 
letter: thus a & does not ſignify ax 245, but a XX 


The multiplicati on of ſurds. 


8. This mark / ſignifies the ſquare roct of the 
number to which it is prefixed, and is generally pre- 
fixed to numbers whoſe ſquare root cannot te other- 
wile expreſſed, either by whole numbers or ages 4 

F thus 
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thus „ ſignifies the ſquare root of 2; Va the ſquare 
root of a, &c. Theſe roots are commonly called 
ſurd roots, or irrational roots, becauſe their propor- 
tion to unity cannot be expreſſed in numbers. 

Whenever two ſurd numbers are to be multiplied 
together, the ſhorteſt way will be, to multiply the 
numbers themſcives one into the other without any 
regard to the radical ſign, and then to prefix the ra- 
dical ſign to the product. Thus if Va is to be mul- 
tiplied into V, the product will be Va; which I 
thus demonſtrate : let / a=x, and ey); then will 
* ga, and y*=b, and x*y*=ab, and xyx=v/ ab; but 
xy, Or XXy=v aXv/ by the ſuppoſition; therefore, 
aa. Thus v2Xv 3=v 6. 

Theſe multiplications are of conſiderable uſe not 
only in matters of ſpeculation, but alſo in practice : 
tor ſuppoſe I had occaſion to multiply the ſquare root 
of 2 into the ſquare root of 3, it I had not this rule, 
I muſt firit extract the root of 2, to what degree of 
exactneſs I think proper tor my purpoſe ; then again 
I muſt extract the root of 3 to the ſame degree of 
exactneſs; and laitly I muſt multiply theſe two roots 
together, before I can obtain the number wanted : 
but after it is knovn that VX 3=v 6, the whole 
operation will then be reduced to the extraction of 
the root of 6 only: nay it fometimes happens, that 
two reots, though both irrational, ſhall have a ra- 
tional product: thus V 3=v A, and Va- 
XV a*b*c =ave. 


Of the multiplication of compound algebraic 


quaniities. 


9. The multiplication of compound algebraic quan- 
tities is performed, firſt by multiplying the multipli- 
cand into every particular member ot the multiplica- 
tor, and then reducing the whole product into the 
leaſt compaſs poſſible. | 


As 
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As for example ; let it be required to multiply this 
compound quantity 6x—7a—84 into this compound 
quantity 2x g : here having put down the 
multiplicand, and the multiplicator under it, and 
beginning at the left hand, (tor it is all one which 
way the operation is carried on,) I multiply the whole 
multiplicand into 2x, the firſt member ot my mutti- 
plicator, and the product is 12 — 144 - , 
which I put down: then I multiply the multiplicand 
into —3a, the next member ot the multipi.cator, 
and the product is —18ax+21aa+2446 , whereot 
the firſt member —18ax, I place under —14cx be- 
fore found, being of the fame denomination, tur the 
conveniency of adding; the reſt, to wit, ＋2 1444 
24ab, I place in the firſt line: this done, I now mul- 
tiply by 40, the laſt member of the multiplicator, and 
the product is 244x—284b—32465 ;, whereof ] place 
24bx under —1 64x, and —2826 under +2446, and 
the laſt member —3246 I place in the firſt line, as 
having no quantity of the fame Cenomination to join 
with it: laſtly I reduce the whole product into the 
leaſt compaſs poſſible; and it ftands thus: 12xx— 

32ax+8bx+21a6—4ab—326b, See the work: 


6 —7a —85 
2x —Ja +46 2 
I2Xx —I44x—166x+2104+2406b-—3250 
| —1 84x+24bx —2 89 
Sum I12xx — 324 + 8bx+2144— 440— 3200. 
Example 2d. 
3x +44 —50 
3x—4@ +56 
R + 1 24X—1 54x—1 6aa+204b—2 509 
—12ax+1 5bx +20ab 


gaz. * „ — 1 04 +4046—2 5bb. 


F 2 Example 
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Example 3d. 


6xx—7ax+8aa 
2XX— 34x+444 


I2x*—144ax* ＋I16 X 244 x+324* 
— 1 SAN +214 x*—284*x 
＋ 24a x* 


122*—324x* +61la*x*— 524* x+324*. 


Example 4th. Example 5th. Example 6th. 


a+b a+b a—b 
a—b a+b a—b 
aa+ab—bb aa+ab+6d aa—ab+bb 
—ab +ab —&@b 


. — —— 


as »—bb aa+ 2ab+bdb. aa—2ab+bb. 


N. B. A daſh over two or more quantities, ſigni- 
fies that all thoſe quantities are to be taken into one 
conception, or to be conſidered as making up but 
one compound quantity: thus a+4Xxc—4 does not 
ſignify that which ariſes from multiplying xc, and 
then adding a- to the product, as it might be miſ- 
taken without the daſh; but it ſignifies the product 
of the whole quantity a+4 multiplied into the hole 


quantity -. 


The proof of compound multiplication. 


10. In the 3d example we multiplied 6xx—7ax+8$2-7 


into 2xx— 3ax+44a, and the product amounted to 1 2x* 
—326x* +big*x*—520*x+324* : let us try this in 
numbers, and fee how it will anſwer. In order to which. 
we may ſuppoſe @ and x equal to any two numbers 
whatever, but the ſimpleſt way of tryal will be tv 

make 


o 1 
Nee 
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make à equal 1, and xi; and then we ſhall have 
in the multiplicand 6xx=6, —Jax=—7, and +848 
Ss, and 6—7+8=7 ; therefore the multiplicand 
is 7 : again, in the multiplicator we have 2xx=2, — 
JO0X=—3, +44a6=+4, and 2—3+4=3 ; therefore 
the multiplicator is 3 : and 7 the multiplicand, mul- 
tiplicd into 3 the multiplicator, gives 21 for the pro- 
duct. Let us now examine the ſeveral parts ot the 
product, as they are here repreſented in letters, and 
tee whether they will amount to that number: 12x+ 
=12, —=324x*=—32, +614*x*=+6b1, —524"x=— 
52, +324*=+32; and 12—32+61—52+32 amount 
to juſt 21. This may ſerve as a proof to the work, 
though not a neceſſary one; for it is not impoſſible 
but there may be a conſiſtency this way, and yet the 
work be falſe ; but this will rarely happen, unleſs it 
be d-ſigned. But the work may ftill be confirmed 
by making a=1, and x=—1 ; for then the multipli- 
cand will be 6+7+8=2r ; and the multiplicator 2+ 
3+4=9; and the product 12+32+61+52+32=189, 
which is the ſame with the product of 2 1 the multipli- 
cand, multiplied into 9 the multiplicator. 


How general theorems may be cbtained by 
multiplication in Algebra. 


11. From theſe algebraic multiplications are derived 
and demonſtrated many very uſeful theorems in al} the 
parts of Mathematics; whereof I ſhail juſt give the 
learner a taſte, and then proceed to another ſubject. 

In the fourth example of compound multiplication 
we found, that a+b multiplied into 4-5 produced 
aa—bb ; whence I infer, that The ſum and difference of 
any two numbers multiplied together will give the dif- 
ference of their ſquares, and vice versa ; for @ and 6 
wiil repreſent any two numbers at pleaſure; a+6 their 
ſum, 4 - their difference, and aa the difference 
of their ſquares : thus if we aſſume any two numbers 
whatever, ſuppoſe 7 and 3, the difference of their 


TE. J ſquares 
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ſquares is 49—9, or 40; and 10 their ſum, multi- 
plied into 4 their difference, makes allo 40. 

But here I am to give notice once for all, that in- 
ſtances in numbers lerve well enough to illuſtrate a 
rw theorem, but they muſt not by any means be 

ooked upon as a proof of it; becauſe a propoſition 
may be true in {ome particular caſes inſtanced in, and 
yet fail in others; but whenever a propoſition is found 
to be true in ſpeciebus, that is, in letters or ſymbols, it 
is a ſufficient demonſtration of it, becauſe theſe are 
univerſal repreſentations. 

In the zth example it was ſhewn, that a+6 multi- 
plied i into itſelf produced aa+242b+bb; whence I in- 
ter, that Ha number be reſolved into any two parts 
whatever, the ſquare of the whole will be equal to the 
ſquare of each part, and the double reffangle, or produtt 
of the multiplication of thoſe parts, added together : thus 
if the number 10 be relolyed into 7 and 3; 100 the 
ſquare of 10, the whole, will be equal to 49 the ſquare 
of 7, and 9 the ſquare of 3, and 42 the double pro- 
duct of 7 and 3 multiplied together: for 49+9+42 
=100, 

In the 6th example we found, that a- multiphed 
into itſelt, produced aa 2; whence I inter, 
that If from the ſum of the ſquares of any two numbers, 
be ſubtracted the double product of thaſe numbers, there 
will remain the ſquare of their difference : for aa+bb is 
the ſum of the ſquares of à and &, and 246 is their 
double product, and aa—24ab+bb was found to be the 
{quare of =, that is, the ſquare of the difference of 
a and : thus in the numbers 7 and 3, the ſquare of 
7 is 49, the ſquare of 3 is 9, and the ſum of their 
ſquares is 58; and it from this be ſubtracted the double 
product 42, the remainder will be 16, the iquare of 
4, that is, the ſquare of the difference of the numbers 
7 and 3. 
| Theſe two laſt theorems are in ſubſtance the fourth 

and ſcventh propoſitions of the ſecond book of Euciid, 


Of 
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Of the diviſion of ſimple algebraic quantities. 


13. The diviſion of ſimple algebraic quantities, 
where it is poſſible in integral terms, is performed, firſt 
by dividing the numeral coefficient of the dividend by 
the numeral coefficient of the divifor, and then put- 
ting down after the quotient, all the letters in the di- 
vidend, that are not in the diviſor ; the ſign of the 
quotient in diviſion being determined by thoſe of the 
divitor and dividend, juſt in the fame manner as the 
ſign of the product in multiplication 1s determined by 
thoſe of the multiplicator and multiplicand; that is, if 
the ſigns of the diviſor and dividend be both alike, | 
whether they be both affirmative, or both negative, 
the quotient will be affirmative, otherwiſe it will be 
negative: thus if the quantity 124 is divided by 
—32, the quotient will be +44; which I thus demon- 
ſtrate : In all diviſion whatever, the quotient ought 
to be ſuch a quantity, as being multiplied by the di- 
viſor, will make the dividend ; z theretore, to enquire 
for the quotient in our caſe, is nothing elſe, but to 
enquire what number,. or quantity, multiplied into 
—3a, the diviſor, will produce —1 2:4, the dividend. 
Firſt then I aſk, what ſign multiplied into —, the 
ſign of the diviſor, will give — the lign of the divi- 
dend, and the anſwer is +; theretore + is the ſign 
of the quotient : in the next place I enquire, what 
number multiplied into 3, the cocflicient of the divi- 
for, will give 12, the cocfficient of the dividend, and 
the anſwer is 4; therefore 4 is the coefficient of the 


quorient : laſtly I enquire, what letter multiplied into 


a, the letter ot the divitor, will produce 4, the deno- 
minator, or literal part of the dividend, and the anſwer 
is Y; therefore & is the letter of the quotient : and thus 
at laſt we have the whole quotient, which is + 4 6. 
And this way of reaſoning will carry the learner 


through all the other caſes. 


F 4 Examples 
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Examples of ſimple diviſion in Algebra. 


Example 1ſt, 425) 24a5bc ( 66bc. 
2d, +7) —3545 ( —54b. 
zd, —x) —3xx(+3x. 
4th, — 925) +7246 (—8. 
5th, —4 ) — 604a* (+15 45. 
6th, 4x* ) box? (+15 x”. 
7th, +44***) —boa*x* (—154*s", 
8th, b) 245 640 
gth, 3) 45 (48. 


| Of the notation of algebraic fractions. 


Whenever a diviſion according to the foregoing 
method is found impoſſible, the quotient cannot be 
otherwiſe expreſſed than by a fraction, whei: nume- 
rator is the dividend, and denominator the diviſor ; 
ſee the introduction, art. 13. As it it was required 
to divide à by 5, which diviſion is impoſſible ac- 
cording to the toregoing _ the quotient muſt be 


expreſſed by this fraction © 75 which is uſually read 


thus à by b, that is à divided by 4, or the quotient 
of a divided by 4: for in Algebra the word by, is 
generally ſpeaking, apprepriated to diviſion, as the 
word into is to multiplication. 

If the numerator, or denominator, or both, be 
compound quantities, the reſpective fractions mult be 


. 


e 1 

If a divifion be partly poſſible according to the 
foregoing rules, and partly impoſſible, it muſt be pur- 
ſued as far as it is poſſible, and the reſt muſt be repre- 
ſented by a fraction, as in common diviſion : thus 
if ad+bd-+c was to be divided by d, the quo- 


tient would be @ + þ + 5. Of 


. r N23 


Art. 15. Proportion in numbers. 89 


Of Preportion in numbers. 


15. The rule of proportion in Algebra is ſo very 
little different from the rule of proportion in common 
arithmetic, that one example of it will be ſufficient. 
Let then the following queſtion be put: F a gives 
b, what will c give? here the ſecond and third terms 
multiplied together produce 4c, and the quotient of 
this divided by the firſt term a, cannot otherwiſe 


be expreſſed than by the fraction =. this is evi- 


dent from the notation of fractions explained in the 
13th article. But as I have hitherto purpoſely avoid- 
ed all conſideration of proportion, chooſing rather 
tao appeal upon all occaſions, to the common idea 
every one has or thinks he has of it, than to be 
more particular, it may not be improper, now we 
come to reaſon more cloſely upon things, to enter 
more diſtinctly into the particular nature of propor- 
tion, ſo far at leaſt as it relates to numbers, and ſhew 
wherein it conſiſts. 

According to Euclid, four numbers are ſaid to be 
proportionable, that is, the firſt number is ſaid to 
have the ſame proportion to the ſecond, that the 
third hath ro the fourth; or the firſt is ſaid to be to 
the ſecond, as the third is to the tourth, when the 
firſt number is the ſame multiple, part or parts, 
of the ſecond, that the third is of the tourth : but it 
will be aſked perhaps; How can we know, what 
parts, part, or multiple, any one number is of ano- 
ther? To which I anſwer by a fraction, whoſe nu- 
merator is the former number, and denominator the 
latter : thus the fraction expreſsly ſhews, that the 
numerator 2 is two third parts of the denominator 3; 
for this is certain, that 1 is ; part of 3, and therefore 
2 mult be + of it: for the fame reaſon the fraction 
ſhews that the number 12 is ; or 2 of the number 
8 and laſtly, the fraction ſhews, that the _ 

er 
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ber 12 is f cf, or 3 times the number 4, and con- 
ſequently, that 12 is a multiple of 4, as containing 
it juſt 3 times without any remainder : therefore to 
any one who underſtands fractions, Eucltd's defini- 
tion of proportion may be more dittinctly expreſſed 
thus: Four numbers are ſaid to be proporiionalc, 
when a fraction whoſe numerator is the firſt number, 
and denominator the ſocond, is equal to a fraction wheſe 
numerator is the third number, and denominator the 
fourth. Thus 2 is to 3 as 4 is to 6, becaule + is equal 
to? +3 thus 12 is to 8 as 15 is to 10, becauſe f equals 
„ both being reducible to; thus 2 is to 6 as + 15 
ay 12, becauſe = equals g, for each is equal to 2; 
laſtly, 6 is to 2 as 12 is to 4, becauſe {= "+= 3. 
From this idea of proportionality may de demon- 
ſtrated a very uſetul theorem in Algebra; which 3s, 
that ¶ benever four numbers are proportionable, the 
product of the extreme terms multiplied together will be 
equal to the product of the two middle terms ſo mul- 
tiplied : for let a, b, c and d, be four proportionable 
numbers in their order; that is, let @ be to 4 as c 1s 
to d; I ſay then that a d the product of the extremes 
will be equal to bc the product of the two middle terms: 
for ſince à is to þ as c 1s to d, it follows from what 


has alrcady been laid down, that the ſraction - 7 is e- 
qual to the fraction — multiply both the terms of 
the fraction I into d, and both thoſe of the fraction 


Tinto b, (which multiplications may be made with- 


out altering the values of the fractions,) and then you 


ad bc. 
will have — FT Ea that is, the quotient of ad 


divided by 44, is equal to the quotient of þ c divided 
by bd, thereſore à d mult be equal to bc, that * 
the 
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the product of the extremes muſt be equal to the 
product of the middle terms. Q.: E. D. 

The converſe of this propoſition is alſo true, to 
wit, that I benever we have an equation in numbers, 
wherein the product of two numbers on one fide is found 
equal to the product of two numbers on the other, ſuch 
an equation may be reſolved into four proporticnals, by 
making the two numbers on eithc7 fide, ihe extremes, 
and thoſe cn the ether fide, the middle terms: thus 
if ad Se; by making @ and d the extremes, and 
b and c the middle terms, we ſhall! have à to þ as c 
to d: it this be denied, let « be tobas cis to e; then 
we ſhall have ae g c by the laſt; but a/= bc by 
the ſuppoſition; therctore 6e=0a4d; therefore e 
equals d, and a is to h as c is to d. & E. D. 


Coen LI AR x. 


Whence if a, þ and c, be continual proportionals, 
that is, if à is to h as bistoc, we ſhall have ac: 
and e converſo, it V S ac, then a, & and c will be 
continual propartionals. 


The common properties of froportienality in 
numbers demonſtrated. 


16. From what has been delivered in the laſt article, 
may be demonſtrated all or moſt of the common 
properties of proportionable numbers with a great 
deal of eaſe, ſome of the moſt uſeful whereof I ſhall 
here throw together into one fingle article, for the 
reader to peruſe, either at preſent, or hereafter, as he 
ſhail ſee occaſion. | 

Firſt then, from what has been ſaid, may the rule 
of three, which conſiſts in finding a fourth propor- 
tional, be moſt diſtinctly demonſtrated : for let a, 6 
and c be three numbers given, in order to find d, a 
fourth proportional; then fince à is to bas c is to a, 
you will have æ 4 the product of the extremes, equal 

to 
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to þ c the product of the middle terms; divide both 
ſides oi the equation by à, and you will have 4 


. which is as much as to ſay, that if three num- 


bers be given, a fourth proportional may be obtained 
by multiplying the ſecond and third pumbers together, 
and dividing the product by the firſt. 

In tlie rule of three inverſe, let the numbers when 
diſpoted according to form be a, þ and c; then 
wholoever attentively conſiders the nature of that 
rule, will eaſily ſee, that the fourth number there 
lought for, is not to be a fourth proportional to the 
three numbers given as they are diſpoſed in the order 
4, b, c, but as they ſtand in the order c, b, a, or 
„ a, b, and theretore in this cafe, the fourth number 


will be 2 
6 


Secondly, if two proportions be equal to a third, 
they muſt be equal to one another, becauſe it two 
fractions be equal to a third, they mult be equal to 
one another: thus if is tobascistod, and c is 
to das e is to f, we ſhall have @ to þ as e to f. 

Thirdly, if @ is to þ as c is to 4; then & will be 
to 2 as d to c, which is called inverſe proportion: tor 
if a is to h as c is to d, we ſhall have ad = bc; make 
1 and c the extremes, and you will have þ to 4 as 

tO C. 

Fourthly, if à is to J as c is to 4; we ſhall have 
by permutation, 4 to c as b to d: for ſince à is to & 
as c is to d, and conſequently a d=b , make à and 
d the extremes, and c and þ the middle terms, and 
you will have à to c as þ to d. 

Fifthly, if @ is to þ as c is to d, and any two 
multiplicators whatever be affumed, as e and 7; I 
lay then, that ea is to fb, as ec to fd: tor ſince 
4 is tobascistod, and ſo ad=bc; multiply both 
tiles, of the equation by the product /, and you will 


have 
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have adxef=bexef; butadxef=eaxfd, 
and bc ef b Xec; therefore eax fd=fbxec;, 
make e and Fd extremes, and the proportion will 
ſtand thus; e a is to fb as ec to fd. In like man- 
ner, mutatis mutandis, it may be demonſtrated, that 


if à is to h as cis to d, then = will be to =as — 18 
4 1 
4 


2. 


Sixthly, if aistobascistod; then a is to þ* as 
is to d*: for ſince @ is to “ as cis to d, and fo 
 ad=bc; ſquare both ſides of the equation, and 
you will have a. d h , make a and d extremes, 
and you will have a to & as & to di. And by 
taking theſe ſteps backwards, it will alſo appear, 
that if a* is to & as cis to d.; a is to as c is to d, 
and Va is to V as Vc is to Vd. 

Seventhly, if a is to 3 as c is to 4; then by 


compoſition (as it is called) 4 ＋π is to & as c＋ A 


is to dz; or 4 49 is to 4, as cd is to c: for 
ſince 4 is to & as c is to d, and conſequently 
ad=bc; add bd to both ſides of the equation, and 
you will have ad +bþ4d=bc+8bd; but ad+6bd is 


the product of a +4 multiplied into d, as is ea- 
fily ſeen; and 4c + bd is the product of + multi- 


plied into c +4; therefore a + bx d=#5X c+4; 
make a++ and d extremes, and you will have 


4 ＋ 5 to b as c +d to d. Again, ſince bc a d, 
add ac to both ſides, and you will have a Te 


Sac ad, that is, a+bXxc=axc+4d; make 
a ＋ and c extremes, and you will have @+4 


to à as c+d toc. 
_ Eighthly, if a is to bas c is to d; then by apy 


4 — 5 is to 3 as c—d is to d; or 4 —3 is to 
FE 
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as - toc. This propoſition is demonſtrated by 
ſubtraction, juſt in the ſame manner as the laſt was 
by addition. 

Ninthly, if to or from two numbers in any given 
proportion, be added or ſubtracted other two numbers 
in the fame proportion, the ſums or remainders will 
ſtill be in the ſame proportion with the numbers firſt 
propofed : thus it the numbers c and d be in the ſame 
proportion with the numbers à and b, that is, it as 4 
is to ſo is c to d, and if to or from the former two 
numbers, be added or ſubtracted the latter, we ſhall 


have not only a-+c to Id as @ to b, but alſo a—c 


to - as @ to : for ſince by che ſuppoſition, @ is 
tobas c is to d; it follows by permutation, that à is 


to c as o is to 4; and by compoſition, that a+c is to 
a as b+d to b; and again by permutation, that a+c 
is to b+d as à is to b: in like manner by permuta- 


tion and diviſion we ſhall have a to +—d as a to b. 

Tenthly, if there be three numbers a, 4 and c, 
and other three numbers d, e and F proportionable to 
them, and in the ſame order, that is, it as à is to 3 
ſo d is to e, and as is to c ſo e is to /; I ſay then, 
that ex aeque, the extremes will be in the ſame pro- 
portion, (vig.) that @ will be toc as dis tof: tor 
fince by the ſuppoſition, à is to “ as dis to e; by 
permutation we ſhail have 4 to d as b toe; and for 
the ſame reaſon, ſince 4 is to cas e is to f; we ſhall 
have 3 to e as c to f: fince then @ is to das J to e, 
and b toe as c to /; it follows from the ſecond pro- 
poſition, that à is to d as c to /; and by permutation, 
that à is to cas d to f. 

Eleventhly, it there be three numbers, a, & and c, 
and three other numbers 4, e and f proportionable to 
them, but in a contrary order, ſo that @ is to h as e 
to , and ᷣ to cas d to e; I ſay, that the extremes 
will ſtill be proportionable, to wit, that à will be to 
cas d to f: for lince à is to & as e to f, we have 

af =be ; 
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af =be ; moreover ſince & is to c as d to e, we have 
cd=be ; therefore af ; make à and F extremes, 
and you will have à to c as d to 

N. B. It there be two fcriefes of numbers as a, 6, c, 
Sc; d, e, 7, Se; cach ſeries conſiſting of the fame 
number of terms; and if all the proportions between 
contiguous terms in one ſeries, be reſpectively equal 
to all thoſe in the other, that is, each to each, as 
they ſtand in order; as it a be tobasd toe, and bto 
cas e to /, Ce; then the extreme terms of one ſeries 
will be proportionable to the extreme terms of the 
other: tor the demonſtration of the tenth propoſition 
may be extended to as many terms as we plcale; and 
this proportionality of the extremes, is ſaid to follow 
er £qQuta 01 dinate, or barely, ex 90, that is, from a 
reſpective equality of all the proportions in one fcries 
to their correſpondents in the other, in an orderly man- 
ner. But if every proportion in one ſeries, has an 
equal proportion to anſwer it in the other, but not in a 
correſpondent part of the ſeries; as if 4 be to b as e tof, 
and to casd toe, Se; then though the extremes 
will {till be proportionable, as will be evident by con- 
tinuing the demonſtration of this eleventh propoſition; 
yet now the proportionality of the extremes is ſaid to 
tollow ex equo perturbate, that is, from an equality 
of all the proportions in one ſ-rics to all thoſe in the 
other, but in adilorderly manner. 


Tweltthly, if @ is to h as cis to d; we ſhall have 
a+b to a—b as c+d is to -d: for ſince à is to 
þ as c is to d, we ſhall have by compoſition, 4 T5 
to a as c is to c; we ſhall have allo by diviſion, 
a—bþ to a as —d to c; and by inverſion, a to a—b 
as c to : ſince then we have a+6 to à as cd 
toc; and à to 'a—b as c to 4, that is, fince we 
have three numbers, «+6, a, and , and other 
three numbers proportionablæ to them in the ſame 


order, to wit, 7 ＋4, c, and -, ; it follows ex quo, 
| that 
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that the extremes will be proportionable, that is, that 
@+6 will be to a- as cis to -a. 

Thirteenthly, if there be a ſeries of numbers, E, J, 
m, n, wherect k is to / as a to, and / to as c to d, 
and m to n as e to f; I ſay then that & the firſt term, 
will be to ꝝ the laſt, as a ce the product of all the 
other antecedents to Af the product of all the other 
conſequents: for & is to / as 4 to 5, by the ſuppo- 
ſition; and we ſhall find that à is to þ as ace to bce 
by multiplying extremes and means; therefore & is 
to ] as ace to ce; and for a like reaſon / is to m as 
bce tobde, and mis to » as bde to bdf; therefore 
ex quo, & is to nas ace to bdf. 


Of the extraction of the ſquare roots of Jag 
algebraic quantities. 


17. The extraction of the ſquare root of ſimple al- 
4 quantities is lo very ealy, that it needs not to 

inſiſted on. Thus the ſquare root of aa is + or —8, 
the ſquare root of 9a is + or —3a, and that of 44 
is + or —2a6 : this is plain from the definition of the 
ſquare root; for the ſquare root of any quantity, ſup- 
poſe of 44abb, is that, which being multiplied into 
itſelf, will produce 4a: now —2ab multiplied into 
itſelf will produce 4495, as well as +246, and there- 


fore one quantity is as much it's ſquare root as the 
other. 


When the ſquare root of a quantity cannot be ex- 
tracted, it is uſual to ſignity it by this mark : thus 
v 228 ſignifies the ſquare root of 224; thus V- 4 
ſignifies the ſquare root of the whole quantity aa—453 


thus — ſigniſies a fraction whoſe numerator is 
the ſquare root of the whole quantity aa—4b, and 


4al—4 


what denominator is 24; thus / 


ſignifies 


the 


124 
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— 
the ſquare root of the whole fraction 


, that is 
124 


the ſquare root of both the numerator and denomi- 
nator. 

When the ſquare root of a quantity cannot be ex- 
tracted, the quantity may ſometimes however be re- 
ſolved into two factors, whereo: the one is a ſquare, 
and the other is not; arid whenever this is poſſible, 
the root of the ſquare may be extracted, and the ra- 
dical ſign may be prefixed to the other factor: thus 
1 24a equals 44aX3 ; therefore / 1244=24Xv 3. 


The ſeveral rules of fractions exemplified in 


algebraic quantities. 


22. Fractions in Algebra are treated juſt in the 
ſame manner as in common arithmetic, only uſin 
algebraical inſtead of numeral operations; as will 
plainly appear from the following examples. 


Examples of the reduction of fractions from higher to 
lower terms, according to introduction art. * 


The fraction nd dividing both the numerator and 
denominator by the fame quantity 25, will be redu- 
ced to the fraction = a fraction of the ſame value 


with the former, but expreſſed in more ſimple terms: 
whence we may inter, that whenever a common letter 
or factor is to be found in every member both of the 
numerator and denominator, it may be cancelled every 
where, without affecting the value of the fraction : 


ar+bc S ＋ 
thus the fraction = > expunging c, becomes = 


a fraction of the ſame value. Bur if there be any one 


member, wherein the factor is not concerned, it muſt 
nor 
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not be expunged at all; thus the fraftion ts. 
cannot be reduced, becauſe the factor c is not to be 
found in e. 

Note, That cancelling here, is not ſubtracting, but 
dividing : thus to cancel the letter 5 in the quantity 
ab, ſo as to reduce it to a, is not to ſubtract þ from 
a A — to divide à 5 by 5, in which caſe the quotient 
will be a. 


Examples of fraction: reduced to the ſume denomi- 
nation, according to introduction art. 8th, 


1ſt. The fractions l * ad —, when reduced to the 


1 — 
ſame denomination, will ſtand thus; — 2 and . 


„ 


2d. The fractions 7 and 7 ſo reduced, will ſtand 


thus; — — and 2 34. The 2 ag „, and 
74 bq q + # 


nr after reduction, will ſtand thus; 2 4 OE. 2, 
J 2% ee e 


and — . And here I cannot but obſerve, that now 


the rule for this reduction demonſtrates itſelf : for in 
this example it is impoſſible not to ſce, that all theſe 
fractions, notwithſtanding this reduction, ſtill retain 


their former values: thus the firſt fraction : = by 
cancelling common factors, is reduced to — it's for- 
mer value; and the ſame may be obſerved of all the 
reſt : and this example amounts to a demonſtration, 
becauſe it is comprehended in general & terms. But to go 


On: 


e 
- 
* 


. e.g COOLS N 


Art. 22. I Ar EBN AT QuanTITIES. 99 
on: 40. The fractions A _ and—, being reduced 


a b 
"Uh ac ab 
to the ſame denomination, become —, — 


r 
when thus redu- 


5th. And laſtly, = and — 


a—b a+b 


ced, become and 
aa—v6 aa—bb 


rator of the firſt fraction multiplied into a—5, the de- 
nominator of the ſecond, makes a—b; and 1 the nu- 
merator of the ſecond iraction multiplied into at, 
the denominator of the firit, makes ate; and the 
product of the two denominators a and a—b mul- 


tiplied together is aa—d6, as in the 4th example of 
the 9th article. 


for 1 the nume- 


Examples of addition in fradti ons, according to 
introduction art. gth, 


1ſt. Theſe fractions — and =, when added 
together, make == = 


2d. The fraction 2 added to the fraction — 


24 
makes — or à. 
2 


3d. The fractions — =, ma =. when added 


4 


8þ be 
together, make STS 
8 
4th. The fraction = added to the fraction — makes 
ad+bc 


b4 G 2 5th. 
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5th. a added to © that is, - added to g makes 
ac+b | 
c 
6th. — — added to makes 7. 
7th. The fractions 2 2 2 and > when added 


7 s 1 
—— mare 

TY 
Sch. — — added to — — gives — 


_ make — 


ects 
be 
22 
added to gives See the 
a + = PRSY Soy une 


5th example of fractions reduced to the ſame deno- 
mination. 


gth. 


Examples of ſubtraction in fractions, according to 
introduction art. 10th. 


Note firſt, If the ſigns of both the numerator and 
denominator of any traction be changed, which is no 
more than multiplying both terms into —1, the va- 
lue of the fraction will ſtill remain. 

Secondly, T he denominator ot a fraction is always 
ſuppoſed to be affirmative ; and therefore it at any 
time it happens to be atherwiſe, it mult be made affir- 
mative by changing the ſigns of both cerrs. 


Thirdly, + = and — = are the ſame in effect as 


b b 
+84 


_ and = as is evident from the nature of di- 


viſion : and ſometimes, this latter way of notation is 
more convenient than the former. 


Fourtblx, 
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Fourthly, Therefore the ſign of the numerator is 
the ſign ot the whole fraction; and to ch inge the ſign 
of the former, is the ſame in effect, as to change the 
ſign of the latter. 

Fifthly, Whenever one algebraic fraction is to be 
ſubtracted from another, the ſafeſt way will be to 
change the ſign of the numerator of the traction to be 
ſubtracted, and to place it atter the other, and then 
to reduce them at laſt into one fraction: for it the 
ſubtraction be deferred till after the reduction is over, 
one may make a miſtake, and ſubtract the wrong 


quantity. Thus 1ſt. - ſubtracted from S gives 
24—4b _ 104—1 23 
. 

2d. — ſubtracted from 2, gives . 


s q gi 


3d. 2 ſubtracted from a, give 3 


1 0 0 


1 
ſubtracted from 8 IJ 


+6 


4th. 
a 

26 
aa—bb 


—6 


—- 
— 


Examples of multiplication in fractions. 


The multiplication of fractions is performed, by 
multiplying the numerator and denominator of the 
multiplicand, into the numerator and denominator. of 
the multiplicator reſpectively. 


Thus iſt. 2 . 
1 

2d. 3P X - — 15721 — 5p 

44 2487: - br 


G 3 4th. 
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8th A 
gth 3 FEY, + 5 | OX acd+b4d 
C C I C 


oth. d a 2 te HY 


b 
11th. «+— X 4 +—;, or 
acdf +ace+bdf +be 


cf ; 
This multiplication might alſo be performed thus: 


f 
ol 
42 + — 2 
2 os to 
2 1 cis 
12th. 1 1 ow : 
c c cc 
Or, 4 z 268 4.28 See the work | 


a + 
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3 
a + — 
c 
5 
27 
c 
Fe ab b b 
444 — + — 
6 cc 
ab 
5 Þ 
F 2ab bb 
aa — 
c cc 


Examples of divifion in fractions. 


Diviſion in fractions is performed by 2 
the direct terms of the dividend into the 1verte 
terms of the diviſor: thus, 


va a FS 
—=v-: ake x= 
7th. ) va (Av for if we make x 


va __@ PRE 
7; * ſhall have x= and x = 


G4 I ſhall 


————— 


—— EI IS 
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I ſhall only give one example more, and that ſhall 


be of the rule of proportion, as follows: If 0 gives 
bee 
ad f 
cond number multiplied into — the third, produces 
bee 

4 df, 


- what will - gi ve 2 Anſwer, : for 7 the ſe- 


77 and this divided by the firſt — quotes 


Of equations in Algebra; and particularly of 


fimple equations, together with the manner of 
reſurving them. 


23. An equation in Algebra is a propoſition wherein 
one quantity is declared equal to another, or where 
one expreſſion of any quantity is declared equal to 
another expreſſion of the ſame quantity: as when we 
ſay : = ; Wuaere 5 is ſaid to poſſeſs one fide of tlie 
equation, and + the other. 

An atfected quadratic equation is an equation 
conſiſting of three different jorts of quantities; one 
whercin the {quare of the unknown quantity is con- 
cerned, another wherein the unknouwn quantity is 
ſimply concerned, ant] a third wherein it is not con- 
cerned at all: as if xx—2x=3; ſuppoſing x to be 
an unknown quantity. TEARS 

If ether the cerm wherein the ſimple power of x 
is concerned, as — 2 x, or that which is called the 
abſolute term, to wit, 3, be wanting, the equation 
is ſtill a quadratic equation, though incomplear. 
Some indeed there are, wno rank this latter fort of 
equations under the denomnation of ſimple equa- 
tions; aud fo ſhall we, upon account or their caſy 
reſolution; though properly ſpeaking, a ſimple 
£qua:zon is that wherein {ome liinpie power of the 
I unknown 


"» 

L 
j 
: 
3 
þ 5 
4 


o * 
i 
: 
. 
bo 
z 
4 
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unknown quantity is concerned, all others being ex- - 
cluded : as if 3 * 2 6; 2X ＋3 2 4* 8, &c 

The uſe of theſe equations is for repreſentiag more 
conveniently and more diſtinctly the conditio is of pro- 
blems, when tranſlated out of common language 
into that of Algebra. As for example; let it be 
propoſed to find a number with the following pro- 
perty, to wit, chat! + of it with 4 over, may amount 
to the ſame as „ of it with 9 over: here, putting 

x for the unknown quantity, the condition of this 
problem, when tranſlated out of common language 
into that of Algebra, will be repreſented by the 


following equation, to wit, 1 5 ＋4 = 1 +9: for 


IN 2 
* of x, mnt, 2 2 of © 7 15 Ss therefore 2 ＋ 4 


ſignifies ; of x with 4 over; and fince this expreſſion 
according to the problem, amounts to the fame with 


7 * 
the other, to wit, — +9; hence it is that we pro- 
12 


nounce them equal to one another. 

Now face in the foregoing equation, as well as in 
almnoft all others ariſing immediately from the con- 
ditions of problems themſelves, the unknown quan- 

ity is embarraſſed and entangled with ſuch as xr- 
known, the way to ditengage it from fuch known 
quantities, ſo that itſelf alone poſſeſſing one fide ol 
the equation, may be found equal to ſuch as are er. 
tirely known on the other, that is, in the preſent cac, 
to deter mine the value of the nes quantity x, is 
what 15 commonly called the reſolution of an equa- 
on: for the eſfecting of which, ſeveral axioms and 
proceſſes are required 3 tome whereof, namely ſuch 
as molt frequently occur, I ſhall here put down; the 
reſt I ſhall take notice of occalneally, as they offer 


che mſclvcs. 


2 


( 
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Of the reſelution of ſimple equations, 


Anza M 8. 


Whenever a fraction is to be multiplied by a whole 
number, it will be ſufficient i multiply only the aumera- 
tor by that number, retaining the denominator the ſame 
as before. Thus + multiplied into 2, gives 3, for 
the ſame reaſon that 4 ſhillings multiplied into 2 gives 
8 ſhillings: thus in the firſt example following, 


2 = , 2I * 
wp multiplied — 3. ſe 7 


Ann. 


But if the whole number into which the fraction is 
to be multiplied, be equal to the denominator of the 
Fractien, then throw away the denominator, and the 
numeraicr alone will be the product. Thus the fraction 
a 


b 


example, 2 multiplied into 3, gives 2 x; and 


multiplied into 5, gives 27 or 4: thus in the firſt 
21 * 
12 


multiplied into 12, gives 21 x. 
AXT IOM z. 


FF the two fides of an equation be mulliplied or 
itvid:d by the ſame number, the two products, an quo- 
zickts, wicl ſtill be equal to each other. Thus in the 


arfſt example, where _ +4 = Z_ + 9; if both 
fides of the equation be multiplied into 3, we ſhall 
21 Xx 


I2 
equation be multiplied into 12, we ſhall have 
24x + 144 =21 x + 324. 1 


+27; and if again this laſt 


have 2x + 12 = 


AT 10 M 
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Azg1io0M:-. 4: 


If a quantity be taken from either fide of an equation, 
and placed ca the other with a contrary fign, which is 
; commonly called tranſpoſiticn, the two fides will be equal 
| to each other. Thus it 7+3=10, tranſ{pule +3, and 
you will have 7z10—3 : thus il 7—3=4, tranſpoſe | 
—3, and you will have 7z4+3 : thus if (as in the | 
firit example) 24x+144=21x+324, tranipoſe 21x, | 
and you will have 24x4—21x+144=324, that is, | 
3x+144=324 ; and it again in this lalt equation you 
tranſpoſe 144, you will have 3x=324—144=180. 

Tranſpoſition therefore, as it is here delivered, is 
nothing but a general name for adding or {ub'racting 
equal quantities from the two ſides of an equation 
in which caſe it is no wonder, it the ſums or diitcrences 
ſtill continue equal to each other. As tor inwilance, in 
this equation a -c, tranſpoling —b we have ec 
+6 : and what is this after all, but adding & ro both 
ſides of the equation? for if þ be added to a—6, th. | 
fum will be a; and if þ be added to c, the ſum will | 
be c; therefore a=c+6: again, in the equation 
a+b=c, tranipoling +6 we have rc =, which is 
nothing elſe but ſubtracting 4 from both ſides ot the | 
equation. 
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The iſt Proceſs. 


If, when an equation is to be reſolved, fractions be 
found on one, er voth fides, it muſt be freed from them by 
multiplying the whole equation into the denominators of 
thoſe fractions ſucceſſively. 


The 2d Proceſs. 


After the equation is thus reduced to integra! terms, 
if the unknown quantity be found on both ſtdes the equa- 
tau, let it be brought by tranſpoſition to one and the 
ſame fide, wiz. to that fide, which after reauctian will 
exbibit it affirmative. 
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The 3d Proceſs. 


After thts, if any l:oſe known quantities be found on the 
fame fide with the unknown, let them alſo be brought by 
tranſpfition to the other fide of the equation. 


The 4th Proceſs. 


If now the unknown quantity has any coefficient before 
it, divide all by that coefficient, and the equation will be 
r efolwed. 

The 5th Proceſs. 

If the whole equation can be divided by the unknown 
quantity, let ſuch a diviſion be made, and the equation 
<oill be reduced to à mere ſimple one. Thus ia the 16th 
example you have 615x—7xxx=48x; divide the 
whole equation by x, and you will have 61 5= 7xx=48. 
8 = 392 4 divide 
K—2 X—3 
the whole by x, which is done by dividing only the 
numerators of the two fractions, and you will have 

9 
2 »—3 


In the 13th example you have 


The 6th Proceſs. 


If at laſt the ſquare of the unknown quantity, and not 
the unknown quantity itſelf, appears to be equal to ſome 
known quantity on the other ſide of the equation, then 
the unknown quantity muſt be made equal ta the ſquare 
root of that which is known. Thus in the 14th ex- 
ample we have xx=36 ; therefore x=6, and nor 18 : 
in the 15th, we have xx=64; therefore x=8, the 

ſquare root of 64, and not 32, it's half. 


Examfles of the reſoluti on of fumple equations. 


24. This preparation being made, I ſhall now give 
ſome examples of the reſolution of ſimple equations, 
? and 
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and my firſt example ſhall be the equation given in 


the lalt article, in order to trace out the number there 
deſcribed. 


Example 1. 
2 x 7X 
— 9. 
3 12 
In this equation it is plain, that there are two frac- 
tions, — and <=, which muſt be taken off at two 


teveral operations, thus: as 3 is the denominator of 
the lirſt traction, multiply the whole equation by 3, 


: 21X 
and you will have 2%+12=— +27: again, as the 
12 


denominator of the remaining fraction is 12, multiply 
all by 12, and you will have 24x+144=21x+324 3 
winch is an equation tree from fractions. 

2dly, It muſt in the next place be coniidered, that 
in this laſt equation 24x+ 144=21x+ 324, the un- 
known quantity is concerned on both fides, to wit, 
24x on one ſide, and 21x on the other; tranſpoſe 
therefore 21 x, and you will have 24x—21x+144= 
324, that is, 3x+144=324. If it be aſked Why I 
choſe to tranſpoſe 21 x rather than 24x; my auſwer 
is, that had 24x been tranſpoſed, the unknown quan- 


tity, or it's coethcient at leaſt, after reduction, would 


have been negative, contrary to the rule in the ſecond 
procets ; for reſuming the equation 24x+144=2 ix+ 
324, if 24x be trantpoſed, we ſhall have 144=21x— 
24x+324, that is, 144=—3x+324: but even in 
this caſe, another tranſpoſition will ſet ail right; for 
it —3x be tranipoted in this laſt cquation, we ſhall 
then have 3x+144=324 as bciore : ail that can be 
laid then againſt this laſt way is, that it creates unne- 


ceſſary traulpoſitions, which an artiſt would always 


endeavour to avoid. 

| 3dly, Having now reduced the equation to a much 

greater degree of hmplicity than betore, to wit, 3x+ 

144=3243 becaule the unknown quantity 3x _ 
1 


—U—ü—äũ—t— — ä— 


110 ResoLUTION or Book I. 


ſtill a looſe quantity, vi⁊. 144 joined with it, tranſpoſe 
that quantity 144 to the other ſide of the equation, 
and you will have 3x=324—144, that is, 3x=180. 

N. B. By a looſe quantity I mean ſuch a one as is 
joined with the unknown by the ſign + or —, and 
not by way of multiphcation, as is the coefficient 3 in 
the lalt equation. 

4th'y, By this time the quantity x is very near be- 
ing ducovered; for if 3x=180, it is but dividing all 
by 3, and we ſhall have x=60 : 60 therefore is the 
number deſcribed in the laſt article by this property, 
to wit, that + of it with 4 over, will amount to the 
ſame as „, of it with 9 over: and that 60 has this 
property, will now be eaſily made to appear ſynthe- 
tically ; for + of 60 is 40, and this with 4 over is 44 3 
moreuver r ot 60 is 33, and this with 9 over is 
alſo 44. | 

N. B. A demonſtration that proves the connexion 
between any number and the property aicribed to it, 
is either analytical or ſy achetical : it this connexion 
is ſhewn by tracing the number trom the property, 
the demonſtration ot it is cailed an analy tical demon- 
ſtration; but it it is ſhewn by tracing the property 
from the number, the demoanitration is then ſaid to 
be 1, nthetical. 

Example 2. 
2x 


— + 12= SS +6. 
3 5 
Here multiply by 3, and you will have 2 x+36= 


12 * 1 : | 
— +18 ; multiply again by ;, and you will have 


5 | 

 Tox+180=12x+90; tranſpoſe 10x, and you will 
have 180=1 2x—10:-+90, that is, 180=2x+90, or 
rather 2x+90=1"0, ivr I generally chooſe to have 
the urck:.vwn quantity on the firſt fide of the equa- 
tion: trantpoſe yo, ald you will have 2x=180—90, 
that is, 2x=90 ; divide by 2, and you will have 


* A5. 
The 
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The Proof. 
The original equation was 7 * 12 == + 6: 
now if x45, we have —=30, and— +12=42: 
again, we have =—=36, and =—+6=42 : there- 


tore Tig Ats, becauſe the amount of both 


is 42. 


Example 3. 
=— +5= = +2 therefore 3x + 20=—= +8; | 


therefore 18x+120=20x+48 ; therefore 120=20x— 
18x+48, that is, 120=2x+48 ; therefore 120—48 
Dax, that is, 2x=72 ; therefore x36. 


The Proof. 


The original equation was — +5= 2 now 


if x=36, we ſhall have n. and == +533 : 


we ſhall alſo have zo, and za; there- 


fore if x=36, we ſhall have =+5=== +2. 


Example 4. 
. heref. 7 PEEP 2 6 4 
. e e e 8. 9 Ore n 43 
therefore 70x—400=72x—640 ; therefore —40 
72x—70x—640, that is, —400=2x—640, or rather 
' 2x—640=—400 ; therefore 2x=6409—400, that is, 
2x 2240; and x= 120. 


The 


—ͤ—— ne 
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The Proof. 
The original equation, — — = — —8; but x 
120; therefore 5 2106 therefore — —5=100 : 


x x 
moreover —=1 08; therefore — —8 loo; there- 


ſore = 2 —5— "20 wet 
Example 5. 
E — 4 therefore 1 5 
9 12 | 12 


therefore 60x—864=7992—63x; therefore 60x+63x 
2 864=7992, that is, 123x—864=7992 z there- 
fore 123x=7992+864, that is, 123x=8856 ; and 
X=72. 


The Proof. 


The original equation, 27 —8$=74— 4 X=72 3 


I2 


therefore —=403 therefore * —8 32: again, 


— therefore 74— IE =74—42=32 3 there- 
12 | I2 | | 
LE SEO A 
fore — —8=74 2. 
Example 6. 


6 
— 24>: therefore x—24=144— there 
fore 8x—192=1152—6x , therefore 8x+6x—192= 
I152, that is, I44—192=1152; theretore 14x=. 
1152+192, that is, 14x=1344 ; and #=96. 


The 
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The Proof. 


3 , x 
The original equation, 5 4=24=T> x=96; 
3 | Ts 1 
5 216 = —4Z12: again, J 12 therefore 24 — 3 


=24—12 =12; therefore == 424 = 


Example 7. 


56 — — 4 — 5 8 : therefore 224 — 3 x = 192 


20x 

8 
therefore 1792 = 1536 + 24 20 x, that is, 1792 
=1536+4x; therefore 1792 — 1536=4 x, that 
is, 1222565 and x 64. 


The Proof. 


The original equation, 56 — * 248 WET! 4 


— 


z therefore 1792 = 24 x 2 13636 — 20x; 


8 
643 therefore = = 48 z therefore 56 — = 56 


* 


—453=s8: again, £—=40; therefore 48 — == 


=48—40=8; therefore 56—3= = 48D 


Example 8. 


36— 8: therefore 10 4X = 72; there- 


fore 324 =72 +4; therefore 324 — 72 = 4%, 
is, 4x= 252; and x = 63. 


H The 
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The Proof. 
The original equation, 36 — „ =. 282 631 


therefore 255 therefore * = 36 — 28 
=8, 


Example g. 


6 — 4 
72 * - 2 therefore 4 x = 32* CSS 7 
5 
theretore 10x = 528 — 12x; therefore 10 x + 12 x 
= 528, that is, 22 x = 528; and x = 24. 


The Proof. 


The original equation, = =D, x = 2453 


therefore — = 16: again, 4x =96; therefore 


176 4 * 176 — 96 80; therefore —— — 


2 — = 16; therefore So — . 
5 3 5 


Example 10. 


= + — 29: therefore 3x + - 


6 
=116; therefore 18 x + 720 — 20 x = 696, hos 
is, 720 — 2 * g 696; therefore 720 = K + 696, 
therefore 7 20 — 2 1 x, that is, 2 2 2 143 and 
X=12. 


The 


720— —20X 


, 
= - 
: 


q 
: 
= 
! 
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The Proof. 

The original equation, * + —— = 293 
12121 therefore 9 5x=60; therefore 
180 - 3 * 2 180 — 60 = 120; therefore — 
3 E 
"0 =20; therefore - + — = 29. 

Example 11. 
1 
2X+3_ 4K —5 


Multiply by 2 x + 3, and you will have 45 = 
214 X+ 171 


4 — 52193 therefore —<Z— = 


yn ah multiply by 4 x— 5, and you will 
have 180 x —225 =114x +171; therefore 180 x 
— 114 X — 225 = 171, that is, 66 x—225=171; 
therefore 66x = 171 + 225, that is, 66x = 396; 


and x = 6. 


The Proof. 


The original equation, he. ESO: A 

2X+3J 4&4X=5 

therefore 2x =12; therefore 2x +3 = 15; there- 
ar AS a> + ca 8 

os Is =3: again, 4X=24; therefore 

57 


4x—=5 19 


. 4 263 


= 33 there- 


„ 
2x43 4X5 


H 2 Example 
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Example 12. 
8 — 
216 18 648 x — 864 
Jx—4 we 2 5x—6 


theretore 640 x — 768 = 648 x — 864; therefore 

— 768 = 648 x — 640x— 864, that is, — 768 = 8x 
— 864; therefore + 864—768=8 x, that is, 8x 

=96; and x= 12. | 


The Proof. 
128 216 


The original equation, . 


therefore 3 * = 36; therefore 3x 4g 32; there- 


128 _ . ban are- 


3—4 32 X . 
fore 5 x— 6 = 54; therefore — — 


fore 


128 216 


L: divide both numerators by x, and 


X—2 K—3 
— ; therefore 42 8 id 
X— 2 8 x — 3 
therefore 42 x — 126 = 35x— 70, therefore 42 x— 
35 * 126 = — 70, that is, 7x— 126=—70; 
therefore 7 x = 126 — 70, that is, 7 x=56; and 
x#=8. | 


you will have 


The Proof. 
The original equation, 2 s; there- 
8 | X—2 K„—3 
6 
ſore x—=2=6; 42x=336; therefore = = = 5 — 


2 66: 
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= 56 : again, x—3=5z and 35 280; therefore 


l 3 12. 
9 5 —_— 
Example 14. 
— 2 —＋ . therefore xx—12= 22. 


3 $--- 
therefore 4 xx — 48 = 3 xx — 12; therefore 4x x— 
3xx—438=— 12, that is, xx—48=—12; 
therefore xx = + 48 — 12, that is, xx = 36; and 
x = 6b. 


The Proof. 
| The original equation, — =. x=6; 


therefore xx = 36; therefore xx — 12 = 24; there- 


XX—1TI2 2 


fore : = again, XxX - 4 2 323 
therefore g g; therefore == = 
| 4 4 
— 4 
4 | 
Example 15, . 
——— = 12: therefore 5xx — 128 = 1923 


therefore 5xx = 192 +128, that is, * , 
therefore xx = 64; and x=8. 


The Proof. 


The original equation, . —$=12; x=8$z 
therefore x x = 64 ; therefore 5 x x = 320; therefore 
5x x 380 3 5 X * 

16 16 16 


= 12. 


— 8 2 20—8 


Example 


118 RESOtUrToN or, Oc. Book I. 


Example 16. 


615x—7 xxx=48x: divide the whole by x, 
and you will have 615 — 7xx=48,; therefore 615 
=7xx-+ 48; therefore 615 —48 g x x, that is, 
7 xx = 567; therefore, xx 81; and x= 9. 


The Proof. 


The original equation, 615x—7yxxx=48x, 
x q; therefore xx 81; therefore xxx = 7293; 
7 Xx * * 5103; again, 615 * 5535 therefore 
615x —7xxx= 5535 — 5103 432: laſtly, 48 x 
= 432; therefore 615 x—7Txxx=48x. 


THE 
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ELEMENTS or ALGEBRA. 


B O O K II. 


Preparations for the ſolution of Algebraic problems. 
Art. 25. N folving the following problems, 1 
ſhall make uſe of a fort of mixt Alge- 
bra, uſing letters only in repreſenting 
unknown quantities, and numbers for 
ſuch as are known. This method, as I take it, will 
be the beſt to begin with : but afterwards, when my 
young ſcholar has been ſufficiently exerciſed in this 
way, I ſhall then introduce him into pure Algebra, 
which he will find much more extenſive than the for- 
mer, not only as it enables him analytically to find 
out general folutions, taking in all the particular 
caſes that can be propoſed in the problem to which 
the ſolution belongs, but alſo as it enables him atter- 
wards to demonſtrate the fame ſolutions or theorems 
ſynthetically. | 

And becauſe I am not yet to ſuppoſe him ſkilled in 
any of the mathematical ſciences, I ſhall draw my 
problems, generally ſpeaking, from numbers, either 
conſidered abſtractedly, or elſe as they relate to com- 
mon lite. 


Ha Ii 
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If a problem be juſtly propoſed, it ought to have 
as many independent conditions comprehended in it, 
expreſsly or implicitly, as there are unknown quan- 
tities to be diſcovered by them; and it muſt be 
the chief buſineſs of an Algebriſt, to ſearch out, ſift 
and diſtinguiſh theſe conditions one from another, be- 
fore ever he enters upon the ſolution of his problem. 
I faid, that ſo many conditions ought to be com- 
rehended in the problem expreſsly or implicitly, 
cauſe it may happen, that a condition may not be 
expreſſed in a problem, and yet be implied in the na- 
ture of the thing : thus in the 44th problem, where 
ſeveral rods are to be ſet upright in a ſtreight line, 
at certain intervals one from another, it is implied, 
though not expreſſed, that the number of intervals 
muſt be leſs than the number of rods by unity. 
Sometimes a condition may be introduced into a 
problem, that includes two or more conditions : as 
when we ſay, four numbers are in continual propor- 
tion, we mean, not only that the firſt number is to 
the ſecond as the ſecond 1s to the third, but alſo, 
that the ſecond number is to the third as the third is 
to the fourth. | | 
Whenever a problem is propoſed to be ſolved alge- 
braically, the Algebriſt muſt ſubſtitute ſome letter of 
the alphabet for the unknown quantity ; and it there 
be more unknown quantities than one, the reſt muſt 
receive their names from ſo many conditions of the 
problem; and it the problem be juſtly ſtated and ex- 
amined, there will ſtill remain a condition at laſt, 
which tranſlated into algebraic language, will afford 
him an equation, the reſolution whereot will give the 
unknown quantity for which the ſubſtitution was 
made; and when this unknown quantity is once diſ- 
covered, the reſt will be eaſily diſcovered by their 
names. Suppoſe there are four unknown quantities 
in a problem; then there ought to be four conditions: 
now the firſt unknown quantity receives it's name ar- 
bitrarily without any condition; therefore the other 
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three muſt take up three of the conditions of the 
problem for their names; and the fourth condition 
will ſtill be left to furniſh out an equation. 

The learner muſt here be very caretul to make no 
poſitions but what are ſufficiently juſtifiable, either 
trom the expreſs conditions of the problem, or from 
the nature of the thing ; all the liberty he is allowed 
in caſes of this nature is, that he is not obliged to 
draw out the conditions in the ſame order as they are 
given him in the problem, but may make uſe of them 
in ſuch an order, as he thinks will be moſt convenient 
for his purpoſe ; provided that he does not make uſe 
of the ſame condition twice, except in company with 
others that have not yet been conſidered. 

My method in the torty four following problems 
will be, to put down the anſwer immediately atter 

the problem, and then the ſolution : for in my opi- 
nion, this way of putting down the anſwer fr will 
not only ſerve to illuſtrate the following ſolution, but 
may alſo ſerve to fix the problem more firmly in the 
minds of young beginners, who are but too apt to 
neglect it, and to ſubſtitute chimerical notions of their 
own, that are not to be juſtified, either from the con- 
ditions of the problem, or common ſenſe. 

After the learner has run over ſome of theſe 
lems, and has got a tolerable inſight into the method 
of their reſolution, it will be very proper for him to 
begin again, and to attempt the ſolution of every 
problem himſelf, and not to have recourſe to the ſolu- 
tions here given, but in caſes of abſolute neceſſity: 
but after the work is over, he may then compare his 
own ſolution with that which is here given, and may 
alter or reform it as he thinks fit. 


The ſelution of ſome problems producing ſimple 
equations. 
PROBLEM I. SY 
26. What two numbers are thoſe, whoſe difference is 14, 
and whoſe ſum when added together, is 43 ? a 
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Anf. The numbers are 31 and 17: for 31—15= 
14; and 31+17=48. 
SOLUTION. 


In this problem there are two unknown quantities, 
to wit, the two numbers fought ; and there are two 
conditions; firſt, that the leis number when fubtracted 
trom the greater mult leave 14; and fecondly, that 
the two numbers when added together mutt make 48: 
therefore I put x for the leſs number; and to find a 
name for the greater, I have recourſe to the firſt con- 
dition of the problem, which informs me, that the 
difference betwixt the two numbers fought is 14 
therefore, if J call the leſs number x, I ought to call 
the greater x +14 : thus then I have got names for 
both my unknown quantities, and have ſtill a condi- 
tion in reſerve for an equation, which is the ſecond : 
now according to this ſecond condition, the two num- 
bers ſought, when added together, muſt make 48; 
therefore x and x when added together muſt make 
48; but x and x+14 when added together make 2x 
++x4; waence I have this equation, 2x+14=48 z 
therefore 2x=48—14234 3 therefore x, or the leſs 
number , and x+14, or the greater number =31, 
a5 above. 

In our ſolution of this problem, the notation was 
dran from the firit condition, and the equation from 
the ſecond ; but the notation might have been drawn 
trom the ſecond condition, and the equation from the 
firit, thus: put x for the leſs number fought ; then 
becaule the ſum of both the numbers is 46, it you 
tubtract the leſs number x from 48, the remainder 
48—x will be the greater number, ſo that the two 
numbers tought will be xz, and 48—x; ſubtract the 
tormer number from the latter, and the remainder or 
difference will be 48—2x ; but according to the firit 
condition f the problem, this difference ought to be 
14; therefore 438—2x=14 : refolve this equation, 
and vou will have x=17, and 42—x=31, as above. 

PROBLEM 


— 1 2 
* 1 " * 
5 hin. . - —_ 
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PROBLEM 2. | 


27. Three perſons, A, B and C, make a joint contri- 
bution, 25 in the whole amounts to 76 pounds : of 
this, A contributes a certain ſum unknown ; B con- 
tributes as much as A, and 10 pounds more; and C, 
as much as both A and B together : I demand their 
ſeveral contributions. 

Anſ. A contributes 14 pounds, B 24, and C 38 : 

3 and 14+24=38, and 14+24+38 

2276. | 


SOLUTION. 


In this problem there are three unknown quantities, 
and there are three conditions for finding them out ; 
firſt, that the whole contribution amounts to 76 
pounds; ſecondly, that B contributes as much as A, 
and 10 pounds more; and laſtly, that C contributes 
as much as both A and B together. 

Theſe things being ſuppoſed, I firſt put x for As 
contribution; then ſince, according to the ſecond con- 
dition, B contributes as much. as A, and 10 pounds 
more, I put x+10 for B's contribution; laſtly, fince 
C contributes as much as both A and 'B rogether, I 


add x and x+10 together, and fo put down the ſum 


2x+10 for C's contribution: thus have I got names 
tor all my unknown quantities, and there remains ſtill 
one condition unconſidered for my equation, which 
is, that all the contributions added together make 76 
pounds; therefore I add x, and x+10, and 2x+10 
together, and ſuppoſe the ſum 4x+20276 ; there- 
fore 4x=76—20=56,; therefore x, or A's contri- 
bution equals 14; x+10, or B's contribution equals 
243 and 2x+10, or C's contribution equals 38, as 
above. - 


PROBLEM 3. 


28. Suppoſe all things as before, except that new, the 
whole contribution amounts to 276 pounds; that of 


this, 


<7 
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this, A contributes a certain ſum unknown ; that B 

contributes twice as much as A, and 12 pounds more ; 

and C three times as much as B, and 12 pounds more 

demand their ſeveral contributions. 8 

Anſ. A contributes 24 pounds, B 60, and C 192: 
for 24Xx2+12=60; and box 3-+12=192; and 24+ 
60+192=276. 


SOLUTION. 


Put x for A's contribution; then becauſe B con- 
tributes twice as much as A, and 12 pounds more, 
B's contribution will be 2x+12 ; therefore if C had 
contributed juſt three times as much as B, his contri- 
bution would have amounted to 6x+36 ; but accord- 
ing to the problem, C contributes this, and 12 pounds 
more; therefore C's contribution is 6x448 ; add theſe 
contributions together, to wit, x, 2x+12, and 6x+ 
43, and you will have 9x+60=276 ; theretore gx 
276—60=216; and x, or A's contribution equals 
24 ; whence 2x+12, or B's contribution equals 60 ; - 
and 6x+48, or C*s contribution equals 192, as above. 


ADVERTISEMEN T. 


I know not whether jt may not be thought imper- 
tinent here to put the Jearner in mind, that after x 
was found equal to 24, the other two unknown quan- 
tities, 2x+12, and 6x+48 were found, by ſubſtituting 
24 inſtead of x. 


PROBLEM 4. 


29. One begins the world with à certain ſum of money, 

which he improved ſo well by way of traffick, that at 
the years end, be found he had doubled his firſt ftock, 
except an hundred pounds laid out in common expences; 
and ſo he went on every year doubling the laſt year's 
ſtack, except a hundred a year expended as before; and 
at the end of three years, found himſelf juſt three times 
as rich as at firſt : What was his firſt ftock ? 


Au. 
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Anſ. 140 pounds : for the double of this is 280, 
and 280—100=180 pounds at the end of the firſt 
year; the double of this laſt is 360, and 3560—100= 
260 pounds at che end of the {ſecond year; again, the 
double of this is 520, and 520—100=420 pounds at 
the end of the third year; and 420 pounds is juſt 
three times as much as 140 pounds, his firſt ſtock. 


SOLUTION. 


Put x for his firſt ſtock, that is, let x be the num- 
ber of pounds he began with ; then the double of this 
is 2x, and therefore he will have 2x—100 at the end 
of the firſt year; the double of this is 4x—200 ; 
theretore he will have 4x—200—100, that is, 4x— 
300 at the end of the ſecond year; the double of this 
is 8x—600 ; therefore he will have &x—600—100, 
that is, 8x—700 at the end of the third year; but 
according to the problem, he ought to have three 
times his firſt ſtock, that is, 3x, at the end of the 
third year; therefore 8x—700=3x ; therefore 8x—- 
3x—700=0, that is, 5x—700=0 ; therefore S 
700; and x, or his firſt ſtock equals 140, as above. 

To this problem I ſhall add another ot a like kind, 
for the learner to ſolve himſelf. 

One goes with a certain quantity of money avout him to 
a tavern, where ke borrows as much as he had then 
about him, and out of the whole, ſpends a ſhilling ; 
with the remainder he goes to a ſecond tavern, where 
he borrows as much as he had then left, and there 
alſo ſpends a ſhilling ;, and ſo be goes on to a third, 
and a fourth tavern, borrowing and ſpending as be- 
fare; after ↄnbich be had nothing left : I demand how 
much money he had at firſt about bim. 

Anſ. ot one ſhilling, chat is, 11 pence ſarthing. 

PROBLEM 5. 
30. One has fix ſons, each wheredf is feur years older than 


his next younger brother; and the eldeſt is three times 


«5 014 as the youngeſt : What are ii eir ſeveral wy 
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this, A contributes a certain ſum unknown ;, that B 
contributes twice as much as A, and 12 pounds more ; 
and C three times as much as B, and 12 pounds more : 
demand their ſeveral contributions. 

Anſ. A contributes 24 pounds, B 60, and C 192 : 
for 24x2+12=60; and 60x 3-+12=192; and 24+ 
60+192=270. 


Sol rio. 


Put x for As contribution; then becauſe B con- 
tributes twice as much as A, and 12 pounds more, 
B's contribution will be 2x+12 ; therefore if C had 
contributed juſt three times as much as B, his contri- 
bution would have amounted to 6x+36 ; but accord- 
ing to the problem, C contributes this, and 12 pounds 
more; therefore C's contribution is 6x4+48 ; add theſe 
contributions together, to wit, x, 2x+12, and 6x+ 
43, and you will have 9gx+60=276 ; theretore gx 
276—60=216; and x, or A's contribution equals 
24; whence 2x+12, or B's contribution equals 60; 
and 6x+48, or C*s contribution equals 192, as above. 


ADVERTISEMEN T. 


I know not whether jt may not be thought imper- 
tinent here to put the Jearner in mind, that after x 
was found equal to 24, the other two unknown quan- 
tities, 2x+12, and 6x+48 were found, by ſubſtituting 
24 inſtead of x. 


PROBLEM 4. 


29. One begins the world with a certain ſum of money, 
which he improved ſo well by way of traffick, that at 
the years end, be found he bad doubled bis firſt ſtock, 
except an hundred pounds laid out in common expences 
and ſo he went on every year doubling the laſt year”s 
ſtack, except a hundred a year expended as before; and 
at the end of three years, found himſelf juſt three times 
as rich as at firſt : What was his firſt flock ? | 


An}. 
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Anſ. 140 pounds : for the double of this is 280, 
and 280—100=180 pounds at the end of the firſt 
year; the double of this laſt is 360, and 360—100= 
260 pounds at che end of the ſecond year; again, the 
double of this is 520, and 520—100=420 pounds at 
the end of the third year; and 420 pounds is juſt 
tee times as much as 140 pounds, his firſt ſtock. 


SOLUTION. 


Put x for his firſt ſtock, that is, let x be the num- 
ber of pounds he began with ; then the double of this 
is 2x, and therefore he will have 2x—100 at the end 
of the firſt year; the double of this is 4x—200 ; 
therefore he will have 4x—200—100, that is, 4x— 
300 at the end of the ſecond year; the double of this 
is 8x—600 ; therefore he will have 8x—600—100, 
that is, 8x—700 at the end of the third year; but 
according to the problem, he ought to have three 
times his firſt ſtock, that is, 3x, at the end of the 
third year; therefore 8x—700=3x ; therefore 8x—- 
3x—700=0, that is, 5x—700=0 ; therefore 5x= 
700; and x, or his firſt ſtock equals 140, as above. 

To this problem I ſhall add another of a like kind, 
for the learner to ſolve himſelf. 

One goes with a certain quantity of money about him to 
a tavern, where ke borrows as much as he had then 
about him, and out of the whole, ſpends a ſhilling ; 
with the remainder he goes to à ſecond tavern, where 
he borrows as much as he had then left, and there 
alſo ſpends a ſhilling ; and ſo be goes on to a third, 
and à fourth tavern, berrowing and ſpending as be- 
fore; after aubich be had nothing left: I demand bow 
much money be had at firſt about bim. 

Anſ. ol one ſhilling, chat is, 11 pence farthing. 

PROBLEM 5. 


20. One has fix ſons, each whereof is feur years older than 
his next younger brother, and the eldeſt is three times 


4 old as the youngeſt : What are il eir ſeveral 7 
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Anſ. fo, 14, 18, 22, 26, 30: for 30, the age 
of the eldeſt, will then be juſt three times 10, that is, 
three times the age of the youngeſt. 


SOLUTION. 


For their ſeveral ages put x, x+4, x+8, x+12, 
x+16, x+20; then according to the problem x+20 
the age of the eldeſt, ought to be equal to 3x, that is, 
three times the age of the youngeſt; fince then gx= 
x+20, we ſhall have 3x—x=20, that is, 2x=20, 
and x=10, as above. | 


PROBLEM 6. 


31. There is a certain fiſh whoſe head is q inches ; the 
tail is as long as the head and half the bac; and the 
back is as long as both the bead and tail together : I 
demand the length of the back, and of the tail. 

Anſ. The length of the back was 36 inches, and 
that of the tail 27: for 27 ½¼ · t. 3 and 36=9+27. © 


SOLUTION. 


For the length of the back put x; then will x be 
equal to the length or both head and tail together, 
by the ſuppeſition ; theretore if from x, the length 
of the head and tail together, you ſubtract 9, the 
length of the head, there will remain x—9 tor the 
length of the tail; but according to the problem, the 
tail is as long as the head and halt the back; there- 


fore x-—9= =+9; therefore 2x—18=x+1 83 there- 


fore 2x——x«—18=18, that is, x—1$=18; and x, the 
length of the back equals 18+:8=_.5; therefore 
x—9, the length of the tail equals 27, as above, 


PROBLEM 7. 


32. One has a leaſe for 99 years; and being aſked" bot 
much of it wwas already expired, anſwered, that two 
thirds of the time paſt was equal to four fifths of the 


time to come : I demand the times paſt, and to come. 
An. 
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An. The time paſt was 54 years; and the whole 
term of years was 99; theretore the time to the 
expiration of the leaſe was 45 years: now + of 54 5 
36; and + of 45 is 36. 


SOLUTION. 


Put x for the time paſt; then ſince the whole term 
of years was 99, it x the time paſt, be ſubtracted from 
99 the whole time, there will remain 99—x tor the 


f : "SF | 
time to come; but ;; of the time paſt is —; and + 


Wis 8 
99 E thero- 


i 5 
1188 — 12x 


of the time to come is + of 


' 
fore So — ; therefore 2 * = 


2 


— 


5 
therefore 10x=1188—12x; therefore 10x+12x=1 188, 


that is, 2 2K .= 1188; and æ the time paſt =54 years; 

therefore 99g—x the time to come equals 45 years. 
To this problem I ſhall add two others oi the tame 

nature, without any ſolution. 

Firſt, To divide the number 84 into two ſuch parts, that 
three times one part may be equal to four times the cher. 
Auſ. The parts are 48 and 36: for in the firſt place, 

43+36=84 ; and in the next place, three times 48 

144= four rimes 36. : 

Second, To divide the number 60 into two ſuch parts, 
that a ſeventh part of one may le equal is an eighth 
part of the other. | 
Anſ. The parts are 28 and 32: for in the firſt place, 

28+32=60 , and in the next place, + of 28 equals 

4=x of 32. 

PrzoBLEmM 8. 


33. I is required to divide the number 50 into two ſuch 


parts, that + of one par! being adiled is 5 of the ather, 


may make 40. 
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Auſ. The parts are 20 and 30: for in the firſt place, 
20+30=50; and in the next place, + of 20, which is 
15, added to 4 of 30, which is 25, makes 40. 
SOLUTION. 


Put x for one part, and conſequently 50—x for the 
other part; then we ſhall have 4 of x= =, and + of 


 $O—x= —— but according to the problem, 
theſe two added together ought to make 40; whence 


250—5Xx 
6 
I000—20x 


tiply by 4, and you will have 3x+ — —= 60; 


multiply again by 6, and you will have 18x+1000 
—20x=960, that is, 1000—2x=960 ; therefore 
1000=2x4+960; and 1000-960 gx, that is, 2x= 
40; and x, which is one of the parts fought, will be 
20; whence 50—vx or the other part will be 30, as 


=40 : mul- 


we have this equation, = + 


e. 

Other two problems of the ſame nature. 

Firſt : It is required to divide the number 20 into tw9 
ſuch parts, that three times one part being added to 
five times the other may make 84. 

Anſ. The parts are 8 and 12: for 8+12=20; and 
8$X3+12X5, that is, 24+60=84. 

Second : It is required to divide the number 100 into 
two ſuch parts, that if a third part of one be ſub- 
tracted from a fourth part of the other, the remeindcr 
may be 11. | 
Anſ. The parts are 24 and 76 : for firſt, 24 added 

to 76 makes 100; and ſecondly, + part of 24, which 

is 8, ſubtracted from + of 76, which is 19, leaves 11. 


PROBLEM 


II. 
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PROBLEM. 9. 


34. Two perſon; A and B engage at play; A has 72 
guineas and B 52 before they begin; and after a cer- 
tain num er of games won and loſt between them, A 
riſes with three times as many guincas as B. I de- 
mand how many guineas A won of B. 
Anſ. 21: for 721212935 and 52—21=31; 

and 93 = 3 I. 

SOLUTION. 


Put x for the number of guineas A won of B, and 
conſequently that B loſt; then will 4's laſt ſum be 
72-+x, and B's laſt ſum 52—x: now according to 
the problem, A's laſt ſum is three times as much as 


B's laſt ſum; that is, three times 52—x, or 156— 
3x; therefore 72+x=1 56—3x; rherctore 72+x-+ 3x 
=156, that is, 72+4x=156; therefore 4x=156— 
72=8$; ; therefore x, the money A won of , equals 
21 guineas, as above. | | 


PROBLEM 10. 


35. One meeting a company of beggars, gives to each 
four pence, and has ſixteen pence over, but if be 
would have given them ſix pence apiece, he would 
bave wanted twelve pence for that pui poſe : I demand 
the number of perſons. | 5 
Anſ. 14: tor 14X4+16=72=14X6—12. 


SOLUTION. 


Put x for the number of perſons ; then if he gives 
them four pence apiece, the number ot pence given 
will be four times as many as the number of perions, 
that is, 4x; therefore 4x+16 will expreſs all the 
money he had about him; and fo alſo will 6&x—12 
by a like way of reaſoning ; therefore 4x+16=6x 
—12 ; therefore 16=6x—4x—12=2x—12; there- 
fore 2x=16+12=28 ; and x, the number of perſons 
equal 14, as above. 

e PROBLEM 
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PROBLEM 11. 


36. What two numbers are thoſe, whoſe difference is 4, 
and the difference of whoſe ſquares is 112 ? 
Anſ. 12 and 16: for 16—12=4, and 16x16— 
2X12, that is, 256—144=112. 


SOLUTION, 


The leſs number, x. x*+4 
The greater, x +4. x +4 
xx+4x+16_. 
| +4x 
The ſquare of the greater, xx+8x+10 
The Gon of the les, xx 


The difference of their ſquares, * 8x+16,; 
whence 8x+16=112 ; therefore 8x=112—1 6=96 z 
therefore x the leſs number equals 12, and x+4 the 
greater equals 16, as above. 


PROBLEM 12. 


. What two numbers are thoſe, whereof the greater 
is three times the leſs, and the ſum of whoſe ſquares 
zs five times the ſum of the numbers? 

Anſ. The numbers are 6 and 2, whoſe ſum is 8: 
now 6==3 times 2; and 6x6+2x2=40= 5 times 8 


SOLUTION. 


The leſs number, x. 
The greater, 3x: 
Their ſum, 4X. 


The ſquare of the leſs, xx. 
The ſquare of the greater, gxx. 
The ſum of their ſquares, 10xx. 

But according to the problem, the ſum of their 
iquares 15 5 times the ſum of the numbers, that is, 
; times 4x or 20x; therefore IOXX=208 3 and 10x 

Sz; 
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=20; and x the leſs number =2 ; whence 3x the 
greater equals 6, as above. 


PROBLEM 12. 


38. What two numbers are thoſe, whereof the leſs is ta 
the greater as 2 to 3, and the product of whoſe mul - 
tiplication is 6 times the ſum of the numbers ? 

Anſ. The numbers are 10 and 15, whoſe ſum is 
25: for 10 is to 15 as 2 to 3; this will be plain b 
putting the queſtion thus; if 2 gives 3, what will 10 
give? for the anſwer will be 15 : theſe numbers will 
alſo anſwer the ſecond condition of the problem ; for 

IOX15=150=25X6. 


SoLUTION. 


Put x for the leſs number ; then to find the greater 
number _ if 2 gives 3, what will x give? and the 


anſwer is F ; therefore if x ſtands for the leſs num- 


ber, 3 — their ſum will 


be — = þ So —, aw . or 3 and the product 


e 


ing to the problem, the product of their 5 
tion ought to be ſix times the ſum of the numbers, 


5x 30x 3x 


that is, fix times =—, or - therefore 


30 * 


; and 3x*=30x; and 3x=30; and x the leſs 


number equals 10; 2 


equals 15, as above. 


— the greater number 


I 2 ProBLEM 
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PROBLEM 14. 


39. Two perſons A and B were talking of their money; 
ſays A ta B, give me five ſhillings of your money, and 
1 fhall have juſt as much as you <will have left: ſays 
B to A, rather give me five ſhillings of your money, 
and I ſhall then have juſt three times as much as you 
will have left : Het much money had each ? 
Anſ. A had 15 ſhillings, and B 25: for then, if 
1 borrows 5 ſhillings of 'B, they will have 20 thil- 


each ; on the other hand, if A lends B 5 ſhil- 


4 then will 4 have 10 ſhillin ngs left, and B will 
have 30, which is three times as much. 


SOLUTION, 


Put x for £'s money; then if A borrows five ſhil- 
lings oi B, Iwill have x+5, and B by the ſuppoſi- 
tion, will have the ſame left, to wit, x+5 ; bur it 
Batter having lent A ; ſhillings, has x+5 left, he 
muſt have had x+10 before; therefore it x repreſents 
A's money, x+10 will repreſent B's: læt us now ſup- 
poſe B to burrow 5 ſhillings of 4; then will B have 
x+15, and A will have «-g; but according to the 
problem, B in this cate ought to have three times as 
much as 1 has left, that is, three times x—5, or 
zx 15; thereiore 33—15=%+15; therefore 3x—x 
—15=15, that is, 24—15=1;5 ; therefore 2x=t 5+ 
1g = 30; theretore x, or 7's money cquals 13 ſhil- 
lings, and x+10, or B's 2g, as above. 


Pie 13. 


40. What two numbers are id oſe, the produc? f rr Toſe 
multiplication i5 108, aud wiſe ſum 7 eigne be twice 
ther difference ? 

Anſ. 18 and 6: for the produc: of their multipli- 


cation is 108; and their lum 24, is equal to twice 
their difference 2. 


So Lo- 


1 


* 4 
r 


1 


1 
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SOLUTION. 
For the greater number I put x; then, had their 


ſum been 108, I thould for the other number have 


t 108—x; but it is not the ſum ot their addition, 
bur the product of their multiplication that is equal 
to 103; therefore if one number be called x, the 


other will be = » Which I thus demonſtrate: let y be 


the other number; then will xh or xy=108 by the 
ſuppoſition ; divide both fides of the equation by x, 
108 


and you will have y= — —3 * was to be demon- 


ſtrated. This being admitted, the difference between 


103 108 
the greater number x, and the leſs —, is x— — ; 
x 


x 
and their fum is x+ . but by the condition of 
the problem, this ſum ought to be equal to twice the 

108 216 


| difference, that is, to twice #— — or 2x— —; 


* * 


216 | 108 
therefore 2 x— —=x+ —; therefore 2 x x—2 16 
x x 


ä therefore 2 xx—x x—216=108, that is, 
xx—2106=108, thefore xx=103+216=324; there- 
108 


fore x the greater number equals 18, and — the leſs 


* 


equals 6, as above. 
PROBLEM 16. 


I is required to divide the number 48 into two ſuch 

” an that one part may be three times as much abcve 

20, as the other wants of 20. 

Anſ. The two parts are 32 and 16: for 32+16=48; 
moreover 32 is 12 above 20, and 16 wants 4 uf 20, 
and 12 is three times +: 

13 Solo- 
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SOLUTION. 


Put x for the leſs number ſought ; then will 48—x 
be the greater, and the exceſs of this greater above 
20 will be 28—x, as is evident by ſubtractiag 20 
from 48—x: again, the exceſs of 20 above the leſs 
number (which 1s, what the leſs number wants of 20) 
is 20—x; and according to the problem, the tormer 
_ excels is three times the latter, that is, three times 


20—x, or 60—3x ; whence we have this equation, 
28—x=60—3x ; therefore 28—x+3x=60, that is, 
28+2x=60 ; therefore 2x=bo0—28=32 ; therefore 
x the leſs part =16, and 48— the greater =32, as 
above. 


Another ſolution of the foregoing problem. 


Put x for what the leſs number wants of 20 ; then 
will the leſs number be 20—x, the greater 20+ 3x, 
and their ſum 40+2x; but by the problem, their 
ſum is 48; therefore 40+2x=48; therefore 2x=48 
—40=8 ; therefore x=4 ; whence 20—x the lets 
number =16, and 20+3x the greater =32. 


PROBLEM 17. 


42. One has three debtors, A, B and C, whoſe parti 
cular debts he has forgot; but thus much he could re- 
member from his accounts, that A's and B's debts ta- 
gether amounted to 60 pounds; A's and C's to 80 
pounds; and B's and C's to 92 pounds: I demand 
the particulars. 


Anſ. 4's debt was 24 pounds, B's 36, and Cs 56: 


for 24+36=60, 24+56=80, and 36+56=92., 


SOLUTION, 


Put x for A's debt; then becauſe 4's and B's to- 
er made 60 pounds, B*s debt will be 60— : 
again, becauſe Is and C's together made 80 pounds, 
Cs debt muſt be 80—x : now ſince according to the 
| problem, 


85 
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problem, B's and C's debts when added together 
make 92 pounds, I add 60—x, and 80— together, 


and ſuppoſe the ſum 140—2x=92 ; whence 2x+92 


=140; and 2x=140—92=48 ;z and x, that is, As 
debt =24 pounds; whence 60—x, or B's debt =36 
pounds; and 80—x, or C's, is 56 pounds, as above. 


PROBLEM 18, 


43- One being aſked how many teeth be bad remaining 
in his head, anſwered, three times as many as be bad 
loft ; and being aſked how many he had loſt, anſwered, 

' as many as being multiplied into ; part of the number 
left, would give all be ever had at firſt: I demand 
bow many he had loſt, and how many he had left? 

 Anſ. He had loſt 8, and had 24 left: for then 24 
the number left, will be equal to 3 times 8, the 
number loſt ; and moreover 8 the number loſt, mul- 
tiplied into 4, that is, into + part of 24 the number 
left, will give 32 24 ＋, all he ever had at firſt. 


 SorLvTION. 


Teeth loſt, x. 
. 
In all, 4x. 


part of the number left =, or - this multi- 


plied into the number loſt, makes — Xx or — but 


according to the problem, this product is equal to all 


3 
he ever had at firſt; hence =4x; and xx=bx;' 


2 
and x, the number loſt =$ ; whence 3x, the number 
left =24, as above. 


PROBLEM 19. 


44. One rents 25 acres of land at 7 pounds 12 ſhillings 


per annum; which land conſiſts of Ns ſorts, the bet- 
4 ter 
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ter fort he rents at 8 ſhillings per acre, aud the worſe 
at 5 : I demand the number of acres of each ſort. 

 Anſ. He had 9 acres ot the better fort, and 16 of 
the worſe : for 9 times 8 ſhillings =72 ſhillings ; and 


r6 times 5 ſhillings =80 ſhillings; and 72+80=152 


ſhillings =7 pounds 12 ſhillings. 
SOLUTION. 


Put x for the number of acres of the better ſort ; 
then will 25—x be the number of acres of the worſe 
fort, becauſe both together made 25 acres : moreover, 
fince he paid 8 ſhillings an acre for the better fort, he 
muſt pay 8 times as many ſhillings as he had acres, 
that is, 8x ; and fince he paid 5 Fillings an acre for 
the worſe fort, he mult pay 5 times as many ſhillings 


as he had acres of this ſort, that is, 25—x N 5, or 
125—5x: put both theſe rents together, and they 
will amount to 8x+125—5x, or 3x+125 in ſhillings; 
but they amount to 1 52 ſhillings, by the ſuppoſition , 
therefore 3x+125=152 ; therefore 3x=1 52—125= 
27; therciore x, the number of acres of the better 
ſort Sg, and 25—x, the number of the worle fort 
=16, as above. 


PROBLEM 20. 


45. One hires à labourer into his garden for 36 days 
upon the fellowing conditions, to wit, thet for every 
day he laboured, he was to receive two fhillings and 

| fixpence, and for every day he was abſent, he was to for- 

| feit one ſhilling and fixpence : now at the end of the 36 

days, after due dedutitions made ſer his forfeitures, he 
received clear 2 pounds 18 ſhillings: I demand how 
many days be labcured, and how many he was abſent. 
Anſ. lie laboured 28 days, and loitered 8: for 

28 balt-crowns amount to 3 pounds 10 ſhillings due 

to him for wages; and 8 eightcenpences amount to 

12 ſhillings due from him in torteitures ; and this lat- 

ter ſum ſubtracted from the former, leaves 2 pounds 

18 ſhillings to be received clear. 


SOL Us 


F 
$. 
* 
3 
( | 
* 
wi 
= 
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SOLUTION. 


Put x for the number of days he laboured ; then 
will 36—x repreſent the number of days he was ab- 
ſent : again, ſince he was to receive 30 pence for 
every day he laboured, the pence due to him in wages 
will be 3oxx, or 30x; and ſince he was to forteit 18 
pence for every day he was abſent; the pence due 


from him in forfeitures will be 18 x 30 —x, or 648 
—18x: ſubtract now 648—18x, the pence due from 
him in forfeitures, from 3ox, the pence due to him 
for wages; or, which is all one, add 18x—648 to 
30x, and there ariſes 48x—648, the pence to be re- 
ceived clear: but he received clear 2 pounds 18 ſhil- 
lings, or 696 pence, by the ſuppoſition ; therefore 
48x—648=696; therefore 48x=648+696=1 344 ; 
therefore x, the number of days he laboured =28 z 
and 36—x, the number of days he loitered =8, as 
above. 


PROBLEM 22. 


47. One lets out a certain ſum of money at 6 per cent, 

 femple intereſt; which intereſt in 10 years time wanted 
but 12 pounds of the principal: I bat was the prin- 
cipal ? 

Anſ. The principal was 30 pounds, and the intereſt 
18 pounds =30—12 : for as 100 pounds principal 
is to it's annual intereſt 6 pounds, fo is 30 pounds 
principal to its annual intereſt 1.8 pounds; and 
therefore it's 10 years interett will be 18 pounds. 


SOLUTION, 


Put x for the number of pounds in the principal ; 
then to find it's intereſt for one year, ſay, if 100 
pounds principal give 6 pounds min what will x 

* : x : 

. * . >] | | * * | * . 
principal give? and the anſwer will be —_—_ this will 


be the intereſt of x for one year, and therefore t's 
| intereſt 
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6 
intereſt for 10 years will be os. or err but 
100 10 5 


according to the problem, this intereſt is to be x—12 3 
tor it is to want juſt 12 pounds of the principal, by 


the ſuppoſition ; therefore x—12= ; therefore 


5 
5x—60=3x; therefore 5x—3x—60=0, that is, 2x 
—b60=0; therefore 2x=60, and x the principal =30, 


and * the 10 years intereſt =18 pounds, as above. 


PROBLEM 23. 

48. One lets out 98 pounds in two different parcels ; 
one at 5, the other at 6 per cent, ſimple intereſt ; 
and the intereſt of the whole in 15, years amounted 
to 81 pounds : What were the two parcels ? 

Anſ. The parcel at 5 per cent was 48 pounds, and 
the other at 6 per cent was 50 pounds: for in the 
firſt place, 48+50=98z and moreover, the annual 
intereſt of 48 pounds at 5 per cent amounts to 2 pounds 
$ ſhillings; and the annual intereſt of 50 pounds at 
6 per cent is 3 pounds; therefore the whole intereſt 
amounts to 5 pounds 8 ſhillings in one year; and 
conſequently to $1 pounds in 15 years. 

SOLUTION, 


Put x for the number of pounds in the parcel at 

5 per cent, and conſequently 98—x for the number 
of pounds in the other Jo at 6 per cent; then to 
the annual intereſt of x, ſay, if 100 pounds 
principal give 5 pounds intereſt, what will x give? 


z 8 
and the anſwer will be : again, for the other par- 


cel, ſay, if 100 pounds principal give 6 pounds in- 
tereſt, what will 98—x give ? and the anſwer will be 


88—6 

— — add theſe two intereſts together, to wit, 
5 * 
100 
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S öl 

100 100 100 

chat is, c; this is the intereſt of the rwo par- 

cels for one year; and therefore in 15 years time, 
8820—15x 


this intereſt muſt amount to — but it a- 
mounts to 81 pounds, by the ſuppoſition ; therefore 


$8820—15x 


100 
therefore 8820=15x+8100; therefore 15x=8820— 
8100=720; therefore x, the parcel at 5 per cent =48 
pounds; and 98—x, the parcel at 6 per cent o 
pounds, as above. 


22813; therefore 8820—15x=8100 z 


PROBLEM 24 


49. A gentleman hires a ſervant for a year, or 12 
months, and was to allow him for his wages fix 
pounds in money, together with a livery chak of @ 
certain value agreed upon : but after ſeven months, 
n ſome miſdemeanour of the ſervant, he turns him 
off, with the aforeſaid cloak and 50 ſhillings in mo- 
ney; which was all that was due to him for that 
time : I demand the value of the cloak. 
Anj. The value of the cloak was 48 ſhillings : for 
then his whole wages for 12 months would 168 
ſhillings; and by the rule of proportion, his wages 


for 7 months would be 98 ſhillings ; whence ſub- 


crafting 48 ſhillings, he value of the cloak, there 
would remain 50 ſhillings due to him in money, 


SOLUTION. 


Put x for the value of the cloak in ſhillings ; then 
will his whole wages for 12 months be x+120 ; and 
his wages for 7 months, may be tound by the golden 
7x+840 

on? 


but 


rule, ſaying, as 12 is to 7, ſo is x+120 to 
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but according to the problem, his wages for 7 months 
was the cloak and 50 ſhillings in money, that is, 


7x+840 


x+50 ; therefore x+50= — ; therefore 12x+ 


600=7x+840 ; therefore 12x—7x+600=840, that 

is, 5x+600=840; therefore 5x=840—600=240 3 

therefore , the value of the cloak in ſhillings, is 48, 
as above. 


PROBLEM 25. 

50. One diſtributes 20 ſhillings among 20 people, giving 
6 pence apiece t ſome, and 16 pence apiece to the 
reſt : I demand the number of perſons of each deno- 
minalion. 

An. There were 8 perſons who received 6 pence 
apiece ; and 12 who received 16 pence apiece : for 
in the firſt place, 8+12=20 perſons; and ſince 8 
ſixpences are equivalent to 4 ſhillings, and 12 fixtcen- 
pences to 16 ſkillings, we ſhall have in the next place, 

4+16=20 ſhillings. 


SOLUTION. 


Put x for the number perſons who received 6 pence 
apiece; then ſince there were 20 perſons in all, 20—x 
will be the number ot thoſe who received ſixteenpence 
apiecc : the number of pence received by the former 
company will be 6x; and the number of pence re- 


ceived by the latter will be 20—xX 16, that is, 320 
tx; and therefore the whole number of pence 
received will be 6x+320—16x, or 320—10x; but 
according to the problem, there was recerved in the 
whole, 20 ſhillings, or 240 pence, therefore, 320— 
10x=240 ; therefore 10x+240=320 ; theretore 10x 
=320—240=80 ; therefore x, the number of per- 
ſons who received ſixpence apiece, is 8, and conſe- 
þ ng 2 0—X, the number of the reſt is 12, as 

ve. 


PkoBLEM 
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26. 


. It is required to divide 24 ſhillings into 24 pieces, 

— ing only of nincpences and tbirteenpencebalf- 

Pennies. 

Anſ. There muſt be 8 ninepences and 16 chirteen- 
pencehaltpennies : tor in the firſt place, 8+ 16=24 
pieces; and ſince 8 ninepences are equivalent to 6 
ſhillings, and 16 thirteenpencehaltpennics ro 18 fhil- 
Uings, we have in the next place 6+18=24 ſhillings. 


PROBLEM 


SOLUTION. 


Pur x for the number of ninepences, and conſe- 
quently 24—x for the number of thirteenpencehalt- 
pennies : now the number of halfpence equivalent to 
the former is 184, becauſe there are 18 haltpence in 


every 9 pence ;z and the number of halfpence equiva- 


lent to the latter is 24 —xx27, or 648—27x, be- 
cauſe there are 27 haltpence in every thirteenpence- 
haltpenny piece ; theretore the number of halipence 
equivalent to the whole will be 18x+648—27x, 
that is, 648—9x; bur according to the problem, the 
whole amounts to 24 ſhillings, or 576 haltpence; there- 
fore 643—9x=576; therefore 9x+576=648; there- 
fore gx=648—576=72 ; therefore x, the number of 
ninepences is 8; and 24 -x, the number of thirteen- 
pencehalfpennies is 16, as above. 


PROBLEM 27. 


52. Two perſons, A and B, travelling together, A with. 
100, and B with 48 pounds about him, met à com- 
pany of rovbers, who took twice as much from A as 
From B, and left A thrice as much as they left B: I 
demand hew much they took from each. 

Anſ. They took 44 pounds trom B, and twice as 

much, that is, 88 pounds from A, fo they left B 4 

pounds, and 4 12 pounds, which is 3 times 4. 


Sy @L U- 
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SOLUTION, 


Taken from B, x. 
from A, 2x. 
Left B, 48—x. 
A, 100—2x. 


But according to the r they left A three 
times as much as they left B, that is, three times 
48—x, or 144—3x; therefore I00—2X=144—3x3 
therefore 100—2x+3Jx=144, that is, 100+x=144 3 
therefore x, the ſum taken from B =144—100=44 
and 2x, or 88 is the ſum taken from A, as above. 


PROBLEM 30. 


55. There are two places 154 miles diſtant Sn each 
other; from whence two perſons ſet out at the ſame 
time with a deſign to meet, one travelling at the rate 
of 3 miles in 2 hours, and the other at therate of 5 
miles in 4 hours: I demand how long and how far 
each travelled before they met. 

Anſ. As our travellers were ſuppoſed both to ſer 
out at the ſame time, and they muſt both meet at the 
ſame time, it follows, that each muſt perform his 

in the ſame time; I ſay then, that each per- 
formed his journey in 56 hours: for it in 2 hours 
the firſt travelled 3 miles, in 36 hours he muſt travel 

84 miles, by the rule of proportion; in like manner, 

if in 4 hours the ſecond travels 5 miles, in 56 hours 

he muſt travel 70 miles; and 84 + 70=154 miles, 
the whole diſtance. 


SOLUTION. 


Put x for the number of hours each travelled ; 
then to find how many miles the firſt travelled, fay, 
if in 2 hours he travelled 3 miles, how far did he 


travel in x hours ? and the anſwer is , then for 
_ 


* n 


24 


Art. 55, 56. producing Simple Equations. 143 
the other ſay, if in 4 hours he travelled 5 miles, how 


far did he travel in x hours? and the anſwer is . 
4 


therefore both their journies put together make — 


+ 7 but they both travelled the whole diſtance, 


154 miles; therefore += 154; therefore 2x 


IOX 


— 
= 1232; therefore x, the number of hours each 


travelled = 56 ; therefore =, the number of miles 


= 308; therefore 12x+10 x, that is, 22 x 


the firſt travelled = 843 and , the number of 


miles the ſecond travelled = 70, as above. 


PROBLEM 31. 


36. One ſets out from a certain place, and travels at the 
rate of 7 miles in 5 hours; and 8 hours after, another 
ſets out from the ſame place, and travels the ſame 
road at the rate of 5 miles in 3 hours: I demand 


how long and how far the firſk muſt travel before be 
is overtaken by the ſecond. 


Anſ. The firſt muſt travel 30 hours and conſe- 
quently 70 miles; the ſecond muſt travel 30 —8, or 
42 hours, and conſequently allo 70 miles: lince 
then they both fer out from the fame place, and the 
lecond traveller has now travelled as far as the firſt, 
he muſt have overtaken the firſt. 


SOLUTION, 


Put x for the number of hours the firſt travelled, 
and conſequently x — 8 for the number of hours 
wherein the ſecond travelled : then to find the miles 

travelled 


—— ———— 
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travelled by the firft, ſay, if in 5 hours he travels 


7 miles, how tar -will he travel in x hours? and the. 


anſwer is 71 then for the other ſay, if in 3 hours 
he travelled 5 miles, how ge he travel in x - 8 
hours, and the anſwer is > dra __ x but as theſe two 


3 
travellers both ſet out from the ſame place, and muſt 
come together at the ſame place, it follows, that they 
muſt both travel the ſame length of ſpace; therefore 


2E, therefore 5 4 there- 


3 5 
fore 25 x — 200 = 21 x; therefore 25x — 21x — 200 


' = ©, that is, 4x—20Cc=0; therefore 4x=200; and 
x, the hours travelled by the firſt = 50 ; whence 
x — 8, the hours travelled by the ſecond = 42; 


= the miles travelled by the firſt = 70; and 


3 the miles travelled by the ſecond =70, as 
above. 


PROBLEM 36. 


Gr. A ſhepherd driving a flock of ſheep in time of war, 
meets a company of ſoldiers zwho plunder him of half 
his flock, and half a fheep ober; the ſame treatment 
be meets with from a ſecend, a third and a fourth 
company, every ſucceed:ins company plundering him 
of half the flock the laſt had left, and half a ſheep 
over, inſemuch that at laſt be hed but 7 ſheep left: 
I demand how many he Lad at firſt. 

Anſ. His flock at firſt conſiſted of 127 ſheep, 


and if the firſt company had only robbed him of half 


his flock, they would have left him 634 ſheep ; but 
as they plundered him of halt his flock, and half a 
ſheep over, they left him only 63 ſheep; in like 
manner the ſecond company letr him 31, the third 
15, and the fourth 7. 

N. B. 


2 » — L 8 — 1 "Fs 
8 " ey 5 * 7 * 
„ 4: Fete: 


4 
: 
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NM. B. Before I enter upon the ſolution of this 
roblem, I muſt put the learner in mind of what he 
as been told before, (introduction art. 13.) to wit, 
that a fraction may be halved two ways, either by 
halving the numerator, or doubling the denomi- 
nator. 


SOLUTION. 


+ Put x for the number of his firſt fock; then had 
the firſt company only taken half his flock, they 


would have left him the other half, viz. 75 but they 


took half his flock and half a ſheep over; therefore 


they leſt him juſt ſo much leſs, to wit, —— =, 
X— 1 | 


* again, had the ſecond company only taken 
half what remained, they would have left him half, 


to wit, x but by taking halt a ſheep more, they 


n =; that bo nents op nor or 
4 2 8 8 | 
. in like manner the third company left 
58 —6—8 . 2%—1 X— 
52 or — 71 3 or — 7, and 
the laſt company left : — _ or —= but 
they left him 7 ſheep, by the ſuppoſition ; therefore 
. and x—15=112; and x his firſt num- 


=127, as above. : 
PROBLEM 37. 


62. One buys a certain number of eggs, balf whereof 
be buys in at 2 @ penny, and the other balf at three a 
K 


Penn; 
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penny; theſe he afterwards ſold out again at the rate 

of 5 for twopence, and contrary to his expectation, 

loſt a penny by the bargain: what was the number 
of his eggs ? 

Anſ. The number of his eggs was 60; half 
whereof at two a penny coſt him 15 pence ; and the 
other half at three a penny, ten pence; and the 
whole 25 pence: but 60 eggs fold out at 5 for two 
22 would only bring him in 24 pence, as appears 

y the rule of proportion; therefore he loſt a penny 
by the bargain. 


- 


SOLUTION. 
Put x for the number of eggs; then ſay, if 2 eggs 


coſt one penny, what will _ one halt of his eggs 


coſt ? and the anſwer will be — and for the ſame 


4 
reaſon the other half at three a penny will coſt him 


= ſo that for the whole he muſt pay =+D or = : 
again ſay, if 5 eggs were ſold for two pence, what 
were eggs fold for? and the anſwer will be 2 


therefore Ss will be the number of pence he received 


for his eggs ; ſubtract this from — the pence he | 


paid for them, and the remainder = — == „ or 


12 5 
| — will be his loſs ; but by the ſuppoſition, he loſt 


one penny; there{ore —= 1; and x the number of 
eggs will be 60, as above, 


PROBLEM 


oft 


EM 
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PROBLEM 39. 


64. 1t is required to divide the number 90 into t ſuch 
parts, that one part may be to the other as 2 to 3. 
Anſ. The numbers are 36 and 54: tor in the firſt 

place, 36+54=90o ; and in the next place, it both 
36 and 54 be divided by 18, the quotients will be 2 
and 3; whence I infer, that 36 is to 54 as 2 to 33 
for a common diviſion by the ſame number cannot 
alter the proportion of the numbers divided; and 
therefore it, atter this common diviſion, the quotients 
be to one another as 2 to 3, the dividends muſt be 
allo in the ſame proportion. 


SOLUTION. 


Put x for the leſs part, and go for the other; 
then will x be to go—x as 2 to 3, by the ſuppoſition 
but by art. 15, whenever there are tour propurtiorals, 
the product of the extremes will be equal to the 
product of the middle terms : here tne extremes are 
x and 3, whoſe product is 3x; and the middle terms 


are 90 x and 2, whole product is 180—2x; there- 
fore 3x=180—2x; theretore gx o; and x, the 
leſs part 36; and go—x, the greater =54, as 


above. 
PROBLEM 41. 


66. What number is that, which being ſeverally added 
to 36 and 52, will make the former ſum to the latter 
as 3 togf | 
Anſ. The number is 12: for 36+12 is to 52+12, 

as 48 is to 64, as 1 is to 74, as 3 0 4. 


SOLUTION. 


Put x for the number ſought, and vou will have 
this proportion; 36+x is to 52+x as 3 to 4. Whence 
by multiplying extremes and means you will have 
I 44+4x=156+3x; theretore 144+x=156; there- . 
fore x, the number ſought =12, as above. | 

K 2 ProBLEM 
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PROBLEM 42. 


67. A bookbinder ſells me two paper books, one contain- 
ing 43 ſhe:ts for 3 ſhillings and 4 pence, end another 
containing 75 ſheets for 4 ſhillings and 10 pence, both 
beund at the ſume price, and both of the ſame ſort of 
paper: I demand what he allows himſelf for bind- 
ing. 5 
Anſ. He reckoned 8 pence for binding; fo that the 

price of the paper of the firſt book was 32 pence, and 

the price of the paper of the latter go pence : now 
if this anſwer be uit, the two prices ought to bear 
the fame proportion to one another as the two quanti- 
ties of paper; and ſo we ſhall find them: for 32 pence 

are to 30 pence as , are to ?, that is, as 16 to 25; 

and 48 ſhects are to 75 ſheets as; are to %, that is 

alſo, as 16 to 25. 


SOLUTION. 


Put x for the number of pence reckoned for bind- 
ing; then we ſhall have 4o0—x for the price of the 
paper in the firſt book, and 58— for the price of the 
paper in the ſecond book; and 40—x will be to 58—x 
as 48 to 75; multiply extremes and means, and you 
will have this equation, 2784—48x=3000—75x; 
therefore 2784+27x=3000; therefore 27x=216; 
and x, the number of pence reckoned for binding 
8, as above. 


PROBLEM 43. 


68. N Dat number is that, which being ſeverally added to 
13, 27, and 45, will give three numbers in continual 
proportion. 

N. B. Three numbers are ſaid to be in continual 
proportion, when the firſt is to the ſecond as the ſe- 
cond is to the third. 

Af. The number ſought is 9: for 15+9=24; and 
27+9=36 ; and 45+9=54 ; and 24 is to 36 as 36 
is to 354: for 24 is to 36 as ++ is to 1, that is as 

2 to 
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2 to 3; and 36 is to 34 as 1 is to 1, that is alſo, as 
2 to 3. 


SOLUTION. 


Put x for the number ſought; then we ſhall have 
this proportion, x+15 is to x+27, as x+27 is to 
x+45 ; where the two middle terms are x+27 and 
x+27 : multiply extremes and means, and you will 
have this equation, xx+60x+67;5=xx+54x+729 3 
therefore 60x+675=54x+729 z therefore bx+67 5= 
729 ; therefore 6x=54; and x, the number ſought 
=9, as above. | 


Of the method of reſolving problems wherein more 


unknown quantities than one are concerned, and 


repreſented by different letters, 


70. Hitherto we have uſed but one ſingle letter in 
every problem for ſome one unknown quantity in it; 
and if there were more, the reſt received their names 
from the conditions of the problem: but in caſes of 
a more complicated nature, where many unknown 
quantities are linked and entangled in one another, 
this method will be found very difficult; and there- 
fore in ſuch caſes, the Algebriit is allowed to uſe as 
many different letters as he has unknown quantities, 
provided he finds out as many independent equations 
for diſcovering their values; tee art. 92: for though 


in every equation wherein more unknown quantities 


than one are concerned, they hinder one another trom 
being found out, yet if as many fundamental equa- 
tions at firſt be given, as there are unknown quan- 
tities, it will not be difficult in many caſes, from 
theſe to derive others that are more ſimple, till at 
laſt you come to an equation wherein but one only 
unknown quantity is concerned, in which caſe all the 

reſt are ſaid to be exterminated. 
Waenever two or more equations are propoſed, 
involving as many unknown quantities, theſe equa- 
K 3 tions 
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tions mult firſt be prepared by trecing them from trac- 
tions wherever chere are any, and by ordering every par- 
ticular equation ſo, that all the unknown quantities 
may poſlels one {ide of the equation, and ſuch as are 
known the other; or elſe, that all the quantities may 
poſſeſs one ſide of the equation, and a cypher the 
other: it wil: be alſo convenient, that in every par- 
ticular equation, the unknown quaatities be piaced in 
the lame order | 

In layirg down rules for exterminating unknown 
quantities, I ihail begin with the ſimpleſt cate firſt, 
which is that of two equations and two unknown 
quantities; and when I have given as many examples 
as ſhall be thought proper in this caſe, I ſhall then 
proceed to others where more unknown quantities are 
to be extermmated. 

But here I mult not forget to advertiſe the reader, 
that as I am now treating of ſimple equations, and 
problems producing ſuch equations, I ſhall not med- 
dle with any cafes of extermination which lead to 
equations of higher forms : when I come to treat of 
quadratic equations, I may then perhaps add ſome- 
thing further upon this ſubject ; but to undertake to 
explain all the various methods of exterminating un- 
known quantities would be an endleſs taſk, and a 
moſt intolerably laborious and tedious one both to 
the writer and the reader, whom I cannot yet ſuppoſe 
to be ſo far gone in Analytics, as to be willing to pur- 
chaſe this ſort of knowledge at any rate. 

Let then x and y be two unknown quantities to be 
found out by the help ot the two following equations, 
4X—5v=2, and Ex-; or the queſtion may be 
ſtated thus; if 4x—53=2, and G -A, what are 
x andy? ow as theſe equations want no preparation, 
put them down one under another; then upon a bye 

:2ce of per multiply the firſt equation (4x—5y=2) 
6 tlie coeſficient ot x in the ſecond equation, and 
tne product will give this equation, 24x—30J=12 
again, multiply the ſecond equation (GA) by 
4s 
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4, the coefficient of x in the firſt equation, and the 
product gives 24x—2853=16 ; ſubtract now either of 
theſe two laſt equations trom the other, and x will be 
exterminated : I chooſe in the preſent caſe to ſubcract 
the former equation from the latter, that the cceffi- 
cient of y after ſubtraction may be affirmative, thus 


24x—28y=16 
24X— 3ZOY=12 


*+ 2) =4. 


From this ſubtraction you have the following equa- 
tion, 2 y=4, which put down under the two firſt equa- 
tions to make a third; then relolve this third equa- 
tion 2y=4, and you will have y=2, which put down 
under the reſt for a tourth equation. 

Having thus tound the value of y=2, put this va- 
lue inſtead of y in the more ſimple of the two firſt 
equations, ſuppoſe in the equation 4x—5y=2, and 
you will have 4X—10=2; whence 4x=12, and gg, 
which put down for a filth equation, and the work 
is done; for x is now found equal to 3, and y equal 
to 2, and theſe numbers three and two being ſubſti- 
tuted for x and y reſpectively, will anſwer both the 
conditions of the queſtion, that is, you will have 
4X—5 J=12—10=2, and 6x—7y=18—14=4. 


1ſt Equ. 4*-—5y=2. 


2d, 6xX—73=4-. 
3d, * + 204 
4th, 828 — * 
5th, «„ 223. 


The coefficients of x, the quantity to be extermi- 
nated in the two firſt equations were 4 and 6 : now as 
theſe numbers admit of a common diviſor without 
any remainder, namely 2, divide them both by 2, 
and the quotients will be 2 and 3; uſe now theſe 
numbers 2 and 3 inſtead of 4 and 6, and the opera- 
tion as well as the equation reſulting from it, will 

K 4 become 
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become more ſimple : for the firſt equation multiplied 
by 3 inſtead of 6, gives 12x—15y=6; and the ſe- 
cond equation multiplied by 2 inſtead of 4, gives 
12x—143=8; and the difference of theſe two equa- 
tions is y=2. | 

Another way of exterminating the unknown quan- 
tity x, is as follows : find out the value cf x in reſpect 
of y, in the more ſimple of the two firſt equations; 
then ſubſtituting this value inſtead of x in the other 
equation, you will have an e wherein y alone 
is concerned: thus in the foregoing example, the 
firſt equation was 4x—5y=2, therefore 4x=5y+2, 


and x= __ ; ſubſtitute now this value (2) 

4 
inſtead of x in the ſecond equation, 6x—7y=4, by 
: 3oy+12 X , 
making 6x= 8 and you will have this equa - 
tion, | = 62a —73=4 3 therefore 3004 12—28 5. 
16; therefore 2;+12=16; whence 23=4, and 
3=2 ; and x, or 2 3, as before. 


4 

N. B. 1/t, What has here been ſaid concerning the 
extermination of the quantity x, may as well be ap- 
plied to the other quantity y, except that it's coeffi- 
cients 5 and 7 will not admit of a common diviſor, 
as did the numbers 4 and 6. | 

24ly, Of the two ditferent ways of extermination 
here laid down, ſometimes one will be found more 
expeditious, and ſometimes the other, as will appear 
by the iollowing problems. 

2dly, In the cate of two unknown quantities, if the 
value of either of them can be had in integral terms 
in both equations, equate the two values one to the 
other, and you will have the other unknown quantity, 
by means whereof the firſt will alſo be known; and 
this makes a third way of extermination, ——_ 

re 


WW WW. = WW Y 
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there are ſo many examples in the following pro- 
blems, that nothing more needs here to be ſaid of it. 
Whenever two quantities, as x and y, are multi- 
plied together to produce a third xy, the two multi- 
plicants | x and y are called factors, or ctficients, in 


Which caſe, each is faid to be the other's coeflicient : 


thus in the quantity x y, x is ſaid to be the coefficient 
of y, and y the coefficient of x; therefore it in any 
quantity wherein x is concerned as an efficient, it's co- 
efficient be defired ; divide that quantity by x, and 
the quotient will be the coefficient : thus if the quan- 
tity 12x—yx be divided by x, the quotient is 12—y; 
therefore in the quantity 12x—yx, the coefficient of 
* is 12—9. | 
ADVERTISEMEN T. 


The reader muſt now no longer expect to have all 
ſimple equations refolved to his hand, as hitherto has 
been done. If after ſixteen examples of ſimple equa- 
tions reſolved, and the ſolution or torty four Alge- 
braic problems, he be ſtill at a loſs how to reduce a 
ſimpic equation, it muſt proceed from a weakneſs 
that cither admits of no cure, or dcierves none. 


PROBLEM 45. 


71. What two numbers are thcſ:, the product of whoſe 


multiplication is 144, and the quotient of the greater 
divided by the leſs is 16 ? 


SOLUTION. 


Put x for the greater number, and y for the leſs; 
and the queſtion when E trom words will 


ſtand thus : if xy=144, and —= 16, what are x 


andy? 

The firſt of theſe equations wants no preparation, 

and therefore may be put down thus; 
Equ. iſt, xy 2144. 
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The ſecond equation, when prepared according to 

the laſt art. will ſtand thus; 
Equ. 2d, x—16y=0. 

Multiply the firſt equation by 1, the ſuppoſed co- 
efficient of x in the ſecond, and the equation not be- 
ing altered by ſuch a multiplication, will be xz*= 
144 ; multiply alſo the ſecond equation by y, which 
according to the foregoing art. is the coefficient of x 
in the firſt, and you will have xy Go; ſub- 
tract this latter product from the former, and you wall 
have, Equ. 3d, +* 16 yy=144 ; whence 

Equ. 4th, * J=3- 

Subſtitute now 3 inſtead of y, or 3x inſtead of xy 
in the firſt equation, and you will have 3x=144, 
and conſequently, 

Equ. 5th, x *=48. 

So that the numbers at laſt are found to be 48 and 

35 and they will anſwer the conditions of the queſ- 


8 
tion: for 48X3=144, and ＋ 216 

Equ. iſt, xy 2144. 
2d, x —16y=0. 
3d, „ 165 = 144. 
% - + * 
5th, x *=48. 

Another ſolution of the foregoing problem, {rom the 


laſt article. 


Having found from the ſecond equation that x= 
165, put 16y for x, or 16yy for xy in the firſt 
equation, and you will have 165 = 144; whence 
y and x may be found as before. 


PROBLEM 46. 


72. It is required to find two numbers with the follow- 

ing properties, to wit, that the firſk with half the 
econd may make 20; and moreover, that the ſecond 
with a third part of the firſt may make 20. 


SOL U- 


"f 
£ 
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SOLUTION. 


Put x for the firſt number, and y for the ſecond, 
and the tundamental equations will be x + 2 0. and 


7 ＋ * —= 20; which being prepared according to art. 


70, will ſtand thus; | 

Equ. 1it, 2x+y = 40. 

Equ. 2d, x+35=00. 
| Subtract the firſt equation trom twice the ſecond, 
and you will have 

Equ. 3d, „ 5y=80; whence 

Equ. 4th, * y=16. 

Put 16 inſtead of y in the firſt equation, and you 
will have 2x4+16=40, whence 

Equ. 5th, x #=12. 

Theretore the numbers ſought are 12 and 16, and 
not 16 and 12, though 16 was tound firſt ; becauſe 
*I was put for the firſt number. That theſe num- 
bers will anſwer the conditions of the queſtion is plain: 
for 12＋ f or 12+8=20; and 16＋ , or 16+4 
20. 

Another ſolution from art. 70. 


Having found from the ſecond equation that x= 
60-39, put 60—3y for x, or 120—6y for 2x in ng 


firſt equation, and you will have 120—6y+y=40 
whence y=16, as before. 


PROBLEM 47. 


73- One exchanges 6 french crowns and two french dol- 
lars for 45 ſoillings; and at another time 9 crowns 
and 5, dollars ef the ſame coin for 76 ſhillings : I de- 
mand the diſtin values of a crown and of a dollar. 


SOLUTION. 


Put x and y for the number of ſhillings a crown 


and a dollar are reſpectively worth, and the equa: dns 
will ſtand thus ; Edu. 
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Equ. 1ſt, 6x+2y=45. 

Equ. 2d, 9x-+5y=706. 
Subtract 3 times the firlt equation from twice the 
lecond, and you will have 

Equ. 3d, * 4y=17; whence 

Equ. 4th, „ y=4; ſhillings; 
that is, 4 ſhillings and 3 pence 3 put now 4: for y, 
or 8 f for 2y in the firſt equation, and you will have 
6x+8 1435, and 6x=36:;, and 

C 
that is, 6 ſhillings, or 6 ſhillings and a penny ; 
therefore the value of a crown was 6 ſhillings and a 
penny, and that of a dollar 4 ſhillings and 3 pence 3 
and theſe values will anſwer the conditions of the queſ- 
tion; for at this rate, 6 crowns will amount to 36 
ſhillings and 6 pence, 2 dollars to 8 ſhillings and 6 
pence, and the whole to 45 ſhillings; moreover, 9 
crowns will amount to 54 ſhillings and 9 pence, 5 


dollars to 21 ſhillings and 3 pence, and the whole 
tum to 76 ſhillings. 


PROBLEM 48. 


74. I is required to find two ſuch numbers, that half 
the firſt together with a third part of the ſecond may 
make 32; and moreover, that a fourth part of the firſt 
together with a fifth part of the ſecond may make 18. 


SOLUTION. 


Put x and y for the w_ numbers, and * f. _ 
mental equations will be — 772 =32, and = 7 +* — 


13 ; which equations a duly prepared, will ſtand 
thus; Equ. 1ſt, 3x+2y=192. 
Equ. 2d, 5x+4y=360. 
Subtract 5 times the firſt equation from 3 times the 
ſecond, and you will have 
Equ. zd, * 2y=120, whence 
Edu. 4th, * 52603 


whence, 
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whence, and from the firſt equation, you will have 
Zx 2 or 3x+120=192, Which gives 

Equ. 5th, x *=24. 

So the numbers are 24 and 60; and they will an- 
ſwer the conditions of the queſtion : for * * , that 
is, 12+20=32;z and moreover, e? that 18, 
6 ＋ 128 218. 


PROBLEM 49. 


75. Two perſons A and B were talking of their ages; 
favs A to B, 7 years ago was juſt three times as 
old as ycu were, end 7 years bence I jhall be juſt twice 
as od as you Will Le: I demand ihar preſent ages. 


 SoLUvuTION. 


Let a and þ repreſent the preſent ages of A and B 
reſpectively; then their ages 7 years ago were a—7 
and þ—7, and their ages 7 years hence will be a+7 
and þ+7 ; whence, and from the conditions of the 
problem, may be derived the two following funda- 
mental equations; 


a—7=b—7x3=3b—21, and 
6+7=hb+7x2=20+14. 


From the former of the ſe two equations, to wit, a—7 
=2b—21, we have 6=35—-14; from the ſecond 
equation, to wit, a+7=24+14, we have a=24b+7 ; 
therefore 34—14=24+7, fince boti: are equal to a; 
whence þ=21, and 24+7, or 4=49. 

A therefore was 49 years old, and B 21 years old; 
which is true: for then, 7 years before, 4's age 
would be 42, and B's 14; and 42 is three times 14: 
on the other hand, 7 years after, 4's age would be 
56, and B's 28; and 56 is twice 28. 

PROBLEM 50. 
75. A jocky has two horſes, A ard B, wheſe values are 

ſought ; he has alſo two ſaddles, one valued at 12 


pounds, the other at 2 : now if ke jets the better 
facd'e 
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ſaddle upon A and the worſe ſaudle upon B, A will 
then be worth twice as much as B; bui on the other 
hand, if ke ſets the better ſaddle upon B, and the 
worſe ſadule upon A, B ui then be worth three 
times as much 5 A: Idcmand the values of ihe hor/es. 


SOLUTION. 


Let à and 6 repreſent the prices of the two horſes 
A and B reipectively in pounds; then it the better 
ſaddle be tet upon 4, and the worſe upon B, A will 
be worth a+1i2, and B will be worth 2, and the 


firſt fundamental equation will be a+ 12=4+2x2= 
2b+4; on the other hand, it the better ſaddle be 
ſet upon 5, and the worſe upon A, then B will be 
wortn 5+ 1 2, and 4 will be worth a+2, and the ſecond 


fundameutal equation will be fg 2X 3=3a+6: 

in the firſt fundamental equation, where a+ 1 2=25+4, 

we have 4=26—8 ; ſubltitute therefore 26—4 :nitead 
of a, or rather 66—24 initead of 34, in the ſccond 
fundamental equation, (which is 34+6=b+12) and 
you will have 66—24+6, that is, 64—15==4+12 
whence B=, and 25—$, or a=4: A then was va- 
lued at 4 pounds, and B at 6, and they wi'l auſwer 
the conditions ot the queſtion, as any one may eaſily 
try. 

PROBLEM 5.1. 

77. There is æ certcin frelion, which if cn unit be added 
to the numerator, TH be equa! ts H bui if on the 
contrary an unit be added io the denominator, the 
freaicn wil then be equivaient te : I demand the 
numerator and deunomincter of the fraction. 


SOLUTION. 


Call the fraction —, and you will have theſe two 
* . 


1 1 * 


fundamental equations, 


I 


0 
e 
d 


. —» 4 0 v eee 
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former of theſe equations when reduced, gives y=3x 
+3, and the latter gives j=4x—1 ; theretore 4x—1 
=3x+3, becaule both are equal to y; whence x the 
numerator oi the fraction is 4; and 3x+3, or y, the 
denominator is 15; and the fraction itſelf is, A,; 
which it an unit be added to the numerator, will be 
s Or +; but if an unit be added to the denomina- 
tor, it will be , or +. 


PROBLEM 52. 


78. There is a certain fiſhing rod conſiſting of two parts, 
whereof the upper part is to the lower as 5 to 7; and 
moreover 9 times the upper part together with 13 
times the lower, is equcl to 11 times the whole rod and 
36 inches over: I demand the leagth of the two parts. 


SOLUTION. 


Put x for the length of the upper part in inches, 
and y for the lower; then will x+y be the length of 
the whole rod; and ſince x is to y as 5 to 7 ex Ae. 
theſi, by multiplying extremes and means according 
to art. 15, you will have 7x=5y for a fundamental 
equation : again, as 9 times the upper part, together 
with 13 times the lower, is equal to 11 times the 
whole rod, and 36 inches over, you have 9x+133= 


 11x+11y+36 for a fecond fundamental equation: 


the latter ot theſe two equations gives x=y—1i8, and 
contequently 7X=73—126 ; ſubttitute this value in- 
ſtead of 7x, in the fi:{t fundamental equation, where 
7x=5%, and you will have 7z—126=53 ; whence 
y=63 3 and y—18, or x=45. 

The upper part therefore was 45 inches, and the 
lower 6 3, as will appear upon tryal. 


PROBLEM £53. 


79. One lays out 2 ſhillings and ſixpence in apples and 
pears, buying his apples at four, and his pears at five 
a penny; and afterwards accommodates bis neighbour 

with balf bis apples and one third part of his pears 


for 
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for thirteenpence, which was the price he bought them 
at : I demand bete many hs bought of each ſort. 

SOLUTION. 


Put x for the number of apples, and y for the number 
of pears ; then it 4 apples coft one penny, x will coft 


7 pence; and for the ſame reaſon will coſt = pence, 


and you will have = += = 30 for a firſt fundamen- 
tal equation: again, the price of 5 half of his apples 
will be 8 and the price of =. a third part of his 


pears will be —; arid you hs have — += 13 


15 
for a ſecond a equation. Home 


Equ. iſt, sx AY oo. 
| Equ. 2d, 15x-þ83=1 560. 
Subtract the ſecond equation from three times the firſt, 
according to art. 70, and you will have 

Equ. 3d 4jy=240; whence 

Equ. 3th, * 3=60. 
Subſtitute now 60 for y, that is, 240 for 4y in the 
firſt equation 5x+4x=6c0, and you will have 5x+ 
240 = 600; whence 

Equ. 5th, x 2271. 6 

Therefore the mimber of apples was 72, and the 
number of pears 60, as will appear upon tryal. 
PrzOBLEM 57. 


83. A certain company at d tavern ſound, when they 
came to pay weir recxent;rg, tnat if they Lad been 
three more in company to the ſame reckowing, they 
might have paid one ſhilling apicce leſs than they did; 
end that, bad they been two fewer in cempany, they 
muſt have paid one feillirg 7 apiece more chan they did; 
I demand the number 0) * perſons, and their quota. 


SO L U- 
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SOLUTION. 


Put x for the number of perſons, and y for the 
number of ſhillings every one actually paid; now if 
4 perſons are to pay 5 ſhillings apiece, the whole 
CASE muſt be 4x 5 or 20 ſhillings; therefore if 


x perſons are to pay y ſhillings apiece, the whole 


reckoning mult be y xx or xy ſhillings: this being laid 
down, ſuppoſe them now to be three more in com- 


pany ; then will the number of perſons be x+3; and 


to find what every particular perſon ought to pay in 
this caſe, the whole reckoning xy, muſt be divided 
by x + 2, the number of perſons, and the quotient 

* 
x+23 
according to the problem, every one's particular rec- 
Koning in this cate would have been one ſhilling leſs 


Sy 


&+ 3 
=y—71 ; in like manner the ſecond condition of the 


will be every one's particular reckoning ; but 


than it actually was, that is, y—1 ; therefore 


X . . * 
problem furniſhes this equation, — 
*— 


8 . 
> r, being 


= =y+1 : the 


firſt of theſe equations, to wit, 


reduced, gives x=3y—3 3; and the ſecond equation, 


to wit, 2 - =z+1 being reduced gives x=2y+2 3 


therefore 3Jy—3=23+2, and y=; ; whence 2y+2, 
or X=12. 

So there were 12 perſons in company, their reckon- 
ing 5 ſhillings aviece, and their whole reckoning 3 
pounds, or 60 ſhillings ; ; which antwers the condi- 
tions of the queſtion : tor 1 =4, and 4-3=6. 


PROBLEM Gr. 


88. Mat two numbers are thoſe, & hoſe ſum is twice, 
and the product of «hoſe multiplication is twelve times 
their difference ? 


L Sotrr- 
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SOLUTION. 


Put x for the greater number, and y for the leſs ; 
then will their difference be x—y, their ſum x+y, 
and the product of their multiplication xy or yr; and 
the equations will be x+y=2x—2y, and yx=1 2x— 
1253 whence 

Equ. iſt, x—3y=0. 

Equ. 2d, 12x—yx—12y=0. 
Multiply the firſt equation by 12—y, which by art. 
70, is 4. coefficient of x in the ſecond, and the pro- 
duct will be 12x—yx—36y+33z=0 ; ſubtract this 
equation from the ſecond, and you will have 

Equ. 3d, 249—3Jy=0 ; whence 

Equ. 4th, y=8; and 

Equ. 5th, x=24. 
And the numbers 24 and 8 will anſwer the conditions. 

Otherwiſe thus : by the firſt equation x=3y, and 
4x=12y; ſubſtitute 4x for 125 in the ſecond equa- 
tion, and you will have 12x—yx—4x=0; divide by x, 
and you will have 12—y—4=0, and y=8, and x or 
33=24, as before. 


PROBLEM 62. 


89. What two numbers are thoſe, whoſe difference, ſum 
and product are to each other as are the numbers two, 
three and five reſpectively; that is, whoſe difference 
is to their ſum as two to three, and whoſe ſum is to 
their produtt as three to five ? | 


SOLUTION. 


Put x for the greater number, and y for the leſs ; 
then will their difference be x—y, their ſum x+, 
and their product yx; and we ſhall have theſe two 
proportions productive of two equations, 1ſt, x—y is 
to x+y as 2 to 3, whence 3x—339=2x+2y; 2d, x+y 
is to yx as 3 to 5, whence 3yx=5x+5y : the reſolu- 
tion follows; 


Equ. 


" oh 


G6 1 +. 


; 4 
2 
g p 
* 
„ 
; % 
, 
5 
5 
— 
* 
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Equ. iſt, x—5y=0. 

Equ. 2d, 33X—5x—5y=0. 
Multiply the firſt equation by 3y—5, the coefficient 
of x in the ſecond, and the product will be 3yx—5x 
—15yy+253=0, ſubtract this from the ſecond equa- 
tion, and you will have 

Equ. 3d, 15yy—30y=0 ; whence 

Equ. 4th, y=2, and 

Equ. 5th, x=10. 
And the numbers 10 and 2 will anſwer the conditions 
of the problem. 5 

Otherwiſe thus: by the firſt equation x g; ſab- 
ſtitute therefore x inſtead of 5y in the ſecond, and 
you will have 33X—5x—x=0; divide by x, and you 
will have 3y—5—1=0, and y=2, as before. 
PROBLEM 63. 


90. It is required to find two numbers ſuch, that if 
their difference be multiplied into their ſum, the pro- 
duct will be five; but if the difference of their ſquares 
be multiplied into the ſum of their ſquares, the product 
will be fixty five. | 


SOLUTION. 


Put x for the greater number, and y for the lefs 3 
then will their difference be x—y, their ſum x+y, 
and the product of their ſum and difference multiplied 
together will be x*—»?, by art. 11; then will x —9* 


. =5 by the ſuppoſition, and x*=5+yy; ſquare both 


ſides, and you will have x*=25+10g*+5* : again, 
the difference of the ſquares of the two numbers 
ſought is x*—*, and the ſum of their ſquares ** y*, ' 
and the product of theſe two x+—y* ; therefore x+—y* 
=65 by the ſuppoſition, and x*=65+ ; but x+ was 
before found equal to 25+109*+y*; therefore 25+ 
Ioy*+ yi=65+ *; whence y*=4, and y=2 ; ſubſti- 
tute now 4 for y* in the firſt fundamental equation, 
which was x*—y*=;, and you will have x*—4=5, 
and x=3 ; therefore the numbers ſought are 3 and 2, 
which will anſwer the conditions. 

L 2 PROBLEM 
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PROBLEM 65. 


93. Three perſons, A, B and C were talking of their 
money; ſays A to B and C, give me half of your mo- 
ney, and I ſhall have d; "ſay: B to A and C, give 
me @ third part of your money, and I ſhall have d 
ſays C to A and B, give me a fourth part of your 
money, and I ſhall — d: Hou much money bad 
each ? 

N. B. The letter d is here ſuppoſed to ſupply the 


place of ſome known quantity, which is left unde- 
termined till the calculation is over. 


SOLUTION. 


Let a, ô and c repreſent the money of A, B and C 


reſpectively, and we ſhall have theſe three funda- 
mental equations; 


a+ 1 
— 50 =d; and 
* =d, 


Theſe equations, "ter due preparations according 
to art. 70, will ſtand thus; 


Equ. ft, 2a+b+=20. 
Equ. 2d, a+3b+c=3d. 
Equ. 3d, a+b+4c=4d. 


Subtract the firſt equation from twice the ſecond, and 


you will have 
Equ. 4th, 


*  5b+c=44. 


Subtract the third equation from the ſecond, and you 


will have 
Equ. gth, „ 2b—3c=—d. 
Subtract five times the fifth equation from twice the 


fourth, and you will have 


Equ. 6th, + 1 134. 


134 
Equ. hb. N Put 


b 
$ 
x 


. 


e 


TY TG WW 4 _vÞ 


4 


5 Sg 


CT 


_ 854+134=684, therefore 3 and === 85 
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Put this value for c in the fourth equation, and you 


will have gc, that is, 56+ — 5 244; therefore 
558 


114 a 


Equ. Sth, * 6 = 
Put now the two values of þ and c already found, in- 
ſtead of þ and c in the firſt equation, and you will 


have 2a+b+c, that is, 24+ — 3 2 244 15 — 


=24; whence 34a ＋24d= 34d; and 344=10d, "and 
422 — 4 _ bf therefore 
34 17 oy 
Equ. gth, @ * * ==. 


17 
So that the numbers are at laſt found to be a= 
y === and === whence it follows, that if 
any number be put for d, that will admit of the num- 
ber 17 for a diviſor, the quantities à, % and c will 
come out in whole numbers: as if d be made equal to 
17, the quantities a, à and c will be 5, 11 and 13 


reſpectively; and the numbers will anſwer the condi- 
tions of the problem; for —. or 5+12=17; 
2 3 


I1i+ 


— 7 

Advertiſement. I hope the reader does not need to 

be told, that the numbers a, þ and c mult always be 

underſtood to be of the ſame denomination with the 

number d; n 
L 3 


„ or 11+6=17; 13+ =, or 13+4 
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the numbers a, & and c muſt alſo ſignify guineas ; if 
ſhillings, ſhillings ; if pence, pence ; &c. 


Equ. iſt, 24+b+c=24. | Equ. 6th, * *17c=13d. 
134 
2d, a ZO TTC gd. 7th, * * _— 
zd, a+b+4c=4d. 8th, * 6 — , 
/ 
4th, SO Tc Ad. | gth, a * = 
5th, * 2þ—3c=—d, L 


A SCHOLIUM. 
94. Of the foregoing equations, the firſt, ſecond 


and third, wherein the quantity à is concerned, may 
be called equations of the firſt rank ; the fourth and 
fifth, wherein the quantity & is concerned, and out 
of which the quantity @ is excluded, may be called 
equations of the ſecond rank; the ſixth, wherein c is 
concerned, and out of which both à and þ are exclu- 
ded, may be called an equation of the third rank ; 
and ſo on, were there ever ſo many unknown quan- 
titles. 

Whenever the equations of any particular rank are 
given or found, in order to derive from thence equa- 
tions of an inferior rank, the Analyſt is at liberty to 
combine theſe firſt equations by pairs as he pleaſes, 
provided he does but obſerve theſe two things; firſt, 
that every equation of the given rank be ſome time 
or other coupled with ſome other equation of the ſame 
ſet, ſo as that no equation be left out of the account; 
ſecondly, that in every particular combination, one of 
the equations be ſuch as was never made uſe of in 
combination before, and the other ſuch as hath been 
concerned in ſome combination before, excepting the 
firſt pair. It is not to be denied but that the artiſt 
may, if he pleaſes, vary ſometimes from this laſt pre- 
cept; but if he always obſerves it, it will be altoge- 
ther as well. T HE 


* 
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ELEMENTS or ALGEBRA. 


BOO K III. 


Of the compoſition and reſolution of a ſquare raiſed 


from a binomial root. 


ITHERTO we have been chiefly 
concerned in ſimple equations: 
it is now high time to apply our- 
ſelves to the reſolution of qua- 
dratics ; J in order to which, ſomething muſt be ſaid 
concerning the nature of a binomial, upon which 
that reſolution entirely depends. 

Now a binomial (at leaſt as it is here uſed) is a 
quantity conſiſting of two parts or members, con- 


nected — by the fign + or —, as x+4, x—4, 
*+> _— and a ſquare raiſed from a binomial 


root is 20 elſe but the ſquare of ſuch a quantity: 


thus the ſquare of x + 16 Cl s and that 


of x is PEER "RY 4 A 


L4 | x + 


"7 =. Op 


168 Compoſition and reſolution of a ſquare Book III. 


b 
& ＋ — * — — 
2 2 
6 
xX+ — X — —- 
2 
da #6 bx bb 
** 141 — 4&4 — ** —— + — 
2 4 2 4 
bx bx 
* T 
bb J 
242 — chat is, x — 2 . that % 
bb bb 
X + bx + —, ** = by + —. 
4 4 


The difference betwixt theſe two ſquares ariſes from 
the different ſign ot &; and that only affects the ſe- 


cond member; for the third member AA will be the 


4 
ſame, whether the quantity + be affirmative or nega- 
tive; therefore if thoſe caſes be thrown into one, it 


bb 
— k 
; + 
to wit, +bx when the rect i5 x + wi and —bx hea 


will ſtand thus : The ſquare of x + 4 ts KA 


| f b | 
the root is x 2 Now of tlie tliree members that 


compole this ſquare, the firſt + + is the ſquare of x, 
the ſecond & is the root of that ſquare multiplied 
into the coefficient ; for the ret ot x is x, and 


xx+b==bx; the third and laſt member —, is 


4 
1 ö f 
the ſquare of +> that is, the ſyuare cf half the 


coefficient of the ſecond member; whence may bo 
deduced the two following oLicry ations. 
OBSERVATION 


n 2 ("WI ＋ 


'H 


fy 


by 
s 
A 
«| 
| 
1 
4 
9 1 
7 


. 
| 


: 
. 
77 
1 


Att. 101. raiſed from a binomial vdot. i69 


OBSERVATION 1. 


Il benever «ve meet with a quantity conſiſting of two 
members, as xx+bx, whereof one, as XX, is a ſquare, 
and the other +bx is the root of that ſquare multiplied 
into ſome given ; coefficient + bz whenever I ſay we meet 
with ſuch a quantity, it may be conſidered as an imperfeci 
ſquare raiſed from a binomial root, and may eaſily be 


compleated by adding 2, that is, by adding the ſquare 


of half the coefficient 75 x in the ſecond term: thus 
xx + 6 x when compleated, becomes xx +6x+9 ; 
xx — 8x when compleated becomes xx— 8x + 16 
xx+3x when compleated becomes x +5 tor 


here the coefficient being 3, its halt will be 3, and 
the ſquare of this will be 2 : again, xx + _ when 


compleated becomes xx + 7 + 5 for here the ſe- 


cond term is ＋ and there fore the coefficient of x 1 
+ by art. 70; but the half of + is 5, and the ſquare 


of this is 3: again, xx — _ when compleated be- 


comes . — for here the coefficient is 
6 144 


— 5, whoſe half is — Br, and the ſquare of this is + 
* laſtly, x x — 2 when compleated becomes 
144 a | 


—_—— 4. 5 for here the coefficient is — 5 
a 444 a 
it's half — —, and the ſquare of this is — 


444 


Send 
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OBSERVATION 2. 


In the ſecond place it may be obſerved, that the root 
of ſuch a ſquare when compleated, that is, the root of 


xx + bx + == will always be * that is, it will 


4 
always be the ſquare root of the firſt member, together 
with half the coefficient of the ſecond : thus the ſquare 
root of xx+6x+9 will be x+3 ; that of xx—8x+16 
will be x— 4; that of xx+ 3x+2 will be x + 


2 X 1 


— nne, „ r that of xx— 


The common form to which all quadratic equat ions 
ought to be reduced in order to be reſolved. 


102. Since an affected quadratic equation, as we 
have elſewhere defined it (art. 23,) is an equation 
conſiſting of three different forts of quantities; one 
fort wherein the ſquare of the unknown quantity is 
concerned, another fort wherein the unknown quan- 
tity is ſimply concerned, and a third fort wherein it 
15 not concerned at all ; it follows, that all quadratic 

tions whatever may be reduced to this form, 
viz. Axx=Bx+C; wherein A, B and C denote 

known integral quantities whether affirmative . or 
negative, and x the quantity unknown, the ſign + 
on the latter ſide of the equation B x + C, ſignitying 
no more than that the two quantities Bx and Care to 
be added together according to the common rules of 
addition, whether they be both affirmative, or both ne- 
gative, or one affirmative and the other negative : this 
will eaſily be allowed, if it be conſidered, that quadra- 
dic 
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tic equations, like all others, may be trecd from fractions 
after the ſame manner as ſimple equations; and when 
that is done, there needs no more at moſt, than a bare 
tranſpoſition of the terms to reduce them to the form 
above deſcribed: we ſhall however give ſome examples 
of the reduction of quadratic equations to this form 
amongſt thoſe that follow. . 


A general theerem for reſolving all quadratic 
equations. 


103. This preparation being made, let now ſome 
general quadratic equation be propoſed to be reiolved, 
with which all particular equations may alterwards be 
compared, and by means whereof thoſe equations 
may be more readily refolved ; as for example, let 
the general equation in the laſt article be propoſed, 
to wit, Axx=Bx+C; and let it be propoſed to find 
the value or values of x in this equation: here tranſ- 
poling Bx, I have Axx—Bx=C; and then dividing 
by A in order to free xx the higheſt power of x from 


it's coefficient, I have x x — = 2 _ this done, I 


conſider the firſt ſide x x — 7 
raiſed from a binomial root; and accordingly I com- 
pleat that ſquare by art. 101, to wit, by adding 


> that is, by adding the ſquare of half the 


coefficient of the ſecond term; but if 7 muſt be 
added to the firſt ſide of the equation to compleat 
the ſquare, it muſt alſo be added to the other fide to 
preſerve the equality, otherwite by an unequal addi- 
tion, the equation would be deſtroyed: this equal 
addition then being made, the equation will — 

us, 


as an imperfect ſquare 
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Bx BB BB C | 


thus, r but the 
two fraftions ——— and = when thrown into one, 

— _ © which dividing by 4, gives 
EATER z therefore 2 + CE = 
BB+4AC 


— z therefore the ſquare root of one ſide 

will be equal to the ſquare root of the other ; but the 
| 3 — 

ſquare root of the fraction 2 leaſt as it 

here ſtands in letters, cannot be extracted, becauſe, 

though the denominator 44A be a ſqu uare, yet there 

is no literal quantity whatever which being multiplied 


Into itlelf will produce BB+4AC; therefore to put 
this numerator into the form of a ſquare, let us 


ſuppoſe BB+4AC=5s; and then the equation will 
+ OR 5s 
ſtand thus, 1 + =—— ; but the 


Bx BB 


B 
ſquare root of 2 2 4 is x — by art 
1013 and the ſquare root of 72 is + — for a rea- 
fon formerly given, to wit, becauſe — hen multi- 


2 A 
plied into itſelf will produce - 4 4 
therefore by the very definition of the ſquare root, 
the tormer quaatity * as good a right to be ſtiled 


—— 7 
” as well as — and 


the ſquare root of 72 as tile latter; therefore this 


equation will now be reduced to a ſupple one, and 


will 
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"28 s | 
will ſtand thus, — 2 ; therefore x = 
B+s Bs  _ Bs 
that is, = I and * 2 ＋ A 


Thus we ſee that every quadratic equation neceſſa- 
rily admits of two numbers or roots (as they are 
called) which will equally anſwer the condition of the 

uation, that is, either of which being put equal to 
x, will make the two ſides of the equation equal one 
to the other; and theſe two roots in all arts and ſci- 
ences where quadratic equations are concerned, are of 
equal eſtimation, whether they be affirmative or nega- 
tive, or one be affirmative and the other negative : as 
tor example, in Geometry, if a line drawn from any 
point towards the right hand be conſidered as affirma- 
tive, a line drawn from the ſame point to the left 
hand ought to be conſidered as negative; for let A B 
be any line drawn from the fixt point A to the point 
B on the right hand, and then imagine the point B to 
move towards A; here then it is plain that the nearer 
B approaches towards A, the leſs will be the affirma- 
tive line 4B; when the point B coincides with A, the 
line A B muſt be looked upon as nothing, and there- 
fore when the point B by a continuation of it's mo- 
tion has paſſed through 4, ſo as to lye on the left 
hand of A, the line 4 B ought now to be looked upon 
as negative, having paſſed from ſomething through 
nothing into negation; and yet a line of is nega- 
tive kind is as true a line as any of the affirmative 
kind; and therefore the negative roots of quadratic 
equations which exhibit negative lines, ought to be 
of equal eſtimation with the affirmative roots that ex- 
hibit affirmative lines ; and the fame will be the caſe 
(I fay) of all other arts and ſciences where quadratic 
equations are concerned : but in common life, where 
negative quantities have no place, the affirmative roots 
of quadratic equations are only allowed of in hs reſo- 

. rution 
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lution of problems, the negative ones being for the 
molt part excluded. = 

N. B. 1ſt, The root of any quantity whether in 
numbers or letters, that cannot be expreſſed, is called 


a ſurd: thus V/3 is a ſurd, and ſo alſo is AAC; 


and it was for this reaſon that I made / BB+4AC 
Df, or which is all one, BB+4 AC=s5s. 

2dly, The quantity C and conſequently 4AC will 
ſometimes be negative; in which caſe the quantity 5s, 
or BB+4.4C muſt be looked upon as the ſum of the 
affirmative quantity BB and the negative one 4AC 
when added together according to the common rules 
of addition. | 

3dly, In many of the following examples, the 
learner muſt be very careful to form a right eſtima- 
tion of negative quantities: thus for inſtance, if x, 
that is, +x=—3, he muſt make 4x, or +4Xx—3=— 
12; but he muſt make —4x, or —4x—3=+12; 
ſo likewiſe —x, or —1x, or —Ix—3 muſt be made 
equal to +3, Sc. 


A ſynthetical demon/iraticn of the foregoing theorem. 


104. In the laſt article it was demonſtrated analy- 
tically, that if Axx be equal to Bx+C, then x muſt 


, B+s 3—5 
neceſſarily be equal both to und to ſup- 


poſing 5s to be equal to BBH AAC. Now it may 
not be improbable but that the learner, eſpecially if 
he has any taſte or genius, may have a curioſity to 
ſee the ſame demonſtrated again ſynthetically, that is, 
to fee it demonſtrated, that if x be made equal to 


B+s Bs 


* then Axx muſt neceſſarily be equal to 


Bx+C: it is therefore to gratify the learner in this 


particular, that I have added the following demon- 
ſtration. 


C483 


 BB—2Bs5+s5s 
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e iſt. 
Let ===, then you will have 12 22 
ELT. 


L muiply boch ſides by 4, and you 


will have Axx (or one ſide of the general equation) 


equal to WES, for a fraction may be multi- 


plied by dividing the denominator, as well as by 
B+s 
24 


double both the nume- 


rator and denominator of this laſt fraction, which 
will not affect the value of the fraction, and you will 


have Bx= — therefore Bx+C= — 


multiplying the numerator : again, ſince ũ 


you will have Bx= = 


44 
* 2 BB+2B5+4AC _ BB+2B5+BB+4AC 


I 44 . _— 
r becauſe BB+4 AC=5s by the ſuppoſi- 
tion; therefore Axx=Bx+C, ſince each fide is equal 


ro the ſame quantity Ez 


n 


5 
5 ill = 
2 and you will have xx 


, and Axx (or the firſt ſide of the general 
BB—2 Bs+5s5 ; BB—Bs 


equation) = 2 : again, Bx 2 


: 2BB—2Bs 
2 5 


Let now & 


444 
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— ee c e. 
44 44 


BB—2 B5+55 ; therefore Axx=Bx+C, becauſe each 


BB—2? Bs+55 
_ 


fide is equal to the ſame quantity 


Various examples of the reſoluti on of affected qua- 
dratic equations, both with, and without the 
general theorem. 


EE SAMNPFLR 8» 


105. Let the equation propoſed to be reſolved be 
6xx=5x—1, This particular equation, as well as 
all thoſe that follow, may be refolved after the fame 
manner as the general one in art. 103: but as theſe 
refolutions are very often attended with fractions very 
troubleſome to the young Analyſt, and as theſe par- 
ticular equations are nothing elle but particular caſes 
of the general one, it follows, that the reſolution of 
theſe equations mult neceſſarily be included in the re- 
ſolution of the general one; and conſequently, that 
theſe equations will be much more ealily and readily 
reſolved by referring them to the genera! one : how- 
ever for the ſatisfaftion of the learner, I ſhall refolye 
ſome of theſe equations both with, and without the 
general theorem; and firſt I ſhall reſolve the equa- 
tion propoſed by the help of the general theorem thus; 
in the general equation, art. 103, we have Axx=Bx 
+C}; in the particular one already propoſed, we have 
6xxX=5x—1 3 therefore A in the general equation an- 
ſwers to 6 in the particular one, B anſwers to 5, and 
C to -; therefore if the particular equation be re- 
ferred to the general one, it's reſolution will be as 
follows: Ag, B=z, C=—1, BB=25, 4 AC=—24; 
therefore 5s, or BB+4.1C will be the ſum of 25 and 

—24 


2A 12 2 24 
= ＋ == therefore the two roots of this equation 
6xx=5x—1 are + and g. The reſolution of this equa- 
tion in numbers without the general theorem, is as 
follows: Equation, 6x x=5x—1 ; therefore £x x—5x 


ws x I * 
=—1, and 5 where x x— > may 


be conſidered as the two firſt members of a ſquare 
raiſed from a binomial root; the coefficient cf the ſe- 
cond term is =, it's half —, and the fquare of this 


+25 
— 
I2X1I2 
ther than = for a reaſon that will preſently be ſeen; 


add now - — to both ſides, that is, to one 
IZXI2 | 


ſide to compleat the ſquare, and to rhe other to 


which expreſſion I chooſe to make uſe of ra- 


| Preſerve the equality, and you will have ä 4 


28 —7 25 


12x12 6 12x12 


the fractions — and 5 ö muſt be reduced to the 
12X1 


ſame denomination in order to be added together into 
one ſum ; but if this be done the common way, it 
will be impoſſible to obtain the ſquare root of that 
ſum without a further reduction; therefore to avoid 
this, I enquire what number the denominator 6 muſt 
be multiplied by to make it 12 12 the ſame with the 
other denominator, and the anſwer in this caſe, as 
well as in all others of this kind will be very eaſy ; for 
2X6=12, and therefore 2 x26, or 24Xx6=12X1z 3 
therefore I multiply both the numerator and denomi- 
| M | natur 


; here now it is certain that 
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nator of the fraction — into 24, and ſo have —-* ; 
6 I2X12 


and this added to the other fraction —— gives 
: I 
+1 
I2X1I2 


22 = —— ; extract the root of both ſides, and 
I2X12 I2X12 5 


; and now the equation will be xx— — + 


. 1 Sr 
you will have x — == ——» Whence x = 1 


but — = 2 and 22 therefore x=—, or=. 
12 2 I2 3 1 

This may alſo be proved ſynthetically thus: let 
x=+, then you will have x x, and 6xx=*® or 12: 
again, 5x=i=2x therefore 5x—1=14 ; therefore 
6xx=5x—1, ſince each equals 12. 

Let us now lup e x, and you will have xx 
=+, and 6xx=5, or : on the other hand you will 
have 5x=+ or 14; therefore 5Xx—1=5; therefore 
6xx=5x—1 : theſe two fractions therefore will an- 
ſwer the condition of the equation; and there are no 
other numbers beſide theſe, wherher whole numbers 
or fractions, that will do it. 


EXAMPLE 2. 


Let the equation to be reſolved be 24x—2xx=xx 
+45. Here tranſpoſing — 2xx we have 3xx+45= 
24x, whence 3xx=24x—45 ; and thus we have re- 
duced the equation propoled to the form of the ge- 
neral one in art. 102; wherefore applying that gene- 
ral equation to this icular one, the retolution, by 
art. 103 will be as follows: A=3, B=24, C=—45, 
BB=576, 4AC=—54c, 5$5=576—540=36, =, 
B+s B—s 
220 "22 
will further eaſily appear by ſubſtituting 5 or 3 for x 


in 


7 therefore X=5, or 3; and this 
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in the original equation thus; x=5 ; therefore 24x 
=120z xxX=25 ; therefore 24x—2xx=120—50=70, 
which is one ſide of the equation : on the other ſide 
we have xx+45=254+45=70 ; therefore 24x—2xx= 
xx4+45. Again, let x=3, then we ſhall have 24x= 
72, and xx=9, and 24x—2xx=54: on the other 
hand, xx+45=54 3 therefore 24X—2XX=xX+45. 

N. B. This laſt equation when reduced to the form 
of the general one in art. 102, ſtood thus; gxx= 
24x—45 : but this equation might have been re- 
duced to a more fimple one of the ſame form by di- 
viding the whole by 3, and then the equation would 
have ſtood thus, xx=$x—15; in which caſe we 
ſhould have had A=1, B=8, C=—15, BB=64, 
4AC=—60, $5=4, $=2, es, = =, as be- 
fore : the ſolution of the foregoing equation in the 
common way is this; xzx—8x=—15; therefore com- 
pleating the ſquare, xx—8x+16=1 ; therefore ex- 
tracting the ſquare root, x—4==+1 ; therefore x 
+4+1=5, or 3. 


EXAMPLE 3. 
Let the equation to be reſolved be 72x—2xx+144 


=3xx—8x+444. Here by tranſpoſitions we have 


72x+144=5xx—8x+444, and 80x+144=5XxX+444, 
and 5xx=80x—300, and xx=16x—60z which equa- 
tion being reſolved like that in the laſt example, gives 
lo, or 6; which may allo be eaſily ſeen by ſub- 
ſtituting 10 or 6 for x in the original equation. 


Ex AMP IL E 4. 


Let the equation to be reſolved be 28x—xx=115. 
Here we have xx+115=28x, and xx=28x—115; 
which equation being reſolved like that in the ſecond 


= gives * 23, or 5; the proof whereof is 
eaſy 


M 2 Ex- 
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EXAMPLE 5. 
Let the equation to be reſolved be 3 1 
* x+4 


120 8 
therefore 120—5x= 2 therefore 100x—5xx+ 
4 


480=120x; therefore 5xx+120x=100x+480 z 


therefore 5xx=—20x+480 ; therefore (dividing by 5) 
x x=—4x+96 ; therefore in this caſe, A=1, b=—4, 
C=96, BE=16, 4AC=384, $5=16+384=400, = 
B+s 420 8 B—s  —=4—20 
. Conde: * 
therefore in this equation, , or —12 : the proof 


20, 


=—12; 


is thus; let x=+8 ; then —=15, and —* —5=10: 


120 120 


2 2 
. Again, letx=—12, then — =—10 3 
* ＋ 4 | 


160 | 
therefore, — —5=—10—5z=z—1; : on the other 
5 | 


| | 120 120 
hand, x+4=—12+4=—3 ; therefore —— — 
X +4 —8 
120 
=—15; therefore —— —5 2 The reſolution 
x x +4 


in the common way is this; zax=—4x+96 ; there- 
fore xx+4x=96 ; therefore ::x+4x+4=100 ; there- 
fore x+2=>+10; therefore x =—2 +10=+8, or 
—12, | 

EXAMPLE: 6. 


Let the equation to be reſolved be 24%4+3x=65 1 
therefore 2xx=— 3x+6; ; therefore in this caſe, 
A=2, B=—3, .C=065, BB=9, 4/C=529, $5=529, 
Joes —=23+23 | Sv —p=23- 


"Fa 4 es £7 + — 
6 
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6— : therefore in this equation, x=+5, or —6: ; 


* x=+5; will eaſily be ſeen; and that x=—6:, 


or that —6 ; being ſubſtituted for x will make 2 * * 

+3x=65, 1 thus demonſtrate : x=—6 == = 
+ 169 

4 


—. =—2 ; checker 2xx+3x= 


therefore x x= — 2&4 5 and + 


3X=+ 3X 


I 6939 _ I 130_ 
2 . 


=65. The reſolution in numbers; 


2xx+3x=6z ; FOE TR x x+ 4 Ber 65 


2 ns 2 


9 1 529 therefore 2 = 4 . 
4 4 


2—— —_ 


4X4 4X4 4X4 
— +2 


therefore x= 


ExAaMPLE 7. 


Let the equation to be refolved be gxx -x 140; 
therefore gxx=1x+140. Here A=9, B=1, C=140, 
Bs 


* = 45 


BB=1, 4AC=5040, $5=5041, S271, 


B—s 8 | 
5 - ; therefore x=+4, or —3 = the lat- 
ter caſe I thus demonllrate ; x=—3 3 . ; 


F.-Y 
therefore 22 27 therefore gxx= —— . : again, 
9 


—1x, that is, = == 2 therefore gxx—x 


9 
1 — . In numbers thus 


M 3 gx 
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b, gxx—IX=140 ; therefore ax —— .. there- 
Ix I _ 140 I = 
_ wy + 18 x 18 © 0 "0x18 w 


Part — z extract the root of both ſides, 
18X18 ISX18 


that is, of —5 


1 
18 Xð—8 


on one ſide, and of 


5041 a 2 
"Tron the other, and you will have x — = 
=+ =; whence x=+4, Or —3 5. 


ExAMPLE 8. 


Let the equation to be reſolved be —*2— + 


2X + 3 
116 2 32x + 348 
r ˙— » 


| 21; therefore 180x+225+232x+348=56xx+1 54x 
| +105 ; that is, 412x+573=56xx+154x+105; 
| therefore 2 58x+573=56xx+105 ; therefore 56xx= 
| 258x+468; therefore (dividing by 2) you have 28xx 
=129x+234 z which equation being compared with 
the general one exhibited in art. 103, gives A=28,. 
B=129, C=234, BB=16641, =26208, = 


= B＋ _ „ B-s _ 3 
42849, S 20%, 2 „ = Iu there- 


fore in this equation x = + 6, or —1 * both which 


I thus demonſtrate : firſt.x=6 ; therefore 2x+3=15; 
45 


= 3; moreover, 4x+5=29; there- 


fore —— 24; therefore 4 


„ 


wn 


WS . bn 
w = 


75 


AI 


. Yr * q 1 5 a Ww7 , DT 8 
n * 4 * 6 oy 1 "I : N 5 l g 1 « y * « tC Rl eng _ . 
1 om ind . * b5 — 2 L * 2 om a £% * Aus a . 1 2 e. & 8 2 * * 1 _ OR N N — 4 by w 
x 2 . q lf es 2 * CIR ws p v * 8 £ 4 


Eh „ = 5 2 
r 8 


+ 
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=7: ſecondly, x=—1 — = = ; therefore 2x 
Iz =. therefore 2x + 3 = 122 + - = TW 
therefore = is the quotient of 2 divided by 


155 but this quotient, according to the rules of frac- 


tional diviſion, is 2 = 210; therefore Jn. © 1 

3 2X + 3 
=210: again, 4 = . therefore 4 * +5 = 
a therefore 55 is the quotient 
of 22 divided by =; but this quotient is — 

| 7 _ $8 ; 45 
or —203; therefore Fr Yana + therefore = 
2 =210—203=7. 


The 5. IR of this equation in the common 
way is as follows; 56xx—258x=468 ; therefore 


2 — 468 : here the coefficient of the ſecond 
_—— 


term is — 5 „it's — E and the ſquare of 
a 16941 

— 1 add this ſquare to both ſides, and you 

| 25858 16641 _ 468 16641 


_ 26208+16641 _ 42849 x the ſquare 


this 


56x56 © 56x56 * os 
258x _ 16641 
root of both ſides, that is, of x x — "x" + 6 56 
M4 on 


—_— - - = — + 
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on one ſide, and of 42849 on the other, and you 


56x56 
— 12 20 
will have — 6. + 1 whence x = + 6, or 
1 


28 
| ExAaMPLE 9. 


Let the equation be 15x—xx=56 ;- then this equa- 
tion being reſolved by the general theorem gives 
x=8, or 7; and in the common way it is thus re- 
ſolved; 15x—xx=56; change all the ſigns to make 
xx affirmative, and you will have xx—15x=—56; 
whence XX—T 5X+ 55 =— 56 + — 4 > there- 


4 
1 
fore x— = = + —» and x = 8, or T: but what 


I chiefly intend by this example is to ſhew, that in 
reſolving a quadratic equation by the general theorem 
there is no neceſſity of making any tranſpoſition to 
exhibit xx affirmative when it would otherwiſe have 
been negative; as for inſtance, in the equation here 
propoſed we had 15x—xx=56; tranſpole 15x, and 
you will have —xx, that is, —txx=—15x+56, let 
this equation be referred to the general one in art. 102, 
and reſolved by the general theorem in art. 103, and 
you will have A=—1, B=—15, C=56, BB=225, 
Bs _ —15+1 —14 


— — — 


V nr HR 


=+8. 


4AC=—224, Std 0X bs 


B—s —15—1 
y, 2 — 


H the learner is to proceed when the roots of 4 
quadratic equation are inexpreſſible. 


106. As there are but few ſquare numbers in 
compariſon of the reſt, and as all quadratic equations 
= 


in 


1 6 
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are reſolved by extracting the ſquare root, it follows, 


that there are but few quadratic equations capable of 


an exact numeral ſolution in compariſon of thoſe that 
are not: but as the ſquare root may be extracted to 
any degree of exactneſs we pleaſe, the reſolution of a 
quadratic equation, which depends upon it, may 
allo be pertormed to "7 * of accuracy what 
ever; as will appear by the following example. 


ExaMPLE 10. 


Let the equation be xx—4x+1=0, or xx=4x—1, 
Here Ai, B=4, C=—-1, BB=16, 4AC=—4, 


$S=1I2, SEV 12 „ and EDS wn 
wee Grade ne, Ee, 8 
— * 

2 EW, therefore was BY — or 2 but 


let us enquire in the next place, whether theſe two 
fractions are not capable of being reduced to more 


ſimple terms; firſt then it is plain that == 2, and I 
V 12 
- 


ſay further that =v3; for 12=3X4 z there- 


fore y12=v3Xv4=v 3x2; therefore 


4 = V3; whence it follows, that x=2+v/ 3, or 


2—v3; but Vg extracted to three decimal places 
gives 1.732 : therefore 240 3=3.732, and 2—v3 
. 268 therefore x = (nearly) 3.732, or .268, as 
will be further evident from the proof following : 
firſt x=3.732 ; therefore xx=13 .927824; and 4x= 
14-928; therefore 4x—xx=1 .000176; therefore 
xx — 4X =— 1 000176; therefore xx — 4x +1 =— - 
.000176=0 very nearly; ſecondly, let x = .268 and 
you will have x£=.071824 and 4X=1.072, and 4x— 
XxZ1 .000176; therefore xx — 4x =—1 .000176 , 
therefore xx — 4x +1=— .000176=0 very nearly ; 

| | tore 
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therefore in both caſes, the condition of the equation 
15 anſwered to as many figures or cyphers, as is equal 
to the number of decimal places to which the ſquare 
root of 3 was extracted. 

It may ſeem to ſome perhaps a paradox to aſſert, that 
though the two ſurd values of the unknown quantity 
found in this and the like cales, are not to be expreſſed 
in numbers, yet they may be demonſtrated to be 
juſt: Thus I ſhall demonſtrate, that if either of the 
two values of x found in the laſt caſe, to wit, 
2+v/ 3, or 223, be ſubſtituted for x, we ſhall 
have this equation xx—4x+1=0, which was the 
equation there propoſed: in order to this, make 
zu,; and firſt, let x=2+v/ 3, or 245; and we 
ſhall have xx=4+45+55, and —4x=—8—45; and 
XX—4XZ=4 +45 +55—8—45=s5—4 ; but if 5=v/3, 
$=3, and 55—4=—1 ; therefore, xx—4x=—1, and 
 8x—4x+1=0: ſecondly, let x=2—4/ 3, or 2—s, 
and we ſhall have xx=4—45+5:, and —4x=—8+45, 
and xx—4x=55—4=—1, as before; whence xx— 
4x+1=0. 


Of impoſſible roots in a quadratic equation, and 
whence they ariſe. 


o. The roots of quadratic equations are not 
only very often inexpreſſible, but ſometimes even 
impoſſible, as will appear by the following example. 


Ex AMG L E 11. 
Let the equation be xx—4x+6=0, or xx=4x—6. 
Here A=1, B=4, C=—6, BB=16, 4AC=—24, 


— — 44 1 B—- 
— — 2 — — 5 
$5=—8, 5= 8, oy : _ 


„ 
2 —_— but == 2, and —8=—2Xx+4; there- 


fore 


TY ws — 2 <©© 


ha La. 4 —_y LAY i 
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fore == AN V+4=v/—2X2; therefore 


8 
1 therefore in this equation, x=2 + 
A, or 2 2; but as no quantity whatever, 
either affirmative or negative, being multiplied into 
itſelf will produce a negative, it follows, that /—2 
is not only an inexpreſſible quantity, but alſo an im- 
poſſible one; and conſequently, that the two values 
of x in this equation 24 2 and 2—4/ —2 will both 
be impoſſible. _ 

N. B. Though the roots of this laſt equation be 
impoſſible in their own natures, yet they may be ab- 
ſtractedly demonſtrated to be juſt, as in the laſt ar- 


ticle, by making 5=v/—2, and conſequently 55=—2. 

From what has been ſaid concerning impoſſible 
roots, it appears that one root of a quadratic equation 
can never be impoſſible alone, but that they muſt 


either be both poſſible or both impoſſible : for it ap- 


pears from the reſolution of the laſt equation, that 
the impoſſibility of the roots flows from the impoſſi- 
bility of the quantity 5s, or of the ſquare root of 5s 
when it is negative; now when £ 1s poſſible, both the 


B+s B—-s 
why and —x will be poſſible ; 


on the other hand, when 5s is impoſſible, both the 
roots muſt neceſſarily be impoſſible. . 
Since the poſſibility or impoſſibility of the two roots 
of a quadratic equation depends upon the quantity 39 
being affirmative or negative, it follows, that when 
s and conſequently s equals nothing; the roots will 
be in the limit between poſſible and impoſſible: now 
if go, we ſhall have — „ 
24 24 24 
therefore the two unequal roots of a quadratic equa- 
tion grow nearer and nearr-r to a ſtate ot equa!ity as 
they grow nearer and neater to a itate ui * 
_ but 


roots of the equation 
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but do not come to be equal till they come to the limit 
detween poſſibility * impoſſibility. 


Flew to find the ſum and produtt of the ts roots 
of a quadratic equation without reſoomg it: 
alſo bam to generate à quadratic equation that 
all bade any two given numbers whatever for 
it's roots. 


108. In a quadratic equation of this general form, 
to wit, AxxXZBx+C, the ſum of the roots will always 


be 1 and the product of their multiplication ＋ for 


8 B+s B—s 
the roots of ſuch an equation were 2 and ot 
2B B 


the ſum whereof is _— or —; and if theſe two roots 
be multiplied together, their product will amount to 
BB—5s 


444 
poſed, art. 103; therefore 3 and 


BB — 
_ — „or the product 


3 —C 


444 _ 4A 

Therefore if A=1, that is, if the equation be 
xx=Bx+C, the ſum of the roots will be B, and their 
product -C; that is, as the equation now ſtands, 
the ſum of the roots will be the coefficient of the 
unknown quantity on the ſecond fide of the equation, 
and their product, what we call the abſolute term, 
with it's fo changed. | 

Hence we bave an eaſy way to form a quadratic equa - 
tion whoſe roots hall be any twwo given numbers whatever : 

as for inſtance, ſuppoſe I would have a quadratic 
equation wheſe roots ſhall be the tw o numbers 3 and 
4 3 


z but s5=BB+4AC as was formerly ſup- 


BB—5s5=—4 AC; therefore ——— 


of the two roots equals 
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43 here it is plain that the tum oi the two numbers 
3 and 4 is 7, and that the product uf their muitipli- 
cation is 12; therefore I form an equation whereot. 
one ſide is x x, and the other fide is 7x—12, to wit, xx 
=7x—12 ; and the roots of this equation will be the 

ven numbers 3 and 4, as will appear from the re- 
tolution : if I intend the two roots to be 3 and —4, 
their ſum will be —1, and the product of their mul- 
tiplication —12, and the equation xx=—x+12: 
if the roots are to be —3 and +4, their ſum will be 
+1, the product of their multiplication —12, and 
the equation xx=x+12 : laſtly, it the roots are to 
be —3 and —4, their tum will be —7, the product 
of their multiplication +12, and the equation xx= 
—7x—12. I thall demonſtrate one general caſe ac- 
cording to the reſolution given ia art. 103, which will 
be ſufficient to ſhew the way to all che reſt: let then 
the roots propoſed be p and g, whoſe tum is pH, 
and the product of whoſe multiplication is pq z and 
the equation will be xx p N-, now it this 
equation be referred to the general on, we ſhall have 


A=1, B=2+75, C f. BB=pp+204+71, 4AC= 
B+$s __P+7+Þ4 _ 


"OI IT ER 7 
Z 
N = —=43 therefore the 


two roots of this equation are p and q. . Q, E. D. 
-I think I ought not to omit here, that it any one 
has a mind to form a quadratic equation with any 
two given impoſſible roots whatever, (it I may be al- 
lowed the expreſſion) it may be done by the forego- 
ing rule, provided that thete impoſſible roots be ig 
ſuch a form as is proper for a quadratic equation: 
as for example, ſuppoſe I would form a quadratic 
equation with theſe two impoſſible roots, to wit, 


2+ and 2—v—3, I put ss for —3; for though 
no poſſible quantity multiplied into itfelt can produce 
OT a4 nt» 


190 The Reſe/ution of affected Boo III. 
a negative, yet an impoſſible one may, that being the 
very thing wherein the impoſſibility conſiſts ; maki 

then 55=—3, I have Z, and ſo the two roots 


of the equation will now be 2+5, and 2—s5; the 
ſum of theſe two roots is 4, and the product of their 
multiplication 4—5s; but if s5=—3, —55=+3, and 
4—55=4+3=7 3 therefore the equation with theſe 
roots will be #:=4x—7 : and this will be further 
evident by the relolution ; for if xx=4x—7, that is, 
if xx—4x=—7, we ſhall have xx—4x+4=—3, and 


* 22 43, and X=2+ =, or 2—v/ —3. 


How to determine the figns of the poſſible roots of d 
quadratic equation without reſolving it. 


109. If all the terms of a quadratic equation be 
thrown on one fide of the equation, ſo as to be made 
equal to nothing; and if the term wherein xx, the 
ſquare of the unknown quantity is concerned, be 
made the firſt, that wherein x, the ſimple power is 
concerned, be made the ſecond, and the abſolute 
term, as it is called, be made the third; the number 
of affirmative and negative roots in ſuch an equation 
may be ound by the following rule, to wit, As often 
as the figns are changed in paſſing through all the terms 
from the firſt to the laſt, of ſo many affirmative roots 
will the equation conſiſt , but as often as the figns are 
the ſame, ſo many negative roots will be found in the 
equation. This is true in all equations whatever, 
though at preſent we ſhall only demonſtrate it in the 
caſe of a quadratic equation : but firſt we ſhall give 
the following explication of the rule. 

CASE TI. 

Let the equation be axx—bx+c=0. Here there 

are two changes in paſſing through the terms from 


the firit to the laſt, to wit, from +axx to —bx, and 
from 


war's mY W a WW 0» WW >. 
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from —bx to +c ; therefore the roots of this equa- 
tion are both affirmative. . | 


CA . 


Let the equation be axx—bx—c=0, Here from 
+a:x to —bx is one change, and from —bx to —c 
is none ; therefore this equation conſiſts of an affir- 
mative and a negative root. 


4 1 . 


Let the equation be axx+bx—c=o. Here in paſ- 
ſing from ax x to +bx, there is no change of ſign, 


but in paſſing from +bx to —c there is a change; 
therefore this equation alſo conſiſts of an affirmative 
and a negative root. | | 
of i & wp * 
Laſtly, let the equation be axx+bx+c=0. Here 
there are no changes, and conſequently the roots of 


this equation are both negative. All theſe caſes I 
ſhall demonſtrate in the tollowing manner. | 


CASES, 
Let the equation be axx—bx+c=0, or axx=bx—c. 


Here the product of the two roots is -- by the laſt 


article, that is, the product of the two roots is an 
affirmative quantity, and therefore thoſe roots muit 
either be both affirmative or both negative; but they 
cannot be both negative, becauſe their ſum 25 by 


the ſame article; therefore they muſt both be affir- 
mative. 


— 


E31 . 
Let the equation be axx—bx—c=0, or axx=bx+c: 
Here the product of the two roots is — — and con- 
5 ſequent!y 
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ſequently thoſe roots mult be of different kinds, one 
affirmative and the other negative; and becauſe their 


b 
ſum, + 7 is an affirmative quantity, it is an argu- 


ment that the greater root is affirmative, 
44 9. 


Let the equation be axx+bx—c=0, or a & 
. +c. Here again the product of the two roots is 
— 3 which argues one root to be affirmative and the 


4 
other negative; and becauſe their ſum . is a ne- 


gative quantity, it is an indication that of theſe two 
roots, the greater is the negative one. 


Ca 8-4: 


Laſtly, let the equation be axx+bx+c=0, or axx 
=—bx—. Here the product ef the two roots is 


+ = an affirmative quantity ; therefore the roots are 


a : 
either both affirmative or both negative ; but they 
cannot be both affirmative, becauſe their ſum = 18 


negative; therefore they muſt both be negative. 


Impoſſible roots excluded cut of the foregoing rule. 
The rule here given for determining the number 


of affirmative and negative roots relates only to poſ- 
fible roots; for impoſſible ones cannot be ſaid to be- 
long to any claſs, either of affirmatives or negatives; 
nay ſo capricious are they in this reſpect, that in one 
and the ſame equation, the very fame impoſſible rgots 
ſhall ſometimes appear under one form, and ſome- 

times under the other : as for example, this equation 
xx+3=0 may be flled 1 up two ways without affect- 


ing, 


4 


Art. 109, 110. Quadratic Equations. 193 


ing either the equation or it's roots; to wit, either 
thus, xx—o0x+3=0, the roots of which equation 
according to the foregoing rule are both affirmative ; 
or thus, xx+0x+3=0, the roots of which equation, 
though it be the fame with the other, and differs only 
in form, are both negative: the reaſon of this abſur- 
dity is, that the two roots of the equation xx+3=0 
are impoſſible, and occaſioned this contuſion by put- 
ting on one ſhape in one equation, and another ſha 

in the other: this will further appear from the reſo- 
lution ; for it xx+3=0, we have xx=—3, and x=+ 
23, or-, which are both impoſſible quantities. 
Again, the equation x*—3=0 may be filled up va- 
rious ways; as thus, x*—ox*+ox—3=0, in which 
equation, according to the foregoing rule, there are 
three affirmative roots; or thus, x*—ox*—ox—3=0, 
in which equation there is but one affirmative root 
and two negative ones : hence an experienced Anal 

would immediately conclude (as is really the caſe) 
that two of the roots of the equation x*—3=0 were 
impoſſible, and that they ſtood for affirmative quan- 


tities in the former way of putting the equation, and 


for negative ones in the latter. I his will further ap- 
pear, when we come to treat of cubic equations. 


Of biquadratics, and other equations in the form of 


quadratics. 


1 10. Thus much for the reſolution, nature, and 
properties of a quadratic equation: I ſhall only add 
an example or two more of other equations that ſome- 
times put on the form of quadratics, and have done. 

ExXAMPLE 12. 


1600 


Let the equation to be reſolved be, —— + xx= 


116; therefore 1600+x*=116xx; therefore x*= 
116x—1600. This equation is, properly ſpeaking, 
|; | N a bi- 
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a biquadratic, that is, an equation wherein the fourth 
power of the unknown quantity is concerned: now 
as every poſſible quadratic equation has two roots, 
which will equally anfwer the conditton thereof, fo 
a cubic equation, that is, an equation that riſes to the 
third power of the unknown quantity may have three 
ſuch roots, a biquadratic four, &c : but the equa- 
tion x*=1 16x x—1 600, though it be a biquadratic, 
and admits of four roots, yet it is in the form of a 
quadratic, if we conſider xx as the unknown quan- 
tity ; in which caſe “ muſt be looked upon as the 
ſquare of the unknown quantity, and the equation 
mult be reterred to the general one in art. 103, thus; 
A=1, B=116, C=—1600, BB=13456, 4AC=— 
3 B—s 
. | 
therefore in this equation, xx, or 16: now if 
xxX=100, we ſhall have x=+ or —10; if x*=16, 
we ſhall have x= + or -; therefore the four roots 
of this biquadratic equation are, +10, —10, +4 
and —4 : but though in this equation x has four 
ſignifications, xx has but two, viz. 100 and 16, 
either of which being ſubſtituted inſtead of xx in the 
original equation, will anſwer that equality, as may 
eaſily be tryed. 

N. B. Whenever of the four roors of a biquadratic 
equation any two are equal and contrary to the other 
two, the equation will be in form of a quadratic, and 
may be reſolved accordingly. 


EXAMPLE 13. 


6400, $5=7056, s=84, 216; 


Let the equation be 2 — 85 : here we have 
5676—x*=55xx, and x*+55xx=576, and xt=—55x* 
+576 ; theretore according to the general equation 
in art. 103, A;, B=—55, C=576, BB=3025, 


4AC=2 304, $5=5329, 5=72, 7222 


— <———— 


T7 IE 
be 3: 


—_— wel. 
* 


| SOT SY Tanndgoe = 
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64 therefore in this equation, xx=+9 or —64 : if 
xx=+9, x or —3 3, if xx=—64, x will be equal 


to 4 —b64, or —Y/ —064, both which values are im- 
poſſible ; ſo that in this equation x has but two values, 
+ or —3, the other two being impoſſible; and xx 
has two values, to wit, +9 and —64, which are 
both poſſible, and which being ſubſtituted inſtead of 
xx into the original equation, will anſwer that equa- 
lity. From this example it is eaſy to fee, that a bi- 
quadratic equation may have four roots, and never 
can have more; yet it may ſometimes have fewer, 
upon the account of ſome of it's roots becoming im- 
poſſible z nay inſtances might eaſily be given wherein 
all the roots of a biquadratic equation are impoſſible. 

If any one difapproves of the reſolutions here given, 
he may perhaps reliſh the following better: let the 
equation be Ax*=Bx*+C; here putting 2 for xx, 
and conſequently zz for x*, the equation will be 
changed into this common quadratic, Azz=Bz+C; 
which being reſolved, ⁊ or xx, and conſequently x it- 
ſelf will be known : ſuppoſe the equation to be Ax*= 
Bx*+C; here putting z for *, the equation will be 
changed into a quadratic, as before, to wit, Azz= 
Bz+C, the reſolution whereof will give z or x, and 
conſequently x by an extraction of the cube root : 
laſtly, let the equation be Ax=Bxv x+C; here put- 
ting. 22 for x, and 2 for x, the equation will be 
AzEz=Bz+C, as before; whence z, and conſequently 
zz or x will be known. 


The ſolution of fume problems producing quadratic 
| equations. 9 | 


PROBLEM 69. 


111. 1t is required to divide the number 60 into two 
ſuch parts, that the produf# of their inultiplication 


may amount to 864. 
| N22 3 — {4 


— 
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SOLUTION. 


Put x for one of the parts; then will the other 
part be 60—x, and the product of their multiplica- 
tion will be 60x—xx; whence the equation will be 
6ox—xx=864; therefore xx+864=6ox, and xx 
60x—864 : this equation compared with the general 
one in art. 103, gives A=1, B= 60, C=—864, 


BB=3600, 4AC=— 3456, 5$5=144, 12, 2 
236, 6 —=24 z therefore the parts ſought are 


24 and 36; which upon tryal will anſwer the condi- 
tions of the problem. 


Obfercations upon the furegoing problem. 
by OBSERVATION ift. 


In this problem we may clearly ſee the neceſſity of 
the unknown quantity's having ſometimes two diſtinct 
values in one and the ſame equation: for here, if I 
put x for the greater part of 60, the Jels will be 60 
x, and the equation will be 60z—xx=864 : ſup- 
pole now I put x for the leſs part; then the greater 
will be 60—x, and the equation will ſtill be 60x—xx 
=864; therefore, whether x be put for the greater 
or the leſs part, we ſtill fall into the fame equation 
box—xx=864 ; 'whence I inter, that this equation 
muſt either give us both the parts ſought, or neither; 
ſince no reaton can be ſhewn why it-ſhould give us 
one part rather than the other, | 


OBSERVATION 2d. 


Hence alſo we ſee the neceflity ſometimes of im- 
poſſible roots, to wit, when the caſes of problems to 
be ſolved by them become impoſſible : as tor inſtance, 
if any number, as 60, be divided into two parts, the 
nearer the two parts approach towards an equality, 

the 
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the greater will be the product of their multiplica- 


tion; and therefore it the parts be equal, the product 


will be the greateſt poſſible : thus it the parts be 24 
and 36, the product will be 864; if they be 25 and 
35, the product will be 875; if 30 and 3o, the 
product will be goo, which will be the greateſt poſ- 
ſible : let us now for once put an impoſſible cafe, and 
let it be required to divide the number 60 into two 
ſuch parts that the product of their multiplication may 
amount to 901; here the equation will be 60x—xx 
Sor; which being reſolved according to art. 103, 
gives x = 25 or . . — but theſe values 
of x may be reduced to more ſimple terms thus; 


—4=—1Xx-+4 therefore / — 2 — X +4=v _ 


—4 e, 0 


=V—1; but —=30; there- 


X2; therefore 


fore the two parts ſought are 30+/—1, and 30— 
Ei, both which are impoſſible upon the account of 


the impoſſibility of /—1 ; and yet theſe two parts 


abſtractedly conſidered will anſwer the conditions of 


the problem; for if /—1 be made equal to 5, the 
two parts will be zo, and 30— whote ſum is 60, 
and the product of whoſe multiplication is go9—ss , 
but if t, we ſhall have 5:=—1, and —$55= 


- +1, and goo —55=901 ; therefore the product of 


the two parts, 30+/—1, and 30—v/—1, amount 
to 901, as was required. | 


OBSERVATION zd. 


Laſtly, we here alfo fee the neceſſity of both the 
roots of a quadratic 3 becoming impoſſible at 
once. Two impoſſi quantities added together, 


„ 


may ſometimes make a poſſible one, becauic one 


quantity may be as much impoſſible one way as the 
_ #, other 
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other is the contrary way: thus the two impoſſible 
quantities 30+ i and 30—v/—1 being added to- 
gether 1 make (o, the impoſſible ſurds +/—1 and 


Ei deſtroying one another; but a poſſible and 
an impoſſible quantity when added together can never 
make a poſſible one; and therefore the two parts of 


60 in this problem muſt either be both poſſible, or 
both impoſlible. 


ProBLEM 70. 


112. There arc three numbers in continual proportion, 


whereof the middle term is fixty, and the ſum of the 


extremes one hunared twentyfive : What are the ex- 
tremes 


SOLUTION. 


For the extremes put x and 125—x, and you will 
have this proportion; x is to 60 as 60 is to 125—x, 
whence by multiplying extremes and means, you 
have this equation, 125x—xx=3600, or xx+3600 
=125X, or x*=125x—3600 : here then A=1, B= 
125, C=—3600, BB=1 5625, 4AC=—14400, $5= 


1225, $=35, = =80, = Ag, therefore in this 


equation, xX=45, or 80; but x repreſents either ex- 
treme, becauſe, which extreme ſoever x is put for, 
the other will be 125—x, and the fame equation will 
ariſe, to wit, 12 5x—xx==3600; therefore the two ex- 
tremes are 45 and 80; and they will anſwer the con- 
ditions of the problem; for 45 is to 60 as 4+ is to 54, 
that is, as 3 to 4; and 60 is to 80 as 23 is to 22, 
which is alſo as 3 to 4. 


PROBLEM 7T. 


113. It is required, having given the ſum or the diffe- 
rence of two numbers, together with the ſum of their 
Hquares, to And the . 


 SoLvu- 


—"_— wey "» Wy way Vv 
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SOLUTION. 


Caſe 1/. Let the ſum of the numbers ſought be 
28, and the ſum of their ſquares 400 ; then putting 


x and 28—sx for the two numbers ſought, the ſquare 


of the former will be xx, the ſquare of the latter 
784—56x+xx, and the ſum of their ſquares 2xx— 
56x+784=400; and the fame equation will ariſe, 
whether x be made to ſtand for one number or the 
other ; therefore the two values of x in this equation 
will be the two numbers ſought ; but if 2xx—56x+ 
784=400, we ſhall have 2xzx—56x=—384 ; divide 
the whole by 2 for a more ſimple equation, and you 
will have xx—28x=—192 ; and xx=28x—192 3 


which equation being refolved according to art. 103, 


gives X=12, or 16; therefore 12 and 16 are the two 
numbers ſought. 

Caſe 24. Let now the difference of two numbers 
be given, ſuppoſe 4, and let the ſum of their ſquares 
be 400, as before; then purting x for the leſs num- 
ber, and x+4 for the greater, the ſum of their ſquares 
will be 2xx+8x++16=400; whence 2xx+8x=384, 
xx+4x=192, xx+4x+4=196, x+2=+14, #=+12 
or —:6; now it cannot be ſuppoſed that +12 and 
— 16 are the two numbers required in the problem, 
for their difference is 30, not 4; neither ought it to 
be expected ; for when x was put for the leſs num- 
ber, and x+4 for the greater, the equation was 2xx+ 
8x+16=400 ; but if x be put for the greater num- 
ber, and conſequently x—4 for the leſs, the equation 
will be 2xx—8x+16=400, different from the for- 
mer; ſince then a different equation ariſes according 
as x is put for the greater or leſs number, it cannot 
be expected that one and the ſame equation ſhould 
give both: the true ſtate of the caſe is this; there are 
two pairs of numbers which will equally ſolve this 
queſtion, and the equation 2xx+8x+16=400 gives 
the leſſer number of each pair; for if we make x=12, 

| | N 4 | and 
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and x+4=16, the numbers 12 and 16 will ſolve 
the problem; on the other hand, if we make x=—16, 
we {hall have x+4=—12, and the numbers —16 and 
—12 will equally ſolve the problem; for their dif- 
ference is +4, and the fum of their ſquares +400 : 
here then we may obſerve, that affirmative and nega- 
tive ſolutions of problems are of equal eſtimation 
in the nature of things, though perhaps not amongſt 
men, the narrowneſs of our minds contracting our 
views ; but truth does juſtice alike to all: certainly 
negative numbers differ no more from affirmative ones, 
than affirmative ones do from one ancther, which 1s 
in degree, not in kind ; and therefore in the nature 
of things, negative quantities ought no more to be 
excluded out of the ſcale of number, than affirma- 
five ones, though in common life they are ſet aſide. 


PROBLEM 72. 


114, What two numbers are thoſe, whoſe ſum is ſeven- 
teen, and the ſum of their cubes one thouſand three 
hundred forty three ? 


SOLUTION. 


For the two numbers ſought put x and iy, and 
the cube of the former will be xxx, and the cube of 
the latter 491 3—867x+51xx—xxX, as appears trom 
the following computation: 

17—* 
I7—x 


28 9—1 — 
—17x 


289=—34x+x x 
I7—x 
4913=—578x+1 xxx 
—289x+ 34xx 


49 13—867x+51 — 
Therefore 
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Therefore the ſum of theſe two cubes will be 51xx— 
$67x+4913=1343, and the equation will be the 
ſame, whichſocver of the two numbers fought æ& is 
made to ſtand for; but if 51xx—867x+49!13=1343, 
we ſhall have 51*xx—867x=—3570; divide the 
whole by 51, which though not neceilary, is how- 
ever convenient, to render the equation more ſimple, 
ſince it may be done without fractions, and you will 
have, xX—17*#=—70; which being reduced as in 
art. 103, gives x=7, Or 10; therelore 7 and 10 are 
the two numbers fought. 


PROBLEM 73. 


115. Let there be à ſquare whoſe ſide is à hundred and 
ten inches; it is required to aſſign the length and 
breadth of a rectangled parallelagram or long ſquare, 
whoſe perimeter ſhall be greater than that of the ſquare 
by four inches, but <cheſe area ſhall be leſs than the 
area of the ſquare by four ſquare inches, 

N. B. By the perimeter ot a plain Are is meant 
the length of a line that will encompaſs it round; ſo 
that the perimeter of a ſquare is equal to four times 
it's ſide; and the perimeter of a rectangled paralle- 
logram is equal to twice it's length and twice it's 
breadth added together. 


SOLUTION. 


Since the ſide of the given ſquare is 110 inches, 
it's area will be 12100 ſquare inches; therefore the 
arca of the parallelogram ſought will be 12096 ſquare 
inches : again, the perimeter of the given ſquare is 
440 inches; therefore the perimeter of the parallelo- 
gram ſought mult be 444 inches; therefore halt it's 
perimeter, or it's length and breadth added together 
muſt be 222 inches; therefore, if either the length 
or breadth be called x, the other will be 222—x, and 
the area will be 222x—xx=12096;z which equation 
refolved according to art. 103, will give z=96, or 
126; therefore the breadth of the parallelogram 


ſought 
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ſought mult be 96 inches, and the length 126 inches: 
and theſe numbers will anſwer the conditions of the 
queſtion ; for twice the length will be 252, twice the 
breadth 192, and the whole perimeter 444 ; more- 
over 12696, or the area will be 12096, as the 


requires. 
SCHOLI1IU u. 


This problem ſhews how groſly they are miſtaken 
who think to eſtimate the areas or magnitudes of plain 
figures by their perimeters, as it ſuch figures were 
greater or leſs in proportion as their perimeters were 
io; whereas here we fee, that the perimeter of one 
figure may be greater than that of another by four 
inches, and at the ſame time it's area may be lets than 
the area of that other by four ſquare inches. This 
error, it is true, does not obtain but in low and vul- 
gar minds, nor there neither any longer than whileſt 
it continues to be a matter of mere ſpeculation, and 
truth and falſhood are equally indifferent to them : 
for whenever men come to apply their notions, and 
find it their intereſt not to be miſtaken, then it is, and 
frequently not till then, that they begin to look about 
them, correct their errors, and entertain more juſt 
and accurate notions of things. The greateſt part of 
mankind have a natural averſion to abſtract think- 
ing, and where their intereſt is not concerned, will 
rather ſubmit their opinions to humour, caprice and 
cuſtom, or be content to be without any opinions at 
all, than they will examine ſtrictly into the nature of 


PROBLEM 74. 


116. One buys a certain number of oxen for eighty 
guineas ; where it muſt be obſerved, that if he had 
bought four more for the ſame money, they would have 
come to him a guinea apiece cheaper : What was the 
number of oxen ? 


SO Lu- 
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SOLUTION, 


For the number of oxen put x; then to find the 
price of a ſingle ox, ſay, if x oxen coſt 80 guineas, 
what will one ox coſt ? and the anſwer is — ; and for 
the fame reaſon, if he had bought 4 om. that is, 
x+4 for the * money, the price of an ox would 


have been 7 ; but according to the problem, the 


latter price is leſs than the former by one guinea ; 


80 80 
whence we have this equation, _ I = ——; there- 


& ＋4 
80x 
* therefore d x +x or 320 


+76x—xx=80x; therefore xx+80x= 76x +320; 
therefore xx =—4x+ 320. Here then A=1, B=—4, 
C=320, BB=16, 4AC=1280, 552 1296, 5= 
B+5s B—s | 

» =16, A =—20 therefore x= +16, or 


—20 ; therefore the number of oxen was 16, the ne- 
gative root —20- having no place in this problem ; ; 
and this number 16 anſwers the condition of the 
blem; for if 16 oxen coſt 80 guineas, one will coſt 
5 guincas; but if 20 oxen coſt 80 guineas, one will 
colt 4 guineas. 


fore 8600—x= 


16 or —20, not becauſe the number —20 would 
ſolve the problem, but becauſe it would ſolve the 
equation; for it 2 make x=—20, we ſhall have 
80 


==. and 2. 53 on the other ſide we 


all ha — 16, 1888 therefore 
ſh ve x +4=—16, an px 5 ; 


PP ˙ (ccc 


have paid; and for the ſame SD. 
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if x be made equal to —20, we ſhall have 215 


= becauſe both ſides are equal to —5 ; and ſo in 


all other caſes we ſhall always find, chat the ſeveral 
roots of an equation will be ſuch as will equally folve 
that equation, though 'perhaps' they may not be 
equally proper to ſolve 6c problem from whence the 
> pat was deduced : but of this more in another 
place. | 


PROBLEM 75. 


117. A certain company at a tavern had a reckoning of 
feven pounds four ſhillings to pay; upon which two of 
the company ſneaking off, obliged the reſt ta pay one 


ſhilling apiece more than they ſhould have done: What 
was the number of perſons ? 


SOLUTION. 


For the number of perſons put x ; then to find the 
number of ſhillings every man ſhould have paid, ſay, 
if x perſons were to have paid 144 ſhillings, what muſt 


one man have paid ? and the anſwer is —> ; there- 


fore —- 144; is the number of ſhillings . man ſhould 


* 


is the num- 


X—2 | 

ber of ſhillings every man did pay ; but according to 
the problem, this latter reckoning 1s greater than the 
former by one ſhilling ; whence the equation will be 


E+1= == ; therefore 144 +x= — 


X—2 — 


z therefore 


x—2X144+x, or xx +142x—288=144x; therefore 
xx—288=2x; therefore xx =2x +288. Here then 
, B=2, C=288, BB=4, 4AC=1152, $5=1156, 


$234» 
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EE. EET. ... ei 7 

S= 34, -Y 25; ==, therefore x= +18, 

or —16; but negative roots have no place in this ſort 


of problems; ; therefore the number of N Was 


18, which anſwers the condition ; for — Tx. and 


144 
16 _ 
ProBLEM 76. 


118. JWhat number is that, which being added to it's 
ſquare root will make two hundred and ten? 


SOLUTION. 


For the number fought put xx; then will i it's ſquare 
root be x, and the equation will be xx +x=210, or 
xx=—x+210; where A=1i, B=—1, C=210, 


BB=1, 4AC=840, 5s5=841, $=29, = 14. 
— 2-15; therefore x= +14, or — 15 there- 
fore xx or the number ſought, equals 196 or 225, 
ſuppoſing the ſquare root of 22 5 to be —1;5, and 
either of theſe two numbers will anſwer the condition; 
for 196+ 14 =210, and 225—15=210. 


PROBLEM 77. 


119. What twa numbers are thoſe, the product of cuboſe 
multiplication is one hundred ninety two, and the ſum 
of whoſe ſquares is fix hundred and forty ? 


SOLUTION. 


For the two numbers ſought put x and — then will 


the ſquare of the furmer be xx, and that of the latter 


364 3686 
Sores and the ſum of their ſquares will bexx += L 


X * 


3 


—— — 
\ 10 1 - 


"4, 


therefore x= 


206 The Solution of Problems. Book III. 
=640; which equation will be the ſame, whichſoevet 
of the two numbers ſought x is made to ſtand for; 
86 
but 1 =o =640, we ſhall have x*+ 36864 = 
640xx ; and x*=640x*—36864 : here then A=1, 
=640, C=— 36864, BB=409600, 4AC=— 
147456, 442262144, S=512, 2+" =576, = 
=64; therefore xx=576, or 64; therefore x= + 
or —24, or + or —$; therefore the two numbers 
ſoughr are 8 and 24. 


PROBLEM 78. 


120. One lays out a certain ſum of money in goods, 
which he ſold again for twenty four pounds, and 
gained as much per cent as the goods coſt him : I de- 
mand what they coſt him. 

N. B. One's gain per cent is ſo much as he gains, 
every hundred pounds he lays out ; or if he does not 
lay out ſo much as a hundred pounds, his gain per 
cent however, is ſo much as he would have gained if 
he had laid out a hundred pounds with the fame ad- 
vantage : thus if he lays out 20 pounds and gains 2 
unds, he is faid to make 10 per cent of his money, 
auſe 20 pounds is to 2 pounds as 100 pounds is 
to 10 pounds. 


SoOLUTI1ON. 


Put x for the money laid out, and the gain will be 
24—; ſay then by the golden rule, it in laying out 
x he gained 24—x, what would he have gained if he 
had laid out 100 pounds to the ſame advantage? and 

2 400—1 00x 


theanſwerwill be, therefore . 


* 
will be his gain per cent; but according to the pro- 
blem, this gain is equal to x, the money laid out; 


2400 - loox 
„ and xx = 2400 — loox: 


hers 


ENCE — — . 


8 FLY 73 I —̃ 5. „22 % 
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here then A=1, B=—100, C=2400, BB= 10000, 


B+s B—s 
4AC=9600, 55=19600, = 140, 7 2 7 


=—120; therefore the money laid out was 20 pounds; 
therefore his gain per 20 was 4 pounds; therefore his 
gain per cent was 20 pounds, equal to the money laid 
our. 

PROBLEM 79. 


i21. One lays out thirty three pounds fifteen ſhillings in 
cloth, which he ſold again for forty eight ſhillings per 
piece, and gained as much in the whole as a fingle 
piece coſt : I demand how be bought in bis cloth per 
prece. 
SOLUTION, 


Put x for the number of ſhillings every ſingle piece 
was bought for, and the gain per piece will be 48—x; 
ſay then by the rule of proportion, if in laying out x 
he gained 48—x, what did he gain in laying out 33 
pounds 1 5 ſhillings, or 675 ſhillings ? and the anſwer 
will be — therefore 22. — will be 


his whole gain; but according to the problem, the 
whole gain was equal toæ, the money given for a ſingle 


100—6 | 
— + af therefore xx= 
32400—675x; therefore A=1, B=—675, C=32400, 


piece ; therefore x= 


BB=455625, 4A4C=129600, $5=585225, 765, 


3＋ B— 
1 21 
720; therefore the money every ſingle piece was bought 
for, was 45 ſhillings, and the gain per piece was 3 
ſhillings ; bur if 45 ſhillings gains 3 ſhillings, 33 
pounds 1; ſhillings, or 675 ſhillings, will gain 45 
ſhillings; therefore the whole gain was 45 ſhillings, 
equal to the money given tor à iingle piece. 


=—720; therefore x= +45, or — 


N. J. 
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N. B. It is not impoſſible but that ſometimes two 
different problems may produce one and the fame 
equation, and then the equation mult provide equally 
for both: therefore in ſuch a caſe, though the equa- 
tion has two roots, and both affirmative, yet it muſt 
not be expected that both roots ſhould equally ſerve 
for the ſolution of one problem, and that there ſhould 
be no ſolution lett for the other; we ought rather to 
conclude, whenever an equation gives two roots, and 
both affirmative, whereot one only will ſolve the 
problem that produced the equation, we ought, I 
ſay, rather to conclude, that the other root is tor the 
ſolution of ſome other problem producing the ſame 
equation; a curious inſtance whereot we have in the 
two following problems. 


PROBLEM 80. 


122. Two travellers A and B, ſet out from two places 
C and D at the ſame time, A from C bound fer D, 
and B hem D beund for C; when they met and bad 
computed their travels, it was found, that A had 
travelled thirty miles more than B, and that at their 
rate of travelling, A expected to reachD in four days, 
and B to reach C in nine days: I demand the diſtance 
between the bes places C and D. 


SOLUTION. 


Pur * for the number of miles between C and D; 
then it is plain that A and B both together had travel- 
led x miles when they met; therefore as much as the 


miles travclicd by excecdec! _ juſt ſo much did the 


miles travelled by B come ſhort of =; but by the ſup- 


poſition, A's miles exceeded thoſe of B by 30; there- 
hu 30 


tore A muſt have.travellecl + 15 or 


miles; 
and 


— 


e ROWE d 


1 AR oo oo as. A. 2X mx du aCyg AX a. a=. 
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* — 30 
2 


and B muſt have travelled - —15 Or miles; 


therefore the remaining part of A's journey is 


miles, which he expects to periorm in four 


days, and the remaining part of B's journey is 
x + 30 


miles, which he expects to perform in 9g 


days: theſe things being allowed, ler us now enquire 
into the number of days each hath travelled already; 


and firſt for A ſay, if A expects to travel 3 


miles in 4 days, in how many days did he travel 


Xx ＋30 
TEL M2 4c+70 
miles? and the anſwer is = ===; 
2 _ 3 3,—30 
2 
30 

then for B ſay, if B expects to travel © miles in 

x — 30 


2 days, in how many days did he travel! 
; 2 


f x — 30 
miles? and the anſwer is 2 — ; therefore 4 
x—+ 30 


hack travelled EXLE32 days, and B 2 
X— 30 x + 30 


days from the time of their firſt ſetting out; but as 
they botn ſet out at the fame time, aud are now met, 
they muſt both have travelled the fame number of 


4 XX +3. L multiply 

X— 33 xX+3O 

both ſides of the equation into x — 30, and you will 

g * = 30 Xx—30 
x + 30 

tiply by x + 30, and you will have 4X x + 30 X 

O | x + 30 


x. — © 


days; therefore 


have 4X x + 30 ; again mul- 


210 The Solution of Problems Boox III. 


x +39=9Xx—30X x— 30; extract the ſquare 
root of both ſides, and you will have + 2 x x + 30 


= +3 X x — 30: this general equation reſolves itſelf 
into four particular ones, viz. 


iſt, +2Xx+30= +3XXx#=— 30. 
2d, +2XxXx+;0=—3XxXx— 30. 
zd, —2Xx+30=+3Xx=—30. 
4th, —2Xx+39==—3Xx=— 30. 


But as the two laſt of theſe equations give but 
the ſame values as the two former, I ſhall only make 
uſe of the two former, thus; 


it, Suppole +2 x x+30 = + 3 X x—30, then 
we ſhall have 2x +60=3x—90, and x=1 50. 

2dly, Suppole + 2X *+30 =- 3 X x — 30, then 
we ſhall have 2x+ bo=—3x +90, and x=6; there- 
fore the diſtance between the two places C and D muſt 
either he 150 miles, or 6 miles; but 6 miles it can- 
not be, becaute when 4 came up to B, he had tra- 
velled 3o miles more than B, and had not yet reached 
D; theretore the diſtance between the cwo places C 
and D muſt be 150 miles; which will ſatisfy the 
problem; tor then A muſt have travelled 75+15, 
or go miles, and B 75—15 or 60 miles, from the 
time of their ſetting our; theretore A has 60 miles, 
and B 9o to travel; but if 4 could travel 60 miles 
in 4 days, he muſt, at the fame rate, have travell-d 
go miles in 6 days, and if B could travel go miles in 
9 days, he muſt have travelled 60 miles alſo in 6 
days; therefore they both travelled the ſame number 
of days trom the time of their firſt ſetting out to 
the time of their meeting, as the problem requires. 


PaOBL@Et 81. 
123. Tro tradellers A and B, ſet out from two places 
en D af tre ſame lime; A frem Ciba defien to 
Cena Dal tre, ; '8 
Pa 
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paſs through D, and B from D with 2 defien to 
travel the jame way : after A had overtæten B, and 
they had computed their travels, it was found, 
that they had both together trav lied thirty miles, that 
A had paſſed through D four das before, and that B 
at his rate of travelling, was a nine days journey 
diſtant from C : I demand the dijtance between the 
two places C and D. 


$oivrions 


Put x for the number of miles from C to D; then 
it is plain, that A muſt have travelled more miles 
than B by x; but they both together travelled zo 
miles, by the ſuppoſition ; therefore as much as 4's 
miles exceeded 15, jult ſo much B's miles come ſhort 
of 15; but the whole difference was x, as above; 


therefore 4 muſt have travelled 15+>0r IS 
miles, and B muſt have travelled 5 een K 


miles; therefore A's diſtance from D, after he had 


overtaken B, was 32< . = miles, which he had tra- 


velled in 4 days, and B's diſtance from C was 


= - - miles, which by the problem he could travel 
in 9 days; therefore to find how many days each 


had travelled already, ſay, if A hath travelled 


: — miles from D in 4 days, in how many days 
did he travel —.— miles ſince his departure from 
O+x 
* 2 
C? and the anſwer is —— 2 3 again 
30 — X 30—4 
* | 


O 2 ſay, 
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ſay, it B could travel : — 2 


miles, the whole diſtance 
from C, in g days, in how many Cays did he travel 


30— & 


n miles ſince his ſetting out from D? and tho 


209-7, but as they both ſet out at the 
39+x 

ſame time, and A has now overtaken B, they muſt 

both have traveiled the iame nutnber of days; there- 


MPT IENST., 
30x — 30 r- T 
multiply both ſides into 30—æ, and you will have 


. Gy again, multiply 


by 30 x, and you will have 4X 30+x x 30+x 
= * ZO—Xx X Zu—x 3 but the product of 30 - x 
30—x differs nothing from the product of X— 3OX 
xX—30, as will appear upon tryal, and will be fur- 


ther evident from hence, that „& and x— 30 dif- 
fer no more from one another than an affirmative 
quaatity does trom an equal negative one, and there- 
fore each multiplied into itſelt muſt give the fame 
product; theretore the equation as it now ſtands is, 


4XX+30 XX+39-=Z 9X X— OX #— 30 3 but this 
equation is the ſame with the equation deduced trom 
the laſt problem, which juſtifies what I obierved be- 
fore, art. 121, that diff? rent problems may produce 
the ſame equation; therefore the two roots ot this equa- 
tion will be 6 and 1 30, as inthe laſt article; therefore the 
diſtance between the two places C and D muſt either 
be 6 miles, or 150 miles; but 150 miles it cannot be, 
becauſe, after A had paſſed from C beyond D, and at 
laſt had overtaken B, they had both travelled but 30 


miles ; 


anſwer is 


fore e have this equation, 


4X 30 ＋ 


| 
| 


| 
| 
| 
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miles; therefore the aiitaucetrom Cro Cinuy be 6 mites; 
and this numoer will aatwer tne conditions of the 

blem; for then A, when he had overtaken B, had 
traveil:4 15-+3 or 18 mules, and B 15—3 or 12 
miies; th-retore A had got 12 miles beyond O in 4 
days time, and B was 18 miics diitant from C, which 
he could travel in ꝙ days; but at the rate of 12 miles 


in 4 days, A mult have performed his 18 miles jour- 


ney in © days; and at the rate of 18 miles in 9 days, 
B mutt have pertormed his 12 miles journey alſo in 
6 days; thereiore from the time ot their firit ſetting 
our to the ume of 4's overtakiag B, they had both 
travelled the fame number ot days, as the problem 
requires; therefore the ſuppoſition whereupon this cal- 
culation was founded, to wit, that the diſtance of C 
from D was 6 miles, is juſt. 

N. B. The ſolutions here given of the two laſt 
problems, are, in my opinion, the molt natural, 
though ſome what different trom the reſt. 


A LE MM A. 


124. The ſum of a ſeries of quantities in arithmetical 
progreſſion may be had, by adding the greateſt and leaſt 
terms together, and then multiplying either ha'f that 


ſum by the whole number of terms, or the whole ſum by 


half the number of terms, or lajtly, by muitiplying the 
whole ſum into the whole number of terms and then 
taking balf the product: thus in the ſeries 2, 4, 6, 


8, IO, 12, oh the leaſt term is 2, the greateſt 12, 


their ſum 14, and the number ot terms 6; the ſum 
ot all the terms taken together will be 7X6, or 14X3, 
14 6 


=42. This will beſt appear by writing 


2 
down the ſeries 2, 4, 6, 8, 10, 12, and then by 
writing down over it the fame ſerie; inverted, 12, 10, 
8, 6, 4, 2: for it this be done, 2, the firſt term of 
the lower ſeries added to 12, the firſt term of the up- 


O 3 per 
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per ſeries, (which is the ſame as the greateſt and leaſt 
terms of the fame ſeries added together) will make 
14; in like manner every term of the lower ſeries 
added to the next above it will make 14 ; therefore 
both the ſerieſes together will be equal to 14 as often 
taken as there are terms in either Totes, that is, 6 
times 14, or 84; therefore either ſeries taken alone 
will be equal to 42. 


—— 8-4 2 
177. Ws 


34. 14: 14. 14. 34: "a 


The deſign of this lemma is, to add the terms of 
a ſeries together, where only the greateſt and leaſt 
terms and the number of terms are known, or ſup- 
poſed to be known; the intermediate terms being 
either not aſſigned, or too many to be ſummed up 
by a continual addition. | | 


PROBLEM $2. 


125. A traveller, as A, ſets out from a certain place, 
and travels one mile the firſt day, two miles the ſecond 
day, three the third, four the fourth, &c; and five 
days after, another, as B, ſets out from the ſame 
place, and travels the ſame road at the rate of twelve 
miles every day: I demand how long and how far A 
muſt travel before be is overtaken by B. 


SOLUTION. 


Put x for the number of days A travelled before he 
was overtaken by B; then to find an expreſſion for 
the number of miles travelled by him in that time, 
F obferve that in three days A travelled over 1+2+3 
miles, that is, he travels over a ſeries of miles in 
arithmetical pr on, whereof the number of terms 


is 3, the greateſt term 3, and the leaft term 1; in 


four 
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four days he travels over a ſeries whercot the number 
of terms is 4, the greateſt term 4, and the leait 1; 
therefore univerlally, in any number x or days, he 
muſt travel over a ſeries of miles in arithmeticai pro- 
greſſion, whereof the nuinber of terms is x, the 
greateſt term x, and the l-ait term 1; but the ſum of 
the extremes of this ſeries is x+1, which multiplied 
by x the number of terms, gives xxx, the half 


xX 
whereof is 


therefore by the lemma foregoing, 


. will be the ſum of this ſeries, and conſequently 


2 
the miles travelled by A before he was overtaken : 
again, if A travels x days, B muit have travelled 
X days, which at the rate of 12 miles a day, gives 
12x—bo for the miles travelled by B when he over- 
took A; but as they both fer out from the tame 
place, and are now got together, they mutt have 
travelled the ſame number ot miles; whence we have 


Xx + Xx 


this equation, =12x—060; therefore xx +x= 


24x—120; therefore xx=23x—170 ; compare this 
equation with the general one in art. 103, and you 
will have A, B=23, C=—120, BB=529, 4AC 
. 5 . the 
e Saanieſentec 
fore x=8, or 15: now for the better application of 
theſe roots to rhe ſolution of this problem, it mult be 
obſerved, that the problem is more limited than the 
equation deduced from it; juſt as it, in tranſlating 
out of one language into another, the terms of the 
latter, inſtead of being adequate to thoſe of the for- 
mer, ſhould be found to be of a more extenſive ſigni- 
| fication : in the problem it is only ſuppoſed that B 
overtakes 4, whereas in the equation it is ſuppoſed 
thar 4 and B are got both together by having travelled 
the ſame number of miles from their firſt ſetting out, 
O 4 without 


=—480, $5=49, 27. 
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without ſpecifying whether this ariies from Z's over- 
taking A, or trom A's overtaking B; both which 
in this caſe mutt neceſſarily happen in the courſe of 
their travels, provided they be but continued long 
enough for that purpole : tor ſince at fuſt, B is the 
ſwifter traveller, whenever they come together, it 
muſt ariſe trom B's overtaking A, which happens 
after A has travelled 8 days; then if we ſuppole them 
ſtill to continue their travels, B paſſes by A, and con- 
tiaues beiore him for tome time; but aiter 12 days, 
A becomes the ſwitter traveller, and muſt neceſſarily 
come up to B again after he has travelicd 15 days : 
therefore though the two roots, 8 and 15, will both 
anſwer the cond.tion of the equation, yet but one of 
them, towit, 8, will anſwer the condition of the pro- 
blem; and that both ct them will anſwer the condi- 
tion of the equation, will be evident as follows. 

Ian 8 days A travels over a ſeries of miles whereof 
the number of terms is 8, the greateſt 8, and the 
leaſt 1; the ſum oi which ſeries is 36 miles; but 
when A has travelled 8 days, B muſt lave travelled 
3 days, during which time, at the rate of 12 miles a 
day, he alſo n uſt have travelled 36 miles; therefore 
after A had travelled 8 days, A and B muſt neceflarily 
find themſelves together: again, in 15 days, A mult 
have traveiled over a leries of miles, whereof the 
number of terms is 15, the greateſt 15, the leaſt 1, and 
the ſum 120 miles; but when 4 had travelled 15 
days, B muſt have travelled 10 days, which at 12 
miles a day gives alto 120 miles; theretore now again 
A and 3 muſt find themſelves together; and conſe- 
quently 8 and 15 equally anſwer the ſuppoſition con- 
tained in the equation. 
NM. B. If we ſuppoſe B after 5 days to have begun 
to follow A, and to have travelled only 10 miles a 
day, he could never have overtaken 4, nor A him, 
ſo that in this caſe, both the roots would have be- 
come impoſſible, as will be found by the reſolution 
of an equation founded upon this ſuppoſition. 

PROBLEM 
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PROBLEM 33. 


126. It is required to divide the number ten into two 
ſuch parts, that the product of their multiplication 
being added to the ſum of their ſquares, may make 
ſe ventyſix. 


SOLUTION. 


The two parts ſought, x and 10--x. 
The product oi their multiplication, 10x—xx. 
The ſum of their ſquares, 2v%—20x +100. 
The product of their multipli 
cat on added to the win of >x*—10x+100=76. 
their ſquares, 
ence x, or 6; but this equation will be the 


ſame, which part luever x is put for; theretore the 
two parts loughc are 4 and 6. 


PROBLEM B84. 


127. It is required to find two numbers with the follow- 
ing properties, to wit, that twice the firſt with three 
times the ſecond may make fixty, and moreover, that 
twice the ſquare of the firſt with three times the ſquare 
of the ſecond may make eight bundred and forty. 


SOLUTION. 
For the two numbers ſought put x and 3, and we 


| my have 


Equ. iſt, 2x ＋ 3y=60, and 
Equ. 2d, 2x*+ 33y*=840. 
From the firſt equation, 2x + 3y=60, we have 


60— 
Equ. 3d, = , and by ſquaring 
both ſides we have 
Edu. 4th, #x= — Ag2 


From the ſecond equation, 28x-+ 355=8 PA we have 
Egu. 
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$4039 

2 
Compare the two values of xx in the fourth and 
fitth equations, which muſt neceſſarily be equal one 
to the other, and you will have 3000-3007 +977 = 


| 4 
3 
. multiply both ſides into 2, by halving the 
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Equ. 5th, xx= 


denominators, and you will have — 2 +4 
=840—327y; therefore 3600—3603+073=1680— 
6yy; therefore 3600—360y+15yy=1i680; there- 
fore 15yy—360y=—1920; theretore 15yy=3503— 
1920; divide by 15 for a more ſimple equation, and 
you will have yy=24y—128 ;z; whence y=8, or 16: 
luppole y=8, then fince by the third equation x 
bo—3y 


„we ſhall have IS; ſuppoſe y=16, then 


we ſhall have x or —L =6; thereſore there are two 


pair of numbers that will equally anſwer the condi- 
tions of this problem, to wit, 18 and 8, and alſo 6 
and 16: for a proof, let us firit ſuppoſe the numbers 
to be 18 and 8; and we ſhall have twice the firſt 
number with three times the ſecond =36+24=60 ; 
and twice the ſquare of the firſt together with three 
times the ſquare of the ſecond cqual to 648 +192= 
840: ſecondly, let us ſuppoſe the numbers to be 6 
and 16; and we ſhall have twice the firſt with three 
times the ſecond equal to 12 +48=60; and twice 
the ſquare of the firſt with three times the ſquare of 
the ſecond equal to 72 +768=$40. 


PROBLEM 85. 


128. To find four numbers in continual proportion, and 
ſuch, that the ſum of the two middle terms may be 
eighteen, and that of the extremes twentyſever. 

Note, 
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Note, Four numbers are ſaid to be in continual 
proportion, when the firſt is to the ſecond as the ſe- 
cond is to the third, and the ſecond is to the third as 
the third is to the fourth. | 


SOLUTION. 


For the two middle terms put x and y, without 
intending which is to be the greater; then the ex- 
treme next to x may be found by laying, as y is to x 


; x * 
ſo is x to —, and the extreme next to y may be 
J 


found by ſaying, as x is to y ſo is y to — therefore 


I 3 
the extremes are Ku, and 22, and their ſum —2 


y x 
therefore the fundamental equations are iſt, x+y= 
3 3 

18, or x =18 — y; and 2dly, _ 8 
Y = 2x; inſtead of x in this equation put 18—y, 
it's value in the laſt, and you will have K 2 58 32— 
97235+54F—Y 3 therefore x*+y = 55832 —972y+ 
545%; you will allo have 27xy or 27zX18—y=486y 
275; therefore 5832—9723+54»y=4863—27773 
tranſpoſe 486y—27yy, and you will have 810) — 
14583y +5832=0, divide all by 81, which may be 
done without a fraction, and you will have y- 187472 
=0; which equation being reſolved, cither by the 
general theorem or any other way, gives y=6, or 12; 
and fince the equation will be the ſame, whichſoever 
of the two middle terms y ſtands for, it follows, that 
the two middle terms are 6 and 12; whence the ex- 
treme next to 6 is 3, and that next to 12 15 24; and 
the numbers are either 3, 6, 12 and 24, or 24, 12, 
5 and 3, for either way they will anſwer the condi- 
tions of the problem. | | 


 ProOBLEM 
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PROBLEM 86. 


129. There are three numbers in continual proportion, 
whoſe ſum is nineteen, and tie ſum of their jqueres 
one hundred thirtyikree : What are the numbers? 


SOLUTION. 


For the three numbers ſought put x, y and z; then 
ſince by the firſt condition, x is to) as y is to z, by 
multiplying extremes and means we have yy=xz; 
again, by the ſecond condition of the problem we 
have x +3 +2=19, and 19—y=x+2, and (ſquarirg 
both ſides) 361—38y+3x=xx+2xz+22; tubtract 
yy from one fide of the equation, and it's equal xz 
from the other, and you will have 361—383=x* + 
x2z+2*=#+)*+2*=133 by the third condition of 
the problem: having thus expunged both x and z at 
once, reſolve the equation 361—38y=133, and you 
will have y the middle term equal to 6, and 19— , 
or the ſum of the extremes =13 ; therefore the pro- 
blem propoſed is now reduced to this, viz. Of :bree 
numbers in continual proportion, whereof fix the middle 
term, and thirteen the ſum of the ex!remes are given, 
to find the extremes: this problem is of the ſame na- 
ture with that in art. 112, and being reſolved, gives 
4 and 9 for the extremes ; therefore the three num- 
bers fought are 4, 6 and 9, or 9, 6 and 4. 


PROBLEM 87. 


130. To find two numbers ſuch, that their difference 
mult:plied-into the difference of their ſquares ſhall make 
this tytwo, but their ſum multiplied into the jum of 
their ſquares ſhall make io hundred ſeventytwo. 


SOLUTION. 


For the two numbers fought put x and y; and the 
firſt fundamental equation will be Y =, or 


X—YXX—YXx+J, Or x*—2x3+)*Xx+3= 323 therefore 
qu. 


Art. 139. producing Quadratic Equations. 221 


1 9386 32 
Equ. iſt, x*—2xy+ 275 
The ſecond fundamental equation is, x+yxx*+y*= 


2723 theretore 


| 272 
Equ. 2d, x*+y*= 
qu. 2d, += — I 
From twice the ſecond equation 3 
ſubtract the ſirſt, that is, from 3 — a+y 
ſubtraſt x*—2xy+y*= 37 
7 *+7 
_ 312 
ill have x* = 
and you will have x*+2xy+y 7 


2 —— 
that is, x+y = 2 therefore x+ y =512, and 


3 
K == 512, or the cube root of 31228: thus we 
have got the fum of the two numbers ſought, to wit, 
8; whence their difference may be found by the firſt 


2 — 
equation, thus; x*—2x;+yy= — that is, x=y 


2 | 
5 =4; therefore x—y, or the difference of the 


two numbers ſought, equals 2; therefore the problem 
propoſed is now recuced to this; Having given eight 
the ſun, and two the difference of the tes numꝭ ers x and 
y. to find thoſe nungers; and by art. 26 we ſhall have 
* =, aud y=3; which numbers will anſwer the 
coaditions of the queſtion. a 
N. B. Aiter we had found x+y, the ſum of the 
numbers equal to 8, we might have found the ſum of 
their ſquares by the ſecond equation, which gave x*+ 
£22 ——27 


* = Se —=345 and then the problem would 


have been reduced to this; What two numbers are thoſe, 
do baſe ſum is eight, and the ſum of their [quares thirty - 
four? 
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four ? which would have produced a quadratic equa- 


tion, as in art. 113, whoie two roots would have been 
5 and 3, as before. 


PROBLEM 38. 


13. To find two numbers ſuch, that their difference 
added to the difference of their ſquares may make four- 
teen, and their ſum added to the ſum of their ſquares 
may make twenty fix. 


SOLUTION. 


For the two numbers ſought put x and , and you 
will have the two following equations; 
Equ. iſt, — Y Y—5¹ 14. 
Equ. 2d, x+y+x*+y*=26. 

Add theſe two equations together, and you will have 
2X X+2X=40, XX+XD=20, and x=+4, or —53 
again, ſubtract the firit equation from the ſecond, 
and you will have 2 C2) 12, yy+y=6, and y= 
+2, or —3; and as theſe two values of y were ob- 
tained without any manner of dependence upon thoſe 
of x, it is plain that either of the values of x may 
be joined with cither of the values of y; and fo we 
have no fewer than tour pairs of numbers which will 
equally ſatisfy the conditions of the equations, to wit, 
+4 and +2, +4 and —3, —; and +2, —5 and —3; 
but it is the firſt pair only, which, conſiſting of at- 
firmative numbers, is proper for the ſolution of the 
problem, thus; the difference of 4 and 2 is 2, the 
dilierence of their ſquares 12, and 2+12=14; again, 
the ſum of 4 and 2 is 6, the ſum of their ſquares 20, 
and 6+20=26: let us fee however how the other 
pairs will ſatisfy the conditions of the equations; make 
then x equal to 4, y, that is, +y=—3, and you will 
have —y=+3 ; whence xz—y=4+3=7, f—y= 
16—9g=7, aid 7+7=14; again, x+y=4—3=1, 
and * ＋ * 218 and I1+25=26: in the 
next place, make 4 —5, and y=+2, then we ſhall 

have 
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have x—y=—;5—2=—7, F—y*=25=—4=21, and 
—7 +21=14; again, #+y=—;5+2=—3, and 
x*+y*=25+4=29, and —<3+29=26: laſtly, make 
* = -g, and y=— 3, and you will have x—y=—5 
+3=—2, and x*—j*=25—9=16, and —2+16 
= 14; again, x+3=—;—2=—)8, and x*+y*=2 
＋9 = 34, and —&+34=26. 
PROBLEM 89. 
132. What two numbers are theſe, whoſe ſum, when 
added together, is equal to their product when multi- 


plied together ,, and this ſum or product, when added 
to the ſum of their ſquares, makes twelve? 


* 


SOLUTION. 


For the two numbers ſought put x and y, and the 
fundamental equations will be iſt, x+y=xy; and 
tecondly. x+y+x*+y*=12 : in the firit of theſe fun- 
damental equations, where x+y=yx, we have yx 


* Sy; but yx—x is the product of y- I xx, or of 
xXXy—1 ; therefore xxy—1 =y, and x 2, but 


— 
if inſtead of x, this value be ſubſtituted into the ſecond 
fundamental equation, the equation will rife to a bi- 
quadratic, for the reſolution whereof, no rules have 
| hitherto been given; therefore to extricate ourſelves 
out of this difficulty, it will be proper to have re- 
courle to ſome other artifice, by trying other poſitions, 
as thus; for the ſum of the two numbers ſought put 
2; then will > be alſo the product of their multipli- 


cation, by the ſuppoſition ; and ſince this product z - 


added to the ſum of their {quares gives 12, the ſum of 
their ſquares will be 12—2z; but every one knows, 


that if to the ſum of the ſquares of any two numbers 


be added their double product, there will ariſe the 
ſquare of their fam ; therefore 12—z+22, or 12-+z 
S'; which equation being reſolved, gives z=+4, 

' — i 
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Sc; and therefore the queition is now reduced to 
this; I hat two numbers are theſe, whoſe ſum is feur, 
and the pioduct of whoje multiplication i fear ? for the 
numbers fought, put + anu 4 —x, and you will have 
4Xx—xx=4 ; and changing the iigas, xx—4x=—4 3 
and compleating the tquare, xax—4x+4=0c; and 
extracting, the {quare root, x—2=>+0 ; whence x=2, 
or 2, tor the roots of this equation are equal; there- 
fore 2 and 2 are the numbers deſired in the queſtion ; 
and they will anſwer the conditions; for in the firſt 
place, 2+2=4=2X2 ; and in the next place, 4 the 
tum of 2 and 2, being added to 8, the ſum of their 
ſquares, gives 12. 


COROLLARY. 


From our firſt attempt to ſolve this problem we 
may learn thus much however, that it any number 
whatever be made equal to y, then theſe two num- 


bers y and Drin always have this property, that 


their ſum when added together will be equal to their 
product when multiplied together; thus if 3=y, and 


conſequently 2 = =, we ſhall have 372 242, 


— 

— 

and 3X; Or }=+4:5 whence it follows, that this 
pri bi in cannot be jolved in Whole numbers in any 


other Calc than tnat we have here put. 
PROBLEM 90. 


133. J bat two numbers are tl eſe, eie ſum added 
to the produit of ihr muuplhicaiton ies thirty- 
feur, cud the ſame ſum ſabtractd jrem the ſum of 
their ſquares leaves fertiyttro ? 


SOLUTION. 


Here to avoid ail q: Ficultes that would otherwiſe 
arite, put 2 tor the ſum of the fro nut bers 3 ughts 
he Provuct o, their 


muldphcation 


then luce tnis ſum addcd to 
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multiplication makes 34, the product of their multi- 
plication will be 34—2; but this ſum ⁊ ſubtracted 
from the ſum of their ſquares, leaves 42 ; therefore 
the ſum of their ſquares is 42+2z; to this add their 
double product 68—2z, and you will have 110—z 
=2* ; whence z=+10, Ec, and 24—2z=24 ; there- 
fore now the queſtion is, I hat two numbers are thoſe, 
whoſe ſum is ten, and the product of their multiplicatic 
twentyfour ? and by art. 111 the two numbers ſought 
are 4 and 6. 

Whoever would fee more queſtions of this nature, 
may conſult Bachet's comment upon the 3 3d queſtion 
of the firſt book of Drophantus's Arithmetics. 

N. B. Having now done with quadratic equations, 
at leaſt for a time, it may _— be expected, that 
according to order of method I ſhould proceed on to 
equations of higher forms : but I ſhall take the liberty 
for once to diſpence with that method; not but that I 
intend (God willing) to treat fully and diſtinctly of 
theſe equations hereafter, but in the mean time I 
think it more adviſeable tro employ the reader's 
thoughts in ſome other things, which I take to be of 
much greater importance, and more proper for his 
information. 


P TE 
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THE 


ELEMENTS or ALGEBRA. 


BO O K IV. 


Of general problems, and general theorems deduced 
from them ; together with the manner of applying, 
and demon/trating theſe theorems ſynthetically. 


The defign of this fourth book more fully explained. 


ITHERTO my young Analyſt 
has been indulged tor the moſt 
part in a fort ot mixt Algebra, 
where letters were put only for 
unknown quantities: but if he would reaſon abſtract- 
edly upon his problems, and draw general concluſions 
from them, he muſt put letters not only for his un- 
known quantities, but alſo for tuch as are known; 

and fo propoſe and ſolve his problems indefinitely. By 

this means in the firit place he will obtain indefinite 
anſwers, which in many cafes are much preferable to 
more particular ones, as they ſuit and ſolve all parti- 
cular caſes to which they are applicable; and in the 
next place he will be able to prove his work ſyntheti- 
cally ; which will not only confirm his former ana s, 
: | but 


Art. 134. 


n ai 3. a. E . a i. AE. ö 
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but wil! alto further enure and reconcile him to the 
operations of fymbolical or ſpecious Arithmetic ; and 
ſo render him entire maſter of this ſort of computa- 
tion. A ſufficieat ſpecimen of this fort of reaſoni 
both in the analytical and ſynthetical way, has al- 


ready bren given in our general theorem tor the reſo- 


lution of a quadratic equation, ſo that no more needs 
be ſaid by way of preparation; it remains therefore 
now, that we look back upon ſome of the problems 


already ſolved, and ſhew how to ſolve them over 
again in general terms, as follows. 


PROBLEM 1. (See art. 26.) 
135. What two numbers are thoſe, whoſe ſum is a, 
and difference b ? 


SoLUTION. 


Put x for the leſs number; then will the greater be 
x+-, and their ſum 2x+64=a; whence 2x=a—b6b, 


and x (the leſs number) will be — whence x4 


(the greater number) will be 2 + 6 a a—b+26 


I 2 
===; ſo the greater number is found to be 2 


a—b 


and the leſs ; Where à and þ are left undeter- 


mined till ſome particular caſe of this problem is pro- 
poſed to be compared with the general one; and 
then the quantities 4 and & will not only be determined 
in that cate, but the problem may be folved by the 
general theo! em without any further anely/is. As for 
example, ict it be propoſed, as in art. 26, to find 
two numbers whoie ſum is 48, and difference 14: 
here it is plain that 4 in the general problem anſwers 
to 48 in the particular caſe, and 5 to 14; whence 
= (or the greater number) = — Wn. =31, 


P 2 and 
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a—b —— HOY, APN 
and 


173 10 that the numbers ſought are 31 and 17; 
which will anſwer the conditions of the queſtion. 
Again, ſuppoſe we were to find two numbers whoſe 
ſum is 35, and whoſe difference is : in this caſe it is 
plain that à and þ have other I 1 for here 


8=35, and b=9, and therefore — ber the greater 


number) will be 22, and 


will be 13. 


Theſe theorems are capable of being tranſlated out 
of Algebraic language into any other; though to no 
great purpoſe that I know of, to ſuch as underſtand - 
any thing of ſymbolical Arithmetic ; for in my opi- 
nion, they appear much more diſtinct as they are, 
and leſs liable to ambiguity. The toregoing problem, 
together with the anſwer belonging to it, being tran- 
ſlated into common Engliſh, will ſtaad thus : 


(or the leſs number) 


PROBLEM. 


It is required, having given the ſum and difference of 
any two numbers, to find the numbers themſelves. 
Anſ. 1ſt, Add the difference to the ſum, and half 

the aggregate will be the greater number. 2dly, Sub- 

tract the difference from the ſum, and half the remainder 
will be the leſs number. 


That this is a true tranſlation is plain: for what is 
622 


2 
added together ? and what is 2 bs half the re- 
mainder, after the difference is "ſubtracted from the 


ſum ? 
We come now in the laſt place to examine this 
theorems as it ſtands in general terms, and to try whe - 
ther 


but half the aggregate of the ſum and difference 
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ther it will anſwer the conditions of the problem in the 
letters themſelves. It was propoſed to find two num- 
bers, whoſe ſum is a, and whole difference is 5; and 


the anſwer was, that the greater number was — 
andthe leſs 


will be 2 from a bare addition and ſubtraction 
of the numbers themſelves, without any other prin- 


—— be added to = their ſum will 


: now that this is a true anſwer, 


ciples ; for if 


be _ or a, which anſwers the firft condition of the 


problem; and if 


the remainder will be = or , which anſwers the fe- 


cond condition. 


This is that which is called a ſynthetical demon- 
ſtration, and doubtleſs ſhews the truth of the theo- 
rem to which it belongs, as well as the analy/s whereby 
that theorem was inveſtigated; but not ſo muci to the 
ſatis faction of the mind: for a ſynthatical demonſtra- 
tion only ſhews that a propoſition is true; whereas an 
analytical one ſhews not only that a propoſition is true, 
but why it is ſo, places you in the condition of the 
inventer himſelf, and unveils the whole myſtery. Syn- 
thetical demonſtrations uſually require fewer principles 
than analytical ones, as will evidently appear, by com- 
paring both, in this very example; and this I take to 
be the reaſon why the ancients, generally 3 
choſe to demonſtrate their propoſitions this way; 
with a deſign to conceal their anale, as ſome Kay 
unjuſtly enough, imagined ; but becauſe this ſort of 
demonſtration required fewer principles to procced 
upon, and thoſe too, ſuch as were commonly known. 


P 3 PzoBLEM 


number 
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PROBLEM 2. 


136. What three numbers are thoſe, whereof the ſum of 


. the firſt and ſecond is a, that of ihe firſt and third b, 
and that of the ſecond and third os 


SOLUTION. 


Put x for the firſt number ſought ; then will the 
ſecond number be -x, becauſe the firſt and ſecond 
numbers together make a; for a like reaſon the third 
number will be x, becauſe tle firſt and third to- 
gether make : add now tic ſecond and third num- 

together, and you will have a+b—2x=c,, there- 
fore 2x+c=2+6; therefore 2z=a+b—c; and x (or 


33 
the firſt number) = 7 uf ſubtract now the firſt 
a+b—c 


from a, or which is all one, add 


— Sis 2, and you will have the ſecond num- 


——bþ 
ber equal to . 5 


2 1 2 


==, again, ſubtract the firſt number 2 


from b, and you will have the third number equal to 
—t—b+c 4 þ —a+b+c 


and thus we have all 


2 I 2 
the three numbers ſought, to wit, 
a+b—c 
The firſt, — 
a—b+c 


—a+b-+c 
The third, Raney | 
To apply this general ſolution to ſome particular 
caſe, I ſhall make uſe of that in art, 42, where it was 
| required 


m P a ory 
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uired to find three ſuch numbers, that the ſum of 
the firſt and ſecond may make 60, that ot the firſt and 
third 80, and that of the ſecond and third 92: in 
this caſe it is plain that a=60, = 80, and c=92 


3 
therefore — or the firſt number will be 24; 
e—b+c 


* the ſecond number will be 36; and 
—a+b+c 


or the third number will be 56; which 


2 | 
numbers upon tryal will be found to be ſuch as the 
problem requires. But that the theorems here given 
are not only true in this particular cafe, but are uni- 
verſally ſo, will beſt appear from the ſynthetical de- 
monſtration following. 

a+b—c 


iſt, The firſt number 3 and the ſecond num- 
a—b+c 


ber being added together make _ or a, ac- 


2 
cording to the firſt condition, the other quantities de- 


ſtroying one another. 
2dly, The firſt number 
—a+b-+c 


a+b—c. 
2 


and the third 


number os being added together make or 
b, according to the ſecond condition. 


a—b+c 


Laſtly, The ſecond number and the third 


number — 


being added together make — or 


c, according to the third condition. 

This problem may alſo be ſolved ſome what more 
elegantly thus: put s for the unknown ſum ot all 
the three numbers fought; then if c, the ſum of the 
ſecond and third numbers be ſubtracted from 5, the 
ſum of all three, there will remain the firſt number 

P 4 equal 
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equal to -; in like manner 5, the fum of the firſt 
and third numbers, ſubtracted from 5s, the tum of all 
three, leaves the ſecond number equal to -; and 
a, the ſum of the firſt and ſecond numbers, ſubtracted 
from c, the ſum of all three, leaves the third number 
equal to -]; add now all theſe three numbers to- 
gether, to wit, c, 5—b and S—a, and the ſum 
will be 35—a—b—c ; but the ſum is 5s, by the ſup- 
poſition; therefore 35—a—b—c=s; and 5= A - 5 


whence we have the following theorem: 
Make - 2 Au ; 
be taken backwards, and ſubtrated ſeverally from s, the 


three remainders $—C, b and s—a will be the 
three numbers ſcught, in order as they are ſuppoſed in 
the problem. Thus if a=60, þ=80, and c=92, as 


before, we ſhall have 2 5 


2 7 
firſt number will be 116—92 or 24, the ſecond 116 
—$80 or 36, and the third 116—60 or 56. 


r 


What three numbers are thoſe, whereof the produt of 
the firſt and ſecond is a, that of the firſt and third b, 
and that of the ſecond and third c ? 


SOLUTION. 


Put p for the product of all the three numbers; 
then ſince c is the product of the two laſt, we ſhall 


have the firſt number equal to 1 for a like reaſon the 


=$S; then if the numbers a, b and c 


or S=116; whence the 


ſecond equals 5. and tlie 5 equals 2 and the 


product of all three equals . 7 therefore p* = 


abc, and p=v/avc. 
DE MoN- 
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DEMONSTRATION. 


2* 2, or the product of the firſt and ſecond num- 


b 
wah Co os, and ſo of the reſt. 
& e 


PROBLEM 3. 


137. It is required to find two numbers whoſe difference 
is b, and the difference of whoſe ſquares is a. 


SOLUTION. 


Put x for the leſs number, and conſequently x +6 
for the greater ; then will the ſquare of the leſs num- 
ber be xx, that of the greater xx + 25x +66, and the 
difference of their ſquares 2bx+5b4=a ; therefore 


26x=a—bb, and x (the leſs number) = = ; whence 
a—bbh b a—bb+26bb 
x+6 (the greater) = 5 + == 2 = 
a+bb | 
2b © 


To apply this general ſolution, let it be required to 
find two numbers whoſe difference is 4, and the dif- 
ference of whoſe ſquares is 112: here a=112, 64. 


bb=16, —_— . 16; therefore the 


2b 
numbers are 12 and 16. The general demonſtration 


is as follows: if the leſs number 


2b 


from the greater 22 their difference will be = 
or 5, according to the firſt condition of the pro- 
blem; again, the ſquare of the leſs number 7 is 


44a 


difference of their ſquares = = 
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Lan ot and the ſquare of the greater 


+ is — — ſubtract the ſquare of the 
lefs from that ot the greater, and you will have tue 
4609 


406 


— OY as the ſecoud 


condition requires. 


PROBLEM 4. 


138. Let r and s be two given multiplicators, whereof 
r is the greater; 14 is required to divide a given num- 
ber as a into two ſuch parts, that the greater part 
<oben multiplied into the leſs multiplicator may be equal 
to the leſs part when multiplicd by the greater multi- 
plicator. 


SOLUTION, 


Put x for the greater part, and a—v for the leſs; 
then will the greater part multiplied into the leſs 
multiplicator be 5x, and the leſs part multiplied into 
the greater muitiplicator will be ar—rx ; but accor- 
ding to the problem, theſe products are to be equal; 
therefore 5x =ar—rz, and rx & ar; but rx+5x is 


XxXr+5; thereſore x X r+5=ar; and x ( the 


greater of the two parts ſought) = _— ; whence 


ar ar + A- 7 


—— —— 2 


: a 
ax, (the lets part) equals I - Sb 8 r+S 


as 
* ſo the greater part ſought is 
the leſs . —. 

7 +8S 


and 


ar 
r+s 


The APPLICATION. 


Te apply this canon, let it be required to divide 


34 into two uch parts, that five times one part my 
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be equal to ſeven times tne viner : here 84, v the 


SES ar XxX 8 
greater multiplicator =7, S3, 3 — 
8 x * 
75 7 == 355 therefore the greater part is 


49, and the leſs 35; and they will antwer the con- 
ditions; for firſt, 49+3;=84 ; and ſecondly, 49 

 $=245=35X7. Again, let it be required to divide 
99 | ito two ſuch parts, that + of one Part may be qual 
to + of the other : here 2=99, PR * rr 
7 


5 — 
* I —_ E — 6 
— — — 77 — X Tr 
F 2 at on r * 


= — X£-=45; ſo the two parts are 
= 54» 7 S9 YK 45 P 54 


and 45; which i is true; for firſt, 54++45= 995 and 
ſecondly, + of 3423621 of 45. 

As to the demonſtration of this — ſolution, 
it muſt be obterved that in this problem there are two 
conditions; firſt, that the two parts when added 
together muſt make a; and ſecondly, that the 
greater part multiplied into the leſs multiplicator muſt 
be equal to the lefs part multiplied into the greater 
multiplicator: as to the firſt of the conditions, it is 
certain that the parts — and . when added to- 

r +5 145 


gether will make —.— but ar Tas =aXr+5, 


. =o: 4: as to the ſe- 
5 1 * 

cond condition, if the greater part 72 be multi- 
plied into s, the leſs multiplicator, the m_ will 


be I ; and again, if the leſs part —_ be mal 
tiplied into r, the greater multiplicator, the * 


therefore 
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8 ars 
will alſo be ＋ 


equal, as the problem requires; and ſo the conditions 
are both ſatisfied. Q:, E. D. 

N. B. If any one has a mind to throw the fore 
ing theorem into words, it may caſily be done, and 
in ſuch a manner as almoſt to carry it's own evidence 
along with it; tor by the rule of proportion, r +5 is 


therefore the two products are 


to 7aSato 


| as | 
; and 7+5 is to 5 as à to 71 there- 
| r 


r+5S 
fore, As the ſum of the two multiplicators is to the 
greater or leſs multiplicator, ſo is the ſum of the two 
parts ſought to the greater or leſs part: and this, I ſay, 


is pretty evident; for had 7 +s been the number to 
be divided, the parts would certainly have been 
and 5; therefore if a greater or le{s number than 


7 +5 is to be divided, the parts ought to be greater 
or leſs than 7 and s in the ſame proportion. 


PROBLEM 5. 


139. Let r and s be two given multiplicators whereof r 
is the greater; it is required to divide a given number 
as a into two ſuch parts, that r times one part being 


added to s times the other may make ſcme other given 
number, as b. 


SOLUTION, 


Put x for the part that is to be multiplied by , 
and conſequently a—x for the other part that is to be 
multiplied by s, and the products will be rx and 
as—5Sx, and their ſum will be 7x +a5—5x ==; there- 
fore x gas, that is, xX 7—5 =b—as , there- 
fore x (the part to be multiplied by r) = == ; 
therefore a—x (the part to be multiplied by 6) = 


a — b + as _ ar—as—b+as _ er —b 


I — © Fong fs 


The 
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The APPLICATION. 


Let ir be required to divide 20 into two fuch parts, 
that three times one part being added to five times 
the other may make 84 : here a=20, b=84, r=5, 
— 45 
— 
be multiplied by 5) =**=12, ar=100, er—b=16, 
ar — 


$=}, a5=bo, b—as=24, 


(or the part to 


: (or the part to be multiplied by 3) ="=8; 


1 
therefore the parts ſought are 8 and 12; for firſt, 
8+12=20; and ſecondly, three times 8 + five times 
12284. | 

Again, let it be required to divide 100 into two 
ſuch parts, that +4 of one part being ſubtracted from 
z of the other, may leave 39: here it muſt be obſer- 
ved, that to ſubtract + ot any one quantity from 


another, is the ſame as to add — of it; therefore 


4 
this problem when reduced to the torm of the general 
one, will ſtand thus: To divide à bundred into two 


ſuch parts, that _ of one part being added to _ 


of the other may make thirtywne. Here a=100, 
. =o=24L=2, a= 
b=39, 1 * _ r 25 * = = 
— 300 b—as 114 
_ =—=75, b—45= 39 +75=114, A 
; I2 
= m7, #=- — = — = w-b=z==> 2. = 
6 3 I 
eg 13 
133 ar—b 


=——= 28; ſo the two Parts are 28 
3 Fong 


12 
and 72: for 28+72=100; and moreover ; of uh; 
that 


\ 
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that is, 21, ſubtracted from + of 72, that is, from 
60, leaves 39. 


The GENERAL DEMONSTRATHON. 


The two parts — and er when added to- 


anther 1 ar—b+b—as _ ar— 25 Yo 


— Fanny Fr 


b— 


— being multiplied into v, it's 


proper ebe gives — and the other 


again, the part 


part — multiplied into the other multiplicator 


ars—bs 


, gives 


add theſe two products together, 


b — . 
and they will make dne Low nf = = & 


— 1— 
33 

It any one hercafter ſhall! think me too conciſe in 
the ſolutions oi thele general problems, he mult have 
recourſe to the particular ones in the articles I ſhall 
ret-r him to, which he will find explained more at 
large: and as to the application of thele general 
ſolutions to thoſe particular cates, it is to be prefumed 
that by this time the learner will be able in ſome 
mcaſure to pertu. m that parc luimſelf; and therefore 


T inail for the future leave it to him, ex xCept where 1 
ſhall think my aſſiſtance may be of any ule. 


PROBLEM 6. (See art. 3s.) 


Fanny 


140. One meeting @ company of leggars, gives to each p 
Perce, and bas a pence der; but if he would have 
given them q pence apiece, he <rouid have found be 
bad wanted b pence for ihat purpoſe : What was the 
uber of perjons ? 


SOLUTION, 
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SOLUTION. 
The number of perſons, x. 


Pence given, px. 

Pence in all, px+4. 

The pence that would have been given upon the 
other ſoppoſition, q x. 

Another expreſſion for the number of pence in all, 
qx—b. 

Zqu. qx—b=px+4a; therefore qx—px—b=a ; 
theretore 9x—px=a+6; therefore x (the number of 
4245 


7 


DEMONSTRATION. 


pe: ſons) = 


If the number of perſons be =, then the pence 


_ and the pence in all will be 


1 


er Gs 3 8 
the number of pence that would have been given 


given will be 


again, 


upon the ſecond ſuppoſition is A, and therefore 


the other expreſſion for the number of pence in all 
aq+bq ae 


1 2 and the perfect agree- 
3 | 
ment between this account and the former, is an in- 
fallible argument that the number o. pertons was 


rightly aſſigned. 
PROBLEM 7. (See art. 64.) 


141. It is required to divide a given number es a du 
two ſuch parts, that one part may be to the other as 
r to . : 


SOL U> 


—— 


240 Of general Problems Book IV. 


SOLUTION. 


The two parts fought, x and -x. 

Proportion, x is to x as r tos. 

Equation, Sx=ar—rx; therefore rx gr; 
ar 


therefore x (or the firſt number) = —— therefore 


r+s 


a—x (or the ſecond number) = — 25 -= —_ : 


therefore the two numbers are - and 


DEMONSTRATION. 


1ſt, The two numbers = - 


r +8 and r 
ar+as 
together make 


— 
r+S 


2dly, The firſt number 2 is to the ſecond 


as 
number 


as ar is to as; becauſe throwing away 
r +8 


the common denominator is no more in reality than 
multiplying both fractions by it; and every one 
knows, that the multiplication of two quantities by 
the ſame number, makes no alteration in the propor- 
tion they bore one to the other: again, ar is to as 
(dividing both by @) as tos; for it is as well known 
that a common diviſion aftects proportion no more 
than a common multiplication : ſince then the firſt 
number is to the ſecond as ar to as, and ar is to 45 
as 7 to c, it follows, that the firſt number is to the 
ſecond as 1 to 5s. Q: E. D. 


PROBLEM 8. See art. 66. 
142. I hat number is that, which being ſeverally added 


: to tc given nuinbers, a a greater number, and b a 
+ 255 tos il make” the former ſum to the latter as r 16 5? 


therefore r maſt be greater then s. 


SOL U- 
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SOLUTION. 


The number ſought, x. 
a+x is to b+x as 7 tO 5. 
Equation, br+rx ga x; therefore br+rx—5x= 


—br 
as; therefore rx—5x=as—br; therefore x „— A 


DEMONSTRATION. 


The number — being added to a, gives 


— — 
AsS—bs 


Fs 
as ar—br is to as—bs, that 


and the ſame number being added to 6, gives 


ar—br . C5—bs 

18 tO 
71 15 

is, as Xx A- is to SXa—6v, that is, as 7 to Fs. 

9. E. D. 


5 


now 


SCHOLIU u. 


This problem was to find a number, which being 
ſeverally added to @ and h, will make the former ſum 
to the latter as to 5; let us now change the aum- 
bers à and 5 one for another, as alſo the numbers r 
and s one for another, and then the probiem will 
ſtand thus: To find a number which being ſevrral.y 
added to b and a, will make the former ſum to the latter 
as $ to r: but the condition ot this prublem is exactly 
the ſame with that of the former, and therefore the 
anſwer ought ſtill to be the ſame ; that is, as chang- 
ing @ and þ one for another, and r and s one for ano- 
ther, had no effect upon the problem, but left it en- 
tirely the ſame as at firſt; ſo if the expreſſion of the 
number ſought be juſt, the changing of à and & one 
tor another, and of r and 5 one for another, ought 
to make no alteration in that expreſſion, and the num- 
ber ſought ought ſtill to be the ſame ; for truth will 
always be conſiſtent with herſelf. Let us this 
however, and ſee what will be the effect of ſuch a 


Q change 
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change: new the number ſought was z but 


upon this change, as becomes r, and þr becomes 
as, and - becomes , and the whole expreſſion 


but — is the 


S—r S—r 


wall be turned into this, — 
— 


ſame as for changing the ſign of both the 


—— ond denominator of any traction, no more 
affects the value of that fraction, than in diviſion the 
changing of the ſign both ot᷑ the diviſor and dividend 
affects the val c of the quotient : thus then we find, 
that the changing of à and & one for another and of 
and 5 one for another, no more affects the theorem 
for determining the number ſought, than it did the 
problem from whence it was derived. 


PROBLEM 9. 


143. It is required to divide a given number as a into 

 #wo ſuch parts, that the exceſs of one part above 
anotver given number as b, may be to what the other 
wants of b, as r tos; ſuppoſing r greater than s. 


SOLUTION. 


Put x for the greater part, and a for the leſs, 
then the exceſs of x above ü will be x—+; and the 


excels of þ above a— will be x—a+6, as appears 
by ſubtracting a—x from ; but by the problem, the 


former excels is to the latter as 7 to 5; therefore x—b 

is to x—a+basr tos; multiply extremes and means, 
— you will have 5x—b5=rx—aer-+br ; therefore 
rx—Sx=e@r—br—bs, and x (the greater part) = 
ar—br—bs 


therefore a — * (the leſs part) = — 
F—s I 


— _ br+bs—as 
EX Yo" © "Ping 


z fo the greater part is 


GJ — 


4 ik. Ad 


_— 0 WW WW 0 TW 


8 


What the leſs part wants of 5, is 3 
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tr, oe. he 1 part — . — 


74 n — 


E x AMG L r. 

Let it be required ( as in art. 41, ) to divide the 
number 48 into two ſuch parts, that one part may 
be three times as much above 20 as the other wants 
of 20: here a=48, b=20, rg, SI; tor to lay 
that the excels muſt be three times the detect, is no 
other than tu ſay, that the excels muſt be to the de- 
fect as 3 to 1; the reſt is caſy. 


The GENERAL DEMONSTRATION. 
Ar—br—bs 


t, The greater part — and the leſs 
= 25 — — being added together make —— 
— 7— 


Da: again, the exceſs of the greater part above 5, is 


ar—br—bs b ar—br—-bs—-br+bs ar—2br 
2 = , and 


F—s I — 15 
the exceſs of above the leſs part, which is 
b —br—bs+as _ 


rm 


| br—bs--br—bs+as _ as—2bs 


— therefore the exceſs of 


— 715 
one part above is to what the other wants of 5, as 
ar—2br, &5—2bs : 
is to „ that is, as ar—2br is to a5—2bs, 


1— 1— 


that is, as 2x4 — 23 is to SXa—26, or as 1 to 3. 


9. E. D. 


PROBLEM 10. (See art. 55.) 


144. There ore two places whoſe diſtance from each 
other is a, and from whence two perſons jet out at 
the ſame time with a deſign to meet, one travelling at 
the rate of p miles in q hours, and the other at the 
rate of r miles in s hours: I demand bow long and 
bow far each travelled before they met. . 

2 0 L u- 
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SOLUTION. 
The number of hours travelled by each, x. 


Miles travelled by the firſt, _ 


By the ſecond, — 
By chem both, 15 — 


7 s 
therefore p5x+q7x=aqs; therefore x (or the number 


of hours travelled by each) e now to find 
how many miles the firſt travelled, ſay, if in 3 hours 
he travelled p miles, how many will he travel in a 


number of hours equal to _— ? fora fourth num- 
PSN 
493 


ber, I multiply the third number 
PSN 


3 . . 
cond p, and the product is 3g; nome 


vide by the firſt number q, and the quotient — 
for dividing the numerator divides the whole fraction: 
by the ſame way of reaſoning, the number of miles 


travelled by the other will be found to be 24 . 
therefore the whole number of miles travelled by them 
, aps+agr Es | 
— Za, which demonſtrates the ſolu- 
Pa 


by the ſe- 


* 


tion. 
: Ex AN L x. 1 
Let the diſtanee of the two places be 154 miles; 
let the firſt travel at the rate of 3 miles in 2 hours, 
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245 
and the ſecond after the rate of 5 miles in 4 hours; 
then we ſhall have a=154, Pg, q=2, g, Sg, 
ags __ 154X2X4 


pibtgr 22 

aps __ 154X3X4 _, agr __ 154X2X5 
r 
=70: therefore each travelled 56 hours; the firſt 
travelled 84 miles, and the other 70. 


SCHOLIUM. 

If in the foregoing problem we change p into r and 
q into , and vice versa, the conſequence will be, that 
the firſt traveller will now travel at the fame rate as 
the ſecond did before, and the ſecond at the ſame rate 
as the firſt did before; but the motion whereby theſe 
two travellers approach towards each other will ſtill be 
the ſame, and therefore the time this motion is per- 
formed in, that is, the time that each travelled, muſt 
ſtill be the ſame : let us then make the changes above- 
mentioned, firſt in the expreſſion of the time, and fee 
whether that expreſſion will ſtill continue the fame 
then let us make the ſame changes in the two expreſ- 
ſions of the miles, and ſee whether by this means, 
theſe expreſſions will not be converted each into the 
other : firſt then, the expreſſion of the time, which is 


7 by changing p into r, and q into , and vice 


dersa, becomes 


PSZ=I2, qr Io, PS+qr=22, 


=56, 


— „which is the ſame as = ; 
rqt+5Þp PS+9r 


therefore the expreſſion of the time ſuffers no altera- 
tion by theſe changes : fecondly, the number of miles 


travelled by the firſt was , which after the 
| 6 ANTE | 


changes abovementioned, becomes 
the ſame 3 — — , the miles travelled by the ſecond: 


Sr 


, whichis 


14 ＋ 5 


Q 3 and 
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and therefore & conderſo, the expreſſion — Will 
I ＋ 


; and thus will 


2 


A 
the caſe of the firſt traveller be changed into that of 
the ſecond, and vice verſa. 


be changed into the expreſſion 


PROBLEM 15. (See art. 38.) 


149. What two numbers are thoſe, whereof the greater 
is to the leſs as p to q, and the product of their mul- 
tiplication is to their ſum as r to s? 


SOLUTION. 


Put x for the leſs number, and the greater will be 
found by ſaying, as q is to p, ſo is x the leſs number to 


E the greater; whence their ſum will be = + — 


q 
BY Px 


7 
_ be multiplied into x, the product will be 
pxx 


: on the other hand, if the greater number 


therefore the product of theſe two numbers will 


be to their ſum as J— is a6 2 


, that is, as px to 


q 7 
+73 but according to the problem, the product 
is to the ſum as y to 5s; therefore px is to as 7 
tos; whence we have this equation, pix=pr+97 3 


and x F050 leſs number ſought) = —.— ; therefore 


ir 8 DE 
Px = ; for dividing the denominator multiplies 


the whole fraction; therefore 2 (or the greater num- 


Ra adhd. of 
ber) =—©. ” ro 
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DEMONSTRATION. 


iſt, The ye number is to the leſs as 2 


45 
is to — divide 8 by itſelf, and the quotient 


will be 1; ſo that we may now ſay, that the greater 


number is to the leſs as is to —, that is as — 
_ P 
to . that is as £ is to 1, that is, as p is to g. 


2dly, The greater number L LEE and the leſs . — 


being added together make mir ip ior” 
Pqss 
nnd 
therefore the ſum of the two numbers ſought is 
2 
by es 
3dly, The greater number L . multiplied into 


the leſs . produces TT XP+1 
5 qss 


4thly, Therefore the product of the two numbers 
; . ee, 
ſought is to their ſum e is to * 


s 
that is, as 77 is to rs, or as r tos. Q. E. D. 


PROBLEM 17. 


151. What two numbers are thoſe, the product of whoſe 
multiplication is p, and the quotient of the greater 
divided by the leſs is q ? 


Q 4 SOLUTION. 


WU —— ———ñ 


— 
— 
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SOLUTION. 

Put x for the greater number, and conſequently 

E for the leſs; then will the quotient of the greater 


divided by the leſs be =; bur according to the prob- 


xXx 


lem, this quotient ought to be 9; cherefore ee 
=9; and xx#=pq, and x (the greater number ſought) 
=: again, fince xx pg. we have — 2222 


and Z (or the leſs number ſought) =o2, ſo that 
the aptir of the two numbers fought is PQ and 
the leſs © 


EXAMPLE. 


Let the product of the two numbers . be 
144, and the quotient ot the greater divided by the 
leſs 16; then we ſhall have 144. q=16, 144 


X16, v pgu12X4=48 3 £ , 233 


therefore the numbers are 48 and 3. 


DzMONSTRATION. 


It, pꝗ multiphed into — 2 gives Il = 293 there- 


fore pg multiplied into 75 — gives p. 


2dly, pq being divided by bk 5 = 7493 
FLA vP9 ** divided by + gives 4. 


9. E. D. 
PROBLEM 
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PROBLEM 21, (See art. 130.) 


155. What two numbers are thoſe, whoſe difference 
being multiplied into the difference of the:r ſquares 
n and whoſe ſum being muctiplied into 
the ſum of their ſquares wil! make b? 


SOLUTION. 
For the two numbers ſought put x and y; then 
according to to the firſt ſuppoſition, x - x * , or 


& - c X x +), Or &X—2xXy+Yy* X x ＋ = &z” 
thereiore 


Equ. iſt, ACAD? 


Again, _ according to the tecond ſuppoſition, 
K YYY; therefore 


b 
Equ. 2d, x*+y*= 


From As — 
2 
chat i is, from 2K #+29= 5 
ſubtract 2 —2 9 2 
and there will remain x*+2xy+y*=— _— 
that is, ac. therefore 277 = = 25 — 43 


make 2b—a=r, that is, put 7 for the cube root of 
26—@a, and you will have 

Equ. 3d, xy r. 
__—_ in the firſt _— we had 1 


>. — der is, = = —z make 1 that 
r 


is, 


— 
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is, put 5 for the ſquare root of — and you will 
have 


Equ. 4th, x—y=s. 
Add the rhird and fourth equations together, and 


you will have 2x=7+s5, and 2 ſubtract the 
fourth equation from the third, and you will have 


Ms 


2j -, and y= 


; Whence we have the fol- 
lowing canon: 
Make 2b—a=ri, and — s', and the numbers 


obs » 
2 


1—8 


ſcugbt will be 8 and 


DEMONSTRATION. 


The difference of the numbers — and _ is 5, 


and the difference of their ſquares is rs, as is eaſily 
tryed ; therefore the difference of the numbers mul- 
tiplied into the difference of their ſquares is r 55= 


—=0: again, the ſum of the numbers _ and 


22 


5 


is 7, and the ſum of their ſquares 1s 2 


* 


7 


2 
therefore the ſum of the numbers multiplied into 


the ſum of their ſquares is — —— but 1 = 2b—8 

by the canon, and re by the ſame; therefore the 

ſum of the numbers multiplied into the ſum of their 
. 2b—a+4a 

ſquares is m—_— 2, E. D. 


ProBbLEtM 
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PROBLEM 22. 


156. Out of a common pack of fiftytwo cards, let part 
be diſtributed into ſeveral dijtinct parcels or hea;s in 
the manner following : upon the loweſt cara of every 
— p let as many others be laid as cre fu ficient to make 

it's numaver twelve; as if four be the number of 
the loweſt card, let eight others be laid upon it; if 
five, let ſeven; if a, let ele —a, &c : TI: is re- 
quired, having given the number of heaps, whick we 
ſhall cail n, as alſo the number of cords vi reme:ns 
ing in the dealer's hand, wwich we j%all cull r, to fad 
the ſum of the numbers of all the baitom cards pat 
together. 

SOLUTION. 


Let a, b, c, &c expreſs the number of the bottom 
card in the ſeveral heaps; then will 12—e exprets 
the number of all the cards lying upon the bott»m 
card of the firft heap, that is, the number of all the 
cards of the firit heap except the loweſt, will be 12—a z 
therefore 1 2—4 will be the number of all the cards 
in the firſt heap ; ror the fame reaton, 13—6 will be 
the number of all the cards in the fecund heap ; and 
13—-: the number ot all thoſe in the third, and ſo on; 
theretore the number of all the cards in all the heaps 
wiil be 13Xa—4—%—c &: make &+5+c &c (or 
the ſum of the numbers of all the bottom cards) =x, 
and then we ſhall have the number ot all tne cards 
drawn out into heaps = &; but theie, togecher 


with r, the number of cards undrawn out, make up 


the whole pack. 52 ; therefore we have this equation, 
I 3z—x+7=52; therciore x+52=131u+r; there- 
fore x=i3#—52+7; but 52Z=13X43 t therefore 


I 31—;52=13% og therefore x = 13x#—4+r; in 
words thus: Foz the number of h:avds ſubes act fears 
multiple reft by thirteen; and this preJuT added to 
#be number 0) f cards fill remaining in the dealer's hard, 


will 


„„ 9. ra 
- 


” * ar + o — 


„% FRY 


— — 2 — 2—ñ 


323 . 


<4 ͤͤ —ͤ—y—j—ᷣ—[— 2 — — — x <a .. 
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will give the ſum of the numbers of all the bottom cards 
put together : as for example, let there be three heaps, 
and thirty cards remaining ; now 4 ſubtracted from 3 
leaves —1; this multiphed by 13 gives —13, and 
this product added to 3o, the number of cards re- 


maining, gives 17 for the ſum of the numbers of all 
the bottom cards. 


A more univerſal theorem is as follows: 

Let n be the number of heaps as before, p the num- 
ber of cards in a pack; let as many cards be laid upon 
the loweſt of every heap as are ſufficient to make up it's 
number q; and laſtly, let r be the number of remaining 
cards as before; ana the ſum of the numbers of all the 


bottom cards will be found to be q+1xn+r—p. 
PROBLEM 24. (See art. 111.) 


158. What two numbers are thoſe, whoſe ſum is a, and 
the product of whoſe multiplication is b? 


SOLUTION. 


The two numbers ſought, x and a—x. 
The product of their multiplication, ax — xx; 
whence changing the ſigns, xx a -, and com- 


pleating the ſquare, wa — 2 24 — 46 


8 "* 
= = extract the ſquare root of both ſides, that is, 


of x*—ax+ — on one fide, and of 7 on the other, 


+ 
and you will have — ===, and x= — 


whence the following canon: 
Make aa—4b=ss, and the greater number will be 
8 the leſs number —— 


2 bl 


The 
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The SyNTHETICAL DEMONSTRATION. 


rt, L added to gives = or « | 
2dly, a — 44 — 144 _ 
4 
(by — — inftead of —e5) 0592H4 
4 


= =. 2. E. D. 


An example to the foregoing canon. 


What two numbers are thoſe, whoſe ſum is twerty- 
hve, and the product of whole :nultiplication is 144 ? 


Here 4=25, b=144, aa—4b Or $5=49, =, 2 
2 


co =9 ; ſo the numbers are 9g and 16. 


PROBLEM 25. (See art. 113.) 


159. What two numbers are thoſe, whoſe ſum is a, aud 
the ſum of their ſquares b? 


SOLUTION. 
The two numbers ſought, x and 2—x. 


The ſquare of the former, x x. 

The ſquare of the latter, aq—2ax+xx. 

The ſum of their ſquares aa—22x +2xx=5 ; * | 

bones 
2 


84 48 | bogs boar © 
XX—AxX+ — Z— + —= =; exarad 
$_- 'S 2 4 4 


the ſquare roots, that is, the root weer e 


fore 2xx—24ax=b—aa, and xXX—ax= , and 


On 
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on one fide, and abs ” on the other, and you will 
4 


have x— = —, and x= = whence the follow- 
ing canon : 

Adele ab- end 508 wif hove — for Ile 

2 

: TOS. he kf 

greater _— and - for the leſs 
DEMONSTRATION. 

Iſt, added to — gives a. 

2dly, The ſquare of —— = i — —ͤ— ; the 
ſquare of —— is © iS e, and therefore the ſum 

4 

of their ſquares is —— = — = (by the 
canon } = ö. 9. Z. D. 


An example to the foregoing canon. 


What two numbers are thoſe, whoſe ſum is 28, 
and the jum of their {quares 400? Ilere a=28, 


a Ss — 5 
$=400, 21—44 or = 16, 5=4, —— 216, 
2 


2123 therefore the numbers are 12 and 16. 
PROBLEM 26. (See art. 114.) 


160. What two numbers are thoſe, wiſe ſum is a, and 
the ſum of their cubes b? | 


SOLUTION. 


The two numbers ſought, * and 4—x. 
The cube vi the former, . 


The 


Art. 160. and Theorems deduced from them. 
The cube of the latter, ag 3ax*—x7. 
The tum of their cubes, a—34*x+3ax*=b; there- 
fore 3ax*—34*x=b—a' , divide by 34, and you will 
b—a* aa aa 


255 


have xX—ax= — 7 — tk WP 
—4 3 4—4 
n e extract the 
3a 124 4 3a 4 


ſquare root of both ſides, that is, of xx—ax+ _ 


on one ſide, and of — on the other, and you will 


| a $ — 4 41 
have — — =+— and 42 * whence the fol- 


Ess, and you will have = for the 
3a 


greater number, and — — for the leſs. 


DEMONSTRATION. 
a+5 


1 ſt, added to — 


gives a. 


; Et 3a*+3as* +86 


2dly, The cube of 


, and 


3 345. —5 
8 


. 14625 3 
the ſum of their cubes is —— — ——.— 


C by the canon, b. 2, E. D. 


An example to the foregoing canon. 


What two numbers are thoſe, whoſe ſum is 7, and 
the ſum of their cubes 133 ? Here a=7, 6=133, 


46—3 


—; therefore 


-N 
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45—4 a+5 4—5 


PROBLEM 27. 


161. I is required to find two numbers whoſe difference 
is d, and which dividing a g e nume er as a, will 
have two quotients whoje difference is b. 


SOLUTION. 


The two numbers 18 W 
The two quotients, —and 


— 
Their difference, —— WIND... =56; there- 
Xx x+4 axx-rax 
fore bxx+bdx=ad, and xx+dx= 1 3 therefore 
dd _ 
men — —— 1 == SORE * 
N 6 


extract the 5 root of xx +dx + —. on one ſide, 
4 


and of — on the other, and you will have — = + 
s — — 


, WHRENCE 22 —— Or 
2 2 


tive root, and you will have x (the lefs diviſor) = 
S—d4 S—d& + 8 8 4 


ſet aſide the nega- 


and we ſhall have the following canon: 


4a d 
Make 5 


for the great diviſor, and - — * the leſs. 


+dd=ss, and you will bave — 2. 


N. B. 
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N. B. That * is an affirmative quantity, is 


evident from hence, that «+= + 44; therefore 
55 is greater than dd, and s greater than d; therefore 


4— 


—_— affirmative. 


The demonſtration of the canon. 


iſt, If the leſs divi — * 


greater + the remainder will be 4; therefore the 


difference of the diviſors is d. 
2dly, If the dividend à be ſeverally divided by the 


— — the two quotients will be 


2 
24 


an 
S—d 
be the greater, as having a leſs denominator ; there- 


fore the difference of the quotients is ——— —= = 


whereof the former will 


3 op 4J—4 $5+d 
— — - e by thecanon, 
BE s 
An example to the foregoing canon. 


Let it be required to find two diviſors whoſe 
difference is 1, and which dividing a given number 
as 144, will have two quotients whoſe difference is 2. 


+ dd or 55 = 289, 


5 


Here 4 = 144, b=2, d=1, 468 
| R 4217. 
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34g, = SP therefore the diviſors 


12817. 


are 8 and 9, and the . 18 and 16. 


SCHOLIUM. 


If in this laſt problem we had put x for the greater 
quanuty, and -d for the leſs, the equation would 


62 a ad 
have bcen — — = þ, or = 6, which is 
1 —4 X * - 1X 
di Ter=nt froin the former; and therefore it could not 
be expected, u in that cquation, the two roots 


ſhould be *!.- numbers ſought, but rather the two 
ditferent values of x, the luer of them. 
PROBLEM 28. (See art. 118.) 


162. I Dat number is that, which being added to it's 
ſquare root, uli. mane a? 


SOL UT IOM. 


Put vr for the number fought, and you will have 
this equation, xx IX g 4; therefore xx + 1x + 


I I 1+1 1 I $ 
—==4+= = = — therefore x + = = + =; 
4 1 4 2 2 
6— —— S—1 
therefore x= ON — : If x be made = i 
2 
. S$S-—2$4-1 
you will have xx= 3 if x be made equal to 
— $5 + 25+1 
vou will have x&ð1¾-——.— z wheace the 
— 


following Canon : 
Make 4a--1 ss, and ihe number ſought will de 
$$—25+1 or 


„according as the ſquare rot 


wy 
4% be added is taken. afirmelively or nezatively. 


DzMONSTRATION. 
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DEMONSTRATION. 


S$S—25+1 


Caſe 1/t, If to the number be added it's 
affirmative ſquare root — or — the ſum will 
be 2 = a, by the canon. 

Caſe 24, If to the number — be added it's 

— — —25—2 


negative ſquare root 


or „the ſum 
2 4 


FI == 


will again be = 6, as before. Q, E. D. 


PROBLEM 31. 


65. What two numbers are thoſe, wheſe ſum odded 
to the ſum of their ſquares is a, and <heſe difference 
added to the difference of their ſquares ts b? 


SOLUTION. 


Put x and y for the two numbers ſought, and the 
fundamental equations will be 1ſt, x+y+x*+3* =a ; 
2dly, x—y +x*—y*=5; which equations when re- 
duced to order will ſtand thus; 

Equ. 1it, xx+x +yy +3= 8. 

Equ. 2d, xx + x—yy—y =6. 
Add theſe two laſt equations together, and you 
will have 2x Xx ＋ 2X =; whence xx+1x= 


2 and xx IX — 222 +—= — 


2 4 4 
rr 


I 
= —; extract the root of xx+1x+ — on one 
4 4 


8 rr 
fide, and of — cn the other, and you will have 
4 
I *. — 1 
* f. ad #= — 
2 2 


: again, ſubtract the 


i x ſeccrd 
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ſecond equation from the firſt, and you will have 


a—b 
2 +23 a-; and == —y and y* + 15 + 


., hence y+ 3 
4 4 
„= 3 whence the fo ing canon : 


Make 2a+2b+1=rr, and 2a—2b+1=s, and 
you will bave the greater number equal to — and 
$—1 


the leſs number = ——. 


DzMONSTRATION. 


S— 1447 —2 
18 


2 2 2 . 
27 ＋25—4 
8 4 
The ſquare of = is — | 
ws [OR 
The ſquare of . — is is — ; 
Therefore the ſum of their ſquares is . r. 


add to this the ſum of the numbers ha] found, to 
wit — and you will have the ſum of che 
numbers added to the ſum of their ſquares equal to 
— but * Aa by the canon; there- 


* rr+55—2=44, and ths fe. „ Or the ſum of 


4 | 
the numbers added to the ſum 2 4 ſquares, 


SoI. 


U | 9 
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14 27 —25 
or 
2 


— 


; and the difference of their ſquares 


z therefore the difference of the num- 
bers add * the difference of their ſquares is 


== by the canon, z. 9. E. D. 


An example to the foregoing canon. 


Let the ſum of the numbers added to the ſum of 
their ſquares be 26, and their difference added to the 
difference of their ſquares 14; and we ſhall have 
4=26, = 14, 24 +26+1 or 57 =81, 7=9, 


he =4, 24—2b+1 or 55=25, 2828. ——=2; and 


& the numbers ought will be 4 and 2 


PROBLEM 32. 


166. What two numbers are thoſe, the ſum of 3 
ſquares is a, and the product of their multiplication 
b? 


SOLUTION, 
For the two numbers ſought put x and ” and the 


um of their ſquares will be — Saz; therefore x 
—— therefore xt—ax* —. and xt—axx+ 


a _ a6 _ 3 ; extract the ſquare 
2 + 7 


root of een cd on one ide, and of — on the 
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a +5 
2 


whichſocver of the unknown quantities x is made to 
ſtand tor, you will have the following canon : 


Aiake aa—4bb=ss, and you will have the ſquare of 
the greater number equal to — „ and the ſquare of the 


and ſince this equation will be the ſame, 


a—8 


leſs equal to 


DEMONSTRATION. 
If the ſquare of the greater number, which is 


one „be added to the ſquare of the leſs number, 


which is oder 


„the ſum of their ſquares will be — 


or a: n, 2 the ſquare of the greater lender 
which is —— be yy into the ſquare of the 


leſs number which is my 


„the product of theſe two 


2 
. — by the canon, 
4 
2 


= — = bo; but if the ſquare of the greater num- 
4 


ber multiplied into the ſquare of the leſs gives 46, 
then the greater number multiplied into the leſs will 
give #. 2. E. D. 
An example to the foregoing canon. 
Let the ſum of the ſquares of the two numbers 
ſought be 400, and the product of their multiplication 
192; then you will have a=400, 192, 4*—46* 


a +5 | 
of = 32.5449 ii or the ſquare of the 


greater number =2 56, =? or the ſquare of the leſs 


number == 144 ; therefore the greater number is 10, 
and the jeſs 12. THE 


263. 


THE 


ELEMENTS or ALGEBRA. 


S 0 0K V, 


In what caſes a problem may admit of many anſwers. 


Art. 168. T has already been obſerved, that if 
in any problem the number of inde- 
ndent conditions be equal to the 
number of unknown quantities, ſuch 
a problem will admit but of one folution ; or if it 
admits of more, they will however be fo determined 
as to leave no room for arbitrary poſitions : but it 
the conditions be fewer in number than are the un- 
known quantities, thoſe that are wanting may then be 
| ſupplied by the Analyſt himſelf at pleaſure; and as 
there is infinite choice, it is no wonder if in ſuch a 
caſe a problem admits of an infinite number of anſwers, 
eſpecially where fractions are taken into that number; 
but if the problem relates to whole numbers only, 
then the number of anſwers will ſometimes be finite 
and ſometimes infinite, as the nature of the problem 
will bear. This will be ſufficiently illuttrated by the 
two following examples. 


R 4 Ex- 


* — 
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ExamMPLE I. 
Let it be required to find two numbers whoſe ſum is equal 


to ten times their difference. 

Here putting x and y for the two numbers ſought, 
it is plain that in this caſe we have but one condi- 
tion, and conſequently but one equation, to wit, 
x+y=10y7—10y, which equation being reduced, 


gives * = ; and this is all the problem requires. 


: 9 
Here then it is plain that the Analyſt is entirely ar 
liberty to ſubſtitute whatever whole number, mixt 
number, or proper fraction he pleaſes for y, provided 


he does but make x= 1 and the two quantities 
x and y will ſolve the problem. As for inſtance, let 
— be put for y; then will x or — be-, and thoſe 


two fractions 2 and + or r will ſolve the problem; 
for their difference is 3, and their ſum . But it it 
be intended that x and y ſhall both be whole numbers, 
then ſuch a whole number muſt be ſubſtituted for y as 
will admit of 9 for a diviſor without a remainder : but 
of ſuch whole numbers there is infinite choice, as 
9, 18, 27, 36 Cc; therefore this queſtion is capable 
of an infinite number of anſwers, both in whole num- 
bers and fractions. 


EXAMPLE 2. 


Let it now be required to find two numbers x and y, the 
produ of whoſe multiplication is equal to ten times 
their difference. | 
Here the equation will be yx g 10x—10y, which 

being reduced, gives x= = Here it is plain 


10— 


that y muſt be leſs than 10; n 
FN | the 
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the fraction , would be infinite, as will be ſhewn 


J 
in another place; and if y be greater than 10, then 
105 


io—y, and conſequently — will be a negative 
quantity, whereas the problem may be ſuppoſed to 
relate to aiiirmative quantities only: however, as 
there is infinite choice ol fractions between o and 10, 
and as any of theſe may be ſubſtituted for y, the pro- 
blem will ſtill be capable of an infinite number ot ſo- 
lutions, if fractions may be admitted; but if it be re- 
quired that x and y be both whole numbers, then 
there cannor be above nine ſuch numbers that can be 
put for y; nor perhaps all theie neither, as remains 
in the next place to be ſhewn. Now to find what 
whole number being put tor y will bring out x a whole 


number alſo, I reduce the quantity — to a more 


ſimple one, by dividing 10y by 10—y, or rather by 
—y+10, beginning with —y thus: 105 divided by 
—y quotes — 10, which I put down in the quotient ; 
then multiplying the diviſor —y+10 by —10o the 
quotient, I find the product to be +10y=100, which 
being ſubtracted from 10y the dividend, leaves 100 
for a remainder ; but not intending to carry on the 
diviſion any further, I repreſent the reſt of the quo- 


I 00 100 


tient by the fraction 3 fo x= 
i 10— 


— 20 3 


| LO—y 
therefore that x may be a whole number, it is ne- 


ceſſary that — be a whole number; but this will 
be impoſſible, unleſs 10—y be ſome one of the divi- 
fors of 100, I mean ſuch a number as will divide 100 
without remainder : I enquire therefore in the next 
place, how many ſuch diviſors 100 will admit of that 
are under 10; for ſo long as y is any thing, 10—y 


muſt be leſs than 10; and I find four ſuch diviſors, 
| © 


\ 
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to wit, 1, 2, 4and 5; therefore if 10—y be put 
100 


IO—Yy 
out a whole number; and it muit allo come out affir- 
mative; for ſo long as 10—y is greater than nothing 
100 


and leſs than 10, 
10—9 


| _ that is, than 10, and contegarncty ; 


—1o muſt come 


equal to any of theſe, x or 


will always be greater than 


O 
—10 


10 

or x will be affirmative. Let us then ſuppoſe firſt, 
109 
10—5 
x=90. 2dly, if 10—y=2, we ſhall have y=8, 
and x=40. 3dly, it 10—y=4, we ſhall have y=6, 
and x=15. Laltly, it 10—y=5, we ſhall have 
y=5, and x=10 : therefore this queſtion admits of 
4 ſolutions in whole numbers, to wit, 90 and , 
40 and 8, 15 and 6, and 10 and 5; all which equally 
anſwer the condition of the problem, as will appear 


upon tryal. 


or 


10—y=1, and we ſhall have y=g9, and 
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ELEMENTS or ALGEBRA. 


K 
OO PROPORTION. 


Of the neceſſity of reſuming the dactrine of propor- 
tion, and removing for we d:flicul'res which ſeem 
to attend it as delivered in the Elements. 


Art. 261, N the 15th and 16th articles of this 
| treatiſe I have laid down as clearly, 

and yet as ſuccinctly as I was abie, 

| the doctrine of proportion ſo far as it 
relates to numbers and commenturable quantities, 
' whereof any one may be conſidered as ſome multiple, 
part or parts of another of the ſame kind; and it 
ſerved well enough all the purpolcs it was deſigned 
for. But being 1 in the next book to apply Algebra 
to Geometry, and ſo to conſider proportion as it re- 
lates to magnitudes in general whether commenſurable 
or incommenturable, I ſhould come ſhort of the 
av nife:s geomitrica, was I not to reſume this ſub- 
ject, and to conſider it now in its full extent as it is 
laid down in the fich book of the elements of Geo- 


metry. 
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metry. I might indeed have excuſed myſelf from 


this part of my taſk, and ſhould have been very glad 
to have done it, by reterring the reader at once to the 
elements themſelves without any further aſſiſtance ; 
but I could not withſtand tume reaſons drawn from 
experience, which to me ſeemed to plead very power- 
fully to the contrary. 

I frequently obſerve that moſt of thoſę who ſet 
themſelves to read Euclid, when they come at the 
fifth book which treats of proportion, either entirely 
paſs it by as containing ſomething too ſubtil to be 
comprehended by young beginners, or elie touch ſo 
very lightly upon it as to be little the better for it; 
and ches the doctrine of proportion (which is certainly 
the moſt extenſive, and conlequently the moſt uſeful 
ot the Mathematics) is either taken for granted, 
07 4. bett but partially underſtood by them. The 
es there made uſe of are ſcarce bold enough, I 
112. 44molt laid, ſcarce complicated enough to affect 
e imagination fo ſtrongly as is neceſſary to fix the 
aiteniun. 

Ihe firſt, ſecond, third, fifth and ſixth propoſitions 
are teli-evident, as well as ſome others, and upon 
that very account create an impatient reader much 
greater uneaſineſs than it they were further removed 
trom common ſenſe ; becauſe the truths from whence 
theſe propoſitions are deduced are not fo diſtinct from 
the propoſitions themſelves as in many other caſes. 
But it ought :o be conſidered, that the perfection of 
all arts and ſciences in general, and of Geometry in 
particular, is to ſubſiſt upon as few firit principles or 
axioms as is poſſible ; and therefore wheneyer a pro- 

firion, how evident ſoever it may appcar in itſelf, 
can be deduced from any that is gone before, it 
ought by all means to be ſo deduced, and not to be 
made a firſt principle, and ſo unneceſſarily to increaſe 
their number. 

The deſign of a geometrical demonſtration is not 
ſo much to illuſtrate the propoſition to which it is 

annexed, 


| 
| 
| 
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annexed, or to render it more evident than it would 
have been without it, (though this ought certainly to 
be done wherever the nature of things will permit,) 
as it is to ſhew the neceſſary connexion the propoſition 
to be demonſtrated has with fome previous truth al- 
ready admitted or proved, ſo as to ſtand and fall to- 
_ gether, whether ſuch previous truths be more or lets 
evident than the propoſition to be demonſtrated: I ſay 
more or leſs evident; for it is not uncommon in the 
courſe of Euclid's geometry to meet with propoſitions 
demonitrated from others that are lets evident than 
themſelves. For an initance of this we need go no 
further than the twentieth propoſition of the firſt book, 
where it is demonſtrated that in every triangle any two 
fides taken together are greater than the third : now it 
is certain that this propoſition is more evident than 
that the external angle is greater than either of the in- 
ternal and oppoſite ones; and yet the former, by the 
help of the 19th propolition, is demonſtrated from 
the latter. 

But there is another reaſon to be given for demon- 
ſtrating ſelf-evident propoſitions in many caſes, and 
particularly in this fifth book of the elements. A 
propoſition may ſometimes be taken to be ſeli- evident 
according to our narrow and ſcanty notions of things, 
which when better underſtood, will be found-to be 
otherwiſe. Theſe propoſitions, to wit, that eg! 
quantities will have th: ſame proportion to @ third, 
that of two unequal! quantities the greater will bade a 
greater proportion to a third than the leſs, and ſome 
others ot the {ame ſtamp in the fi'th book, are ſuch 
as will paſs with moſt tor ſelt-evident propoſitions ; 
and ſo they are without all doubt according to the 
common conception of proportionality ; bur when 
they come to be examined according to the julter and 
more extenſive idea Euclid has given of it, I tear they 
will both, and the latter more elpecially, be found to 
want demonſtration. 


In : 
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In a perfect and regular ſyſtem of elementary Geo- 
metry, ſuch a one as nar of Euclid may be tuppoſed 
to be, or at l-ait to have been, certain properties 
lines, angles and figures are to be laid down, ard 
thol« ot the {im blelt kind, tor definitions; from 
whence, and from one another, all the reſt are to be 
derived with the utmoſt rigour, without the leaſt ap- 
peal even to common ienſe. Common ſenſe is by no 
means to be made the ſtandard of any geometrical 
truths whatever, except ar{t principles: it's province 
muſt be only to judge whetner a propoſition be duly 
demonſtrate | according to che rutcs already preſcribed, 
that is, whether the neceſſary connexion it has with 
any previous truth be clearly and diſtinctly made out; 
when that is done, nothing remains but to pals len- 
tence. Whilſt the ſcience continues thus circum- 
ſcribed, no miſtakes, no cilputes can ariſe concern- 
ing ics boundaries; but wheneve r thele come to be 
tranſgroſſed, ſuch a loule will be given to Geometry 
that ic would be impoble to agree upon any others 
whereby to reſtrain it. 

Thus much I thought proper to lay down concern- 
ing the nature of a geometrical demonſtration, that 
young ſtudents may not ſometimes think themſelves 
diſappointed, or not preceed with that coolnets and 
judgment abſolutely neceſfary to conduct them through 
the elements of Gcomctry. 

But as to the matter in hand, there is another dif- 
ficulcy ſtill behind, which 1 kelkeve, is often a greater 
diſcobr ent to young beginners in their entrance 
into ti.c doctrine of proportion, than any which have 
hither been alleged, and that is the difficulty of 
UUCTIANCINY and applying ius definition of pro- 
portion ab. quantiti- 's. But to take away all excuſe 
iron — quarter, I have here annexed a tmall differ- 
tation conducing (as I take it) to clear up that defi- 
nition. It is an entract out of fume looſe papers I 
have by me; and therefore the reader muſt not be 
ſurprized it he finds tome things repeated here which 


tave 


— 


"= 
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have already been mentioned in another part of _ 
book. 


A vindication of the fifth defin:tion of the fifth book 


77 Euclid's elements. 


262. N. B. For a more diſtinct underſtanding of 
what follows, it muſt be oblerved, that By a part, in 
toe ſenſe of the fifth beak of Euclid, is meant an aliquot 
part, and not à part as part related to ſome whole. 
Thus 3 is a part of 12 in Euclid's ſenſe, as being juſt 
tour times containad in it; and though 9 be a part 
of 12 in the ſame ſenſe as the part is diſtinguiſhed 
trom the whole, yet 9 in Euclid's ſenſe is not a part, 
but parts of 12, as being three fourth parts of it. 

tit. If two qrantities A and B be commenſurable, 
then A muſt neceſſari'y be either ſome multiple, or ſome 
part, cr ſcme parts cf B. For if A and B be com- 


menſurable, then either B mutt meaſure A, or A muſt 


meaſure B, or they mult both be meaſured by fome 
third quantity: if g; meaſures A any number of times, 
ſuppote 3 times, then A will be equal to 3 times B, 
and conſequently will be a multiple of B: 11 4 mea- 
ſures B any number of times, ſuppoſe 3 times, then 
A will be a third part of B, and conſequently will be 
a part of B: if A and 5j do not mealure one the other, 
let C meaſure them both, and let C be contained ex- 
actly in 4 3 ti nes and in B 4 times; then will a third 
part of A be equal to a fourth part cf E, as being 
both equal to C; multiply both ſides of the equation 
by 3, and you will have of A or 4 equal to oth, 
therefore in this caſe A is ſaid to be parts of * 

2dly. F two quantities A and B are iucommenſuradle, 
then A can neither be any multiple of B, nor any part 
or parts of it, For if A was any multiple of B, then 
B would meaſure both itſelf and A, which contradicts 
the ſuppoſition of their incommenturadility : in like 
manner, if A was any part of Z, then 4 would mea- 


ſure both itlelf and B: in the latt place 1 fay that nei- 
ther 
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ther can A be any parts of B; for if A was any parts 
of B, iuppole + of B, then + of B would meafure 
both 4 and B, which {till contradicts the ſuppoſition: 
A indeed may be greater or leſs than fome part or 
parts of B, but can never be equal to ar y; io ſubtil 
is the compolition of continued quantity. As tor in- 
ſtance; it is demonſtrated in art. 201, that the ſide 
and diagonal line of a ſquare are incummenturable to 
each other: let then A be the diagonal of a ſquare 
whoſe ſide is B, and the ſquare of 4 will be to the 
ſquare of B as 2 to 1, as is evident from the 47th of 
the arſt book of Euclid; theretore A will be to B as 
the ſquare root of 2 is to 1; but the ſquare root of 2 


- . I I 1 2 
is 1.414 Cc, that is , or more nearly — 
10 100 


in 244 8 5 7 
more nearly ſtill — 5 whence it follows, that if the 


ſide of a ſquare be divided into 10 equal parts, the 
diagonal will contain more than 14 of theſe parts, 
but not ſo much as 15 of them; if the fide be divided 
into 100 equal parts, the diagonal will contain above 
141 of ſuch parts, but not 142 ; il the fide be divided 
into 1000 equal parts, the diagonal will contain above 
1414 of ſuch parts, but not 1415; and ſo on ad infi- 
wmtum : therefore the diagonal of a ſquare can never 
be exactly expreſſed by parts of the ſide any more 
than the fide can by parts of the diagonal. The ſide 
may indeed be ſet off upon the diagonal, and ſo be 
conſidered as part of it, ſo far as part of the whole; 
but the fide can never be exactly expreſſed by any 
number of aliquot parts cf the diagonal, be theſe 
parts ever ſo ſmall. Limits may be found and ex- 
preſſed by parts of the diagonal as near as puſſible to 
each other, between which the fide ſhall always con- 
fiſt, and by which it may be expreſſed to any degree 
of exactneſs except perfect txactneſs. And thus alſo 
may approximatiuns he made in the expreſſions of 

| many 
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2 other incommenſurable quantities one by ano- 
ther. 

zdly. From the laſt ſection it appears, that If 7wv9 
quantities A and B be incommenſurable, no multiple of 
one can ever be equal to any mulliple of the other. For 
it, tor inſtance, 44 could be equal to 3B, then (di- 
viding by 4) A would be found to be juſt 4 of B, con- 
trary to what has been above demonſtrated. 

4thly. If four quantities A, B, C and D be ſuch, 
that A is the ſame part or parts of B that C is of D, 
then are thoſe four quantities A, B, C and D ſaid to 
be proportionable, or A is ſaid to have the ſame propor- 
tion to B that C hath to D. Thus it A be a fourth 
part of B, and C a fourth part of D, then A will be 
the ſame part of B that C is of D, and they will be 


proportionable. Thus again, if A= - B, and C= 
2 D, or if 4 * 2B, EY I or 2D, or 
4 + + 


if #= _ B, and C — D, in all theſe inftances 


(comprehending multiples under the notion of parts) 
A may be ſaid to be the fame parts of B that C is of 
D; and thereiore according to this definition, A hath 
the ſame proportion to B that C hath to D which is 
true, and the mark of proportionality here given is 
infallible, but not adequate to our idea of it; for 
though this mark be never found without proportion- 
ality, yet proportionality is often found without this 
mark. Proportionality is often found among incom- 
menſurables; but it can never be tried or proved by 
the marks here given. I believe no body ever doubted 
that the fide of one ſquare hath the ſame proportion to 
it's diagonal that the fide of any other ſquare hath to 
it's diagonal; and therefore A may have the ſame 
proportion to B that C hath to D, though A be in- 
commenturable to B and C to D: yet who can ſay in” 
rhis caſe, that A is the fame part or parts of B that C 
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is of D, when it has already been ſhewn, that A is no 
part or parts of B, nor C of D? This way therefore 
ot defining proportionable quantities by a ſimilitude 
of aliquot parts, cannot (in ſtrictneſs of Geometry) 
be laid down as a proper foundation, ſo as from 
thence to derive all the other properties of proportio- 
nality : for ſince theſe properties are to be applied to 
incommenſurable as well as commenſurable quantities, 
it is fit they thould be deduced from a tundamental 
property that relates equally to both. 

5thly. In order then to eſtabliſh a more general 
character of proportionality, I ſhall aſſume the tollow- 
ing principle which equally relates to commenſurable 
and incommenſurable quantities; and which, I be- 
lieve, there is no one who has a juſt idea of propor- 
tiorality, which way ſoever he may chuſe to ex- 
preſs it, or whether he can expreſs it or not, but will 
eaſily allow me, which is, that If four quantities A, 
B, C and D be proportionable, that is, if A has the 
fame proportion to B that C bath to D, it will then be 
impoſſible for A to be greater than any part or parts of 
B, but C muſt alſo be greater than a like part or parts 
of D; or for A to be equal to any part or parts of B, 
but that C muſt alſo be equal to a like part or parts of 
D; or for A to be leſs than any part or parts of B, but 
that C muſt alſo be leſs than à like part or parts of D. 
Thus it A hath the fame proportion to B that C hath 
to D, it will then be impoſſible for A to be greater 


than, equal to, or leſs than — B, but C mult alſo 


be greater than, equal to, or leſs than — of D. This 


principle, I ſay, is ſo very clear that nothing more needs 
to be ſaid of it, either by way of explication or demon- 
ſtration: and if by the help hereot I can demonſtrate 
the converſe, we ſhall then have a general mark of pro- 
portionality as extenſive as proportionality itſelf. Now 
the converſe of the foregoing propoſition is this; Here 

| | be 
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be feur quar.ti!ies A, B, C and D, and if the nature of 
theſe quantities be ſuch, that A cannot poſſibly be greater 
than, equal to, or leſs than any part or parts of B, but 
at the ſame time C muſt neceſſarily be greater than, equal 
to, or leſs than a like part or parts of D, let the num- 
ber or denomination of theſe parts be what they will; 1 
fey then, that A muſt neceſſarily have the ſame propor- 
tion to B that C hath to D. If this be denied, let 
tome other quantity E have the ſame proportion to D 
that A hath to B, that is, let 4, B, E and D be pro- 
portionable quantities; then imagining the quantity 
D to be divided into any number of equal parts, ſup- 
poſe 10, let E be greater than 14 of theſe parts and 


leſs than 15, that is, let E be greater than — and 


leſs than -— of D; then muſt A neceſſarily be greater 


I 


than 5 and leſs than — of B: this is evident from 


the conceſſion already made, ſince A is ſuppoſed to 
have the ſame proportion to B that E hath to D. But 


if A be greater chan —— and leſs than S of B, then 


C muſt be greater than _ and leſs than — of Dby 


the hypotheſis ; the relation between A, B, C and D 
being ſuppoſed to be ſuch, that A cannot be greater 
or leis than any part or parts of B, but C accordingly 
muſt be greater or leſs than a like part or parts of D. 


Therefore we are now advanced thus far, that if E 
lies between 1 and _ of D, C mult alſo neceſſarily 


lie betwixt the fame limits: now the difference betwixt 
— and — of Dis — of D; therefore the difference 
betwixt C and E, which lie both between theſe two 

S 2 limits 
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limits mult be leſs than — of D. This is upon 2 


10 
ſuppoſition that the quantity D was at firſt divided into 
10 equal parts; but if inſtead of 10 we had ſuppoſed 
it to have been divided into 100, or 1000, or 10000 
equal parts, (which ſuppoſitions could nut have af- 
fected the quantities C and E,) the concluſion would 
then have been, that the difference betwixt C and E 
would have been leſs than the hundredth, or thouſandth, 
or ten thouſandth part of D; and fo on ad infinitum : 
therefore the difference between C and E (if there be 
any difference) muſt be leſs than any part of D what- 
ever; therefore the difference between C and E is only 
imaginary, and not real; therefore in reality C is equal 
to E. Since then C is equal to E, and that A is to 
Bas E is to D, the conlequence muſt be that A is to 
BaaCuwD. . E. . 

Here then we have a proper characteriſtic of pro- 
portionality which always accompanies it, and on the 
other hand, is never to be found without it, to wit, 
that four quantities may be ſaid to be proportionable, 
the firſt to the ſecond as the third is to the fourth, 
when the firſt cannot be greater than, equal to, or 
leſs than any part or parts of the ſecond, but the third 
muſt accordingly be greater than, equal to, or leſs 
than a uke part or parts of the fourth: or thus; Four 
quantities may be ſaid to be proportionable as above, when 
the firſt cannot be contained between two limits expreſſed 
by any parts of the ſecond, bow near ſoever theſe limits 
may appreach to each other, but the third muſt neceſſarily 
be contained between the limits expreſſed by like parts of 
the fourth. | | 

6thly. Had Euclid ſtopped here, without refining 
any further upon the criterion of proportionality deli- 
vered in the laſt ſection, (for I dare venture to affirm 
he was no ſtranger to it,) I doubt not but it would 
have given much greater ſatisfaction to the generality 
of his diſciples, eſpecially thoſe of a lets delicate taſte, 

than 


. ” , 
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than that which he advances in the fifth book of his 
elements, as being more cloſely connected with the 
common idea of proportionality : but it was eaſy to 
ſee, that in demonſtrating ſeveral other affections of 
proportionable quantities upon this ſcheme, there 
would then be frequent occalion for taking ſuch and 
ſuch parts of magnitudes, as there is now for taking 
ſuch and ſuch multiples of them, the praxis of which 
partition had no where as yet been taught by Euclid; 
nay he rather ſeems to have determined, as far as 
poſſible, to avoid it, and that upon no ill grounds 
neither; for the uſe of whole numbers is in all caſes 
juſtly eſteemed more natural and more elegant than 
that of fractions, arid the multiplication of quantities 
has always been looked upon as more ſimple in the 
conception than the reſolution of them into their ali- 
quot parts. It is for this reaſon that Euclid never 
ſhews how to multiply a line or any other quantity 
whatever, aſſuming the praxis thereof as a fort of 
paſtulatum; whereas in the ninth propoſition of the 
fixth book of his elements he ſhews how to cut off 


any aliquot part of any given line whatever. U 


theſe and ſuch like conſiderations it was that Euclid 
reſolved to advance his characteriſtic property of pro- 
portionality one ſtep higher, by ſubſtituting multiples 
inſtead of aliquot parts in ſuch a manner as we ſhall 
now deſcribe ; and we ſhall at the ſame time demon- 
ſtrate the juſtneſs of his definition from what has been 
already laid down in the laſt ſection. Ihe propoſition 
to be demonſtrated ſhall be this: If there be four quan- 
tities A, B, C and D, whereof EA and EC are any 
equimultiples of the firſt and third, and FB and FD are 
any other equimultiples of the ſecond and fourth , and if 
now theſe quantities are of ſuch a nature, that EA can- 
not be greater than, equal to, or leſs than FB, but at 
the ſame time EC muſt neceſſarily be greater than, equal 
to, or leſs than FD, when compared reſpectively, be the 
multiplicators E and F what they will: I ſay then that 
A muſt neceſſarily have the ſame proportion ta B that C 
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hath to D. Now that four quantities may be under 
ſuch circumſtances as are here deſcribed, can be 

ueſtioned by no one who has with any attention con- 
ddered the nature of proportionable quantities: for 
ſuppoſe A to be the diameter and B the circumference 
of any cirge, and C to be the diameter and D the 
circumference of any other circle; who doubts but 
that twentytwo times the diameter of one circle will 
be greater than, equal to, or leſs than ſeven times 
the circumference, according as twentytwo times the 
diameter of the other circle is greater than, equal to, 
or leſs than ſeven times the circumference of that 


circle ? I now proceed to the demonſtration of the 
propolition, 


IF it be denied that {is to B as Cis to D. let Abe 


to B as C is to D; and then ſuppoſing D to be di- 
vided into 10 equal parts, let G be greater than 14 
of theſe parts and leſs than 15 : then ſince by the ſup- 


poſition A is to Bas G is to D, we ſhall have Agreater 


than —< and Ic than —2 of B; therefore 104will 


10 10 


be greater than 14B and leſs than 133; but by the 
| bypothefis, no multiple of A can be greater or leſs than 
any multiple of B, but the fame multiple of C muſt be 
greater or leſs than a like multiple of D; therefore 
100 is greater than 14D and lets than 15D; there- 


fore C is greater than — and leſs than — of D; 
therefore if C be a quantity between — and I of D, 


10 10 
C mult alſo be a quantity between the ſame limits; there- 


fore the diflerence betwixt C and G muſt be leis than. 
75 of D. This is upon a ſuppoſition that D was divid- 


ed into 10 equal parts; but C and G will be the ſame, 
into what number of parts ſoever we ſuppoſe D to be di- 
vided ; therefore if we ſuppoſe O to be divided into 


L0G, 
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100, 1000, or I0000 equal parts, c, the difference 
betwixt C and G might have been ſhewn to be lets 
than the hundredth, or the thouſandth, or the 
tenthouſandth part of D; and ſo on ad infiuitum ; 
therefore C and & are equal, as was ſhewn in the ;th 
ſection. Since then A cannot be greater than, equal 
to, or leſs than any part or parts of N, but G mult be 
greater than, equal to, or lets than a like part or 

of D. becauſe A is to B as G is to D; and ſince G 
cannot be greater than, equal to, or leſs than any 
part or parts of D, but C muit be greater than, equal 
to, or leſs than the ſame part or parts of D, becauſe 
G and C are equal; it follows ex æquo, that A cannot 
be greater than, equal to, or leſs than any part or 
parts of B, but that C muſt accoruingly be greater 
than, equal to, or leſs than a like part or parts of D; 
and contequently that A is to B as Cis to D, accord- 
ing to the mark of proportionality given in the laſl 
ſection. Q: E. D. 

Four quantities then may be ſaid to be propertionable, 
the firſt to the ſecond as the third to the fourth, when 
no equimultiples whatever can be taken of the firſt and 
third, but what muſt cither be both greater than, or 
both equal to, or both leſs than any other equimultiples 
that can poſſibly be taken of the ſecond and fourth, when 
compared reſpetttvely. 

-thly. As number is a diſcrete, and not a conti- 
nued quantity, there is ſuch a thing as a minimum in 
the parts of number, whereas in thoſe of extenſion 
there is none; whence it follows, that the parts of 
number muſt neceſſarily be more diſtinct, and for 
that reaſon more aſſignable than are the parts of ex- 
tenſion. Again, as all numbers are commenturable 
by unity, every number may be conceived either as 
ſome multiple, or ſome part, or ſome parts of every 
other. Hence it is that Euclid, defining propor- 
tionable numbers, makes uſe of the definition given 
in the 4th ſection ; hn ve ondeahandR 
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the common notion of proportionablequantities, when- 
ever the ſubject he treated of would bear it. 


Of the ſeventh definition of the fifth book of Euclid, 


263. If it be allowed to be a ſufficient mark of the 
proportionality of four quantities, when they are o 
related to one another in their own natures, that no 
equimultiples can be taken of the firſt and third, but 
what muſt either be both greater than, or both equal 
to, or both leſs than any other equimultiples that can 
poſſibly be taken of the ſecond and fourth ; then 
wherever it happens, or may happen otherwile, there 
can be no proportionality. As for inſtance, F in 
comparing equimultiples of the firſt and third with other 
eguimultiples of the ſecond and fourth, there be any caſes 
wherein the firſt multiple ſhall be greater than the ſecond, 
and yet the third not greater than the fourth; or wherein 
the firſt multiple ſhall be leſs than the ſecond, and the 
third not leſs than the fourth; then the firſt quantity 
will not have the ſame proper:ion to the ſecond that the 
third hath to the fourth, but either a greater as in the 
former caſe, ar a leſs as in the latter. Nay, and [ 
may add further, that If of four quantities, the firſt 
bath a greater proportion to the ſecond than the third 
hath to the fourth, there muſt be caſes exiſtins, whether 
theſe caſes can be aſſigned or not, wherein of equimu!- 
tiples of the firſt and third, and of other equimultiples of 
the ſecond and fourth, the firſt multiple ſhall exceed the 
ſecond, and yet the third ſhall not exceed the fourth: 
for if no ſuch cates were poſſible, then the firſt quan- 
tity muſt either have the ſame proportion to the ſe- 
cond that the third hath to the fourth, or a leſa; both 
which are contrary to the ſuppoſition. Thus we have 
found the fifth and ſcventh definitions of the filth 
book of the elements both of a piece. 


4 queſtion 
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A queſtion arifing out of the foregoing article. 
264. This is all that was neceſſary to be obſerved 


concerning the foregoing definitions: but if, havin 
given four quantities A, B, C and D, whereof A hath 
a greater proportion to B than C hath to D, any one 
for his own private ſatisfaction would know how to 
find ſuch equimultiples of A and C, and ſuch other 
equimultiples of B and D, that A's multiple ſhall ex- 
cced that of B, and at the ſame time C's multiple 
ſhall not excced that of D, it may be done thus. If 
the quantities A, B, C and D be commenſurable, 
let their ratios be expreſſed by numbers: as for in- 
ſtance, let A be to B as 7 to 3, and let C be to D as 
4 to 3; then will 4 and 3, the numeral expreſſions 
of the leſſer ratio, be the multiplicators required, if 
of the terms A and B, the greater term A be multi- 
plied into the leſſer multiplicator 3, and the leſſer term 
B into the greater mu!riplicator 4; for then 34 (21) 
will be greater than 4B (20), and yet 30 (12) will 
not be greater than 4D (12), for the two laſt mul- 
tiples are equal. But if ſuch multiples be required, 
that the firſt multiple ſhall be greater than the fecond, 
and at the fame time the third multiple ſhall be lets 
than the fourth, then ſome intermediate fraction muſt 
be taken between and 2, and the terms of ſuch a 
traction will be the multiplicators required. As for 
inſtance, throwing the extreme fractions into deci- 
mals, we have 7=1 4, and +=1 .34—; therefore 
if any decimal fraction be taken between 1 .4 and 
I .34, ſuch a fraction being reduced to integral 
terms will give the multiplicators required. Let us 


aſſume 1 .375, that 1s, LE: or 35 then will 84 
1000 8 
(36) be greater than 1135 (55), and at the ſame time 
80 (32) will be leſs than 11D (33). 
If the prey A be incommenlurable to B, or C 


to D, or both to both, find however, by ſcholium 
the 


282 Concerning the ſeventh Definition Book VII. 


the ſecond in art. 179*, ſuch numbers as will expreſs 
theſe ratios as accurately as occaſion requires. As 
let the ratio of the number E to the number F be 
nearly the fame with that of A to B, and let the ratio 
of the number G to the number 77 be nearly the fame 
with that of C to D; then if either of theſe ratios, to 
wit, the ratio of E to V, or the ratio of G to H, lie 
between the ratios of -{ to B and of C to D, the terms 
of the intermediate ratio will make proper multiplica- 
tors; but if neither of theſe caſes happen, ſome inter- 
mediate fraction muſt be taken between the two frac- 


ti 12 
ons E and . 


Having thus prepared my young ſtudent for Eu- 
clid's doctrine of proportion, partly by ſetting him 
right in his notions of things, and partly by remov- 
ing out of his way all that rubbiſh which ſeemed to 
block up his entrance to it, I hope I ſhall now be able 
to conduct him through the whole with a great deal 
of eaſe, and that he will meet with fewer difficulties 
in reading the tollowing propoſitions than an equal 
number in any other part of the elements : and yet all 
I have done herein has been only to mitigate, as far 
as I thought proper, the rigour and feverity of the 
author's manner of writing, and to render his demon- 
ſtrations more eaſy to the imagination, which the com- 

iler in his whole ſyſtem ſeems to have had no great 
tenderneſs for: but whatever I have done elſe, I have 
taken care to preſerve the force of the demonſtrations, 
and I hope, in a great meaſure, their elegancy too. I 

have uſed no algebraic computations in demonſtratin 
theſe propoſitions, except what may be juſtified by 
the antecedent ones; as well knowing that theſe prin- 
ciples were never intended to depend upon arithmeti- 
cal operations, but rather arithmetical operations upon 
them. I have however, for the reader's eaſe, made 
uſe of the ſimpleſt algebraic notation. Thus A, B, C, D 
ſignify magnitudes of any kind whatever; E, T, G, H 
always 


See tue Quarto Edition, page 283 
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always ſignify whole numbers, unleſs where notice is 
given to the contrary z A+8B fignihes the tum of any 
two homogeneous magnitudes A and B; Ag their 
difference, or the excels of A above B; EA and FB 
ſignity any two multiples of A and B, the multipli- 
cators being E and F; Sc. I have ſometimes alſo 
uſed very caſy conſequences of this notation ; as that 
it ; be added to B, the ſum will be A, which in- 
decd is a general axiom, and ſaying no more than 
that if to any magnitude be added the exceſs of a 


greater above it, the ſum will be the greater magni- 
tude. 


The Fifth Book of EUCLID's Elements. 
Drin r 0e ns. 


265. t. A lefſer magnitude is ſaid to be a part of 4 
greater, when the leſſer mcafures the greater. 

2. A greater magnitude is ſaid ts de a multiple of 4 
leſs, when the greater is meajured by the leſs. 
| Note. Our language is not nice enough to ex- 
preſs theſe two definitions as they are in the Greek 
and Latin. | | 

We may further obſerve, that by theſe two defini - 
tions every ſimple quantity is excluded from being 
conſidered either as a part or multiple of itſelf; for 
to be a part, in this tenſe, is to be leſs than that 
whereot it is a part, and to be a multiple is to be 
greater than that whereof it is a multiple. 

3. Ratio is that mutual relation tee homogeneous 
quantities are in, when compared together in reſpet? to 
their quantity. Thus the exceſs of 2 above 1 is equa! 
to the exceis of 4 above 3, and yet the ratio of 2 to 
L is greater than the ratio of 4 to 3; that is, 2 has 
more magnitude when compared with 1 than 4 hath 
when compared with 3; fince 2 is double of 1, and 
4 is not double of 3. But on the other hand, 3 hath 
a greater ratio to 4 than 1 hath to 2, becauſe 3 hath 
mare magnitude in compariton of 4 than 1 aath in 

compa- 
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compariſon of 2; for 3 is more than the half of 4, 
whereas 1 is but juſt the halt of 2. 

4. All quantities are ſaid to be in ſome ratio or other, 
when they are capable of being ſo mulliplied as to exceed 
one another. 

Note. By this definition, 1ſt, All heterogeneous 
quantities are excluded from having any ratio one to 
another, becauſe heterogeneous quantities are ſuch, 
that their multiples are no more capable of compari- 
fon as to excels and defect, than the quantities them- 
ſelves : a yard can never be multiplied till it exceeds 
an hour, &c. 2dly, All infinitely ſmall quantities 
are hereby excluded from having any ratio to finite 
ones, becauſe the former can never be fo multiplied 
as to exceed the latter. ns 

5. Magnitudes are ſaid to be in the ſame ratio, the 
firſt to the ſecond as the third to the fourth, when no 
equimultiples can be taken of the firſt and third, but 
what muſt either be both greater than, or beth equal to, 
er both leſs than ey other equimultiples that can poſſibly 
be taken of the ſecond and fourth. 

Note. This and the ſeventh definition have been 
explained already. 

6. Magniltudes in the ſame ratio may be called pro- 

tionals. 

7. Tf there be four quantities, whereof equimu!tiple; 
gre taken of ihe firft and third, and other equimultiples 
of the ſecond and fourth; and if any caſe can be aſſig ned. 
wherein the muliiple of the firſt ſhail be greater than the 
multiple of the ſecond, and at the ſame time the multiple 
of the third ſhall not be greater tan the multiple of the 
fourth ;,, then of theſe four quantities, ihe ſrt is ſuid to 
have a greater ratio ts the ſecond than the third hath 10 
the fourth. 
. 8. Propertion conſiſts in a femilitude of ratios. 

9. Proportion cannot be expreſſed in fewer than three 
terms: as when we ſay that A is to B as Bis to C. 

10. Whenever three quantities are continual propor- 
tionals, the firſt is ſaid 19 be to the third in a duplicate 


ratio 
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ratio of the firſt to the ſecond: and on the other hand, 
the firſt is ſaid to be to the ſecond in a ſubduplicate ratia 
of the firſt to the third. 

11. If four quantities be continual proportionals, the 
firſt is ſaid to be to the fourth in a triplicate ratio of the 
firſt to the fecond ; and ſo on. 

12. The antecedents of all proportions are called 
homologous terms, and ſo alſo are the conſequents : but 
antecedents and conſequents confidered together, are never 
called homologous terms, but heterologcus. 

Note. Theſe three laſt definitions, though placed 
here, have nothing to do in the following titch book, 
bur in the ſixth. 

13. Alternate proportion 1s, when four quantities 
being proportionable, the firſt lo the ſecond as the third 
to the fourth, it is concluded, that the firſt is to the 
third as the ſecond to the faurth; the juſtneſs of which 
concluſion, as well as of all the reſt that follow, will 
be ſufficiently made out in the following propoſitions. 

14. Inverſe proportion is, when ſour quantities being 
preportionable, the firjt to the ſecend as the third to the 
fourth, it is concluded, that the jecond is to the firſt as 
the fourth to the third. 

15. Compoſition of proportion is, toben four canton es 
being proportionable, the firſt to the ſecond as the third 
to the fourth, it is concluded, that ihe ſum of the fir 
and ſecond is to the ſecond as the ſum of the third and 
fourth is ts the fourth 

16. Div;/ton of preportion is, when four quantities 
being proportionable, the firſt to the ſecond as the third 
to the fourth, it is concluded, that the exceſs of the firſt 
above the ſecond is to the ſecond as the exceſs of the third 
above the fourth is to the fourth. _ 

17. Converſion of proportion is, when four quantities 
being propertionable, the firſt to the ſecond as the third 
io the fourth, it is concluded, that the firſt is to the 
exceſs of the firſt above the ſecond as the third 15 to the 
exceſs of the third above the fourth. 

18. F 


— 
— — . PEI 
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18. If ever ſo many quantities in one ſeries be com- 
pared with as many in another ;, and if from all the 
ratios in one being equa! to all thoſe in the other, 
either in the jame or a different order, it be concluded, 
:hat the extremes in one ſerics are in the ſame pro- 
portion with the extremes in the other, this propor- 
tionality of the extremes is ſaid to follow ex æquo, or 
ex — rationum. 

9. If all the ratios in one ſeries be equal to ail 
thoſe in the other, and in the ſame order, this is called 
ordinate proportion; and the extremes in this caſe are 


aid to be proportionable ex æquo ordinate, or barely 


ex æquo. 

20. If all the ratios in one ſeries be equal to all 
thoſe in the ober, but not in the ſame order, this 1s 
called inordiuate proportion; and the extremes are ſaid 
4% be propertionable ex æquo perturbate. 

Thus it A, B and C in one ſeries be compared with 
D, E and F in another; and it AistoBas D to E, 
and B to Cas E to F, this is called ordinate propor- 
tion, and A is ſaid to be to Cas D to F ex quo or- 
dinate, or barely ex equo : but if A is to B as E to 
, and B toC as D to E, this is called inordinate 
proportion, and A is ſaid to be to C as D to F ex 44 
perturbate. 


PROPOSITION 1. 


266. If there be ever ſo many homogencous quantities, 
A, B, C, whereof EA, EB, EC are eguimulliples 
reſpec:ively ;, I ſay then, that the ſum EA4+EB+LE.C 
will be the ſame multiple of the ſum A+B+C 
hat E&A is of A, or EB of B, &c. 

For the multiples EA, EB and EC may be conſi- 
dered as ſo many diſtinct heaps or parcels, whereot 
EA conſiſts wholly of As, EB of Bs, and &C of Cs; 
and ſince the number of As in EA is the fame with 
the number of Bs in EB, or of Cs in EC, it foilows, 
that as oltca as A can be ſingly taken out of EA. or 

B out 
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B out of EB, or C out of EC, juſt fo often may the 
whole ſum A+B+C be taken out of the whole ſum 
EA+EB+EC; therefore the ſum El+ EB+EC 
is the fame multiple of the ſum ABC that EA is 
ot A, or EB of B, Cc. 2: E. D. 
PROPOSITION 2. 

267. If EA and EB be equimultiples of any two 
quantities whatever A and B, and if FA aad FB 
be alſo equimultiples of the ſame, 1 ſay then that 
the ſum EA+FA will be the ſame multiple of A 
that the ſum EB+FB is of B. 

For ſince the number of As in EA is the ſame with 
the number of Bs in EB; and ſince alſo the number 
of As in FAis the ſame with the number of Bs in FB, 
add equals to equals, and the number of As in 


EAA will be the ſame with the number of Bs in 
EB+FB, that is, the ſum EA+FA will be the 


ſame multiple of A that the ſum EB+FB is of B. 
9. E. D. 


PRRO POSITION 3. 


268. If FA and EB be eguimultiples of any two quan- 
tities whatever A ana B, and if 3EA and 3EB be 
any equimmultiples of E&A and EB; I fay then, that 
3EA and 3EB will alſo be equimultiples of A 
and B. 

'This is evident from the laſt propoſition : for 
fince EA and EB are equimultiplgs of A and B; and 
fince EA and EB are again equimultiples of the ſame, 
it follows from that propoſition, that the ſum 2EA is 
the ſame multiple of A that the ſum 2EB is of B: 
again, ſince 2E A and 2EB are equimultiples of A and 
B, and fince EAand EB are other equimultiples of 
the fame, the ſum 3X4 is the ſame multiple of 4 
that the ſum 3£ZB is of B; and fo on ad infinitum. 
E. 


PROPOSITIOð 


288 The fifih Book of Ecciin's Elements. Book VII. 


PROPBOSITION 4. 


269. If four quantities A, B, C and D be prepor- 
tionable, A % B ag C te D, and if EA and EC be 
any equimultiples of the firſt and third, and FB and 
FD or other equimultiples of the ſecond and fourth ; 
Jay then that the eſe multiples <iil alſo be propert: '0- 
nable, provided they be taken in the ſame order as 
the preportionable quantities whereof they are multi- 
ples ;, that is, that EA will be to FB as EC 1s to 
FD. 

For let 3 E. and 3£C be any equimultiples of 
EA and EC, and let 275 and 27 be any other 
equimultiples of FB and FD; then fince 3&4 and 
ZEC are equimultiples of £4 and EC, and ſince EA 
and EC are equimultiples of A and C, it follows 
from the laſt propoſition that 3X4 and ;£C are e- 
quimultiples ot A and C; and for the lame reaſon 
2FB and 270 are allo equimultiples of B and D. 
Since then «ex hypethe/?, A is to B as C is to D; and 
ſince 3 EA and 3EC are equimultiples of A and C, 
and 2FB and 270 are alſo other equimultiples of B 
and D, it follows from the fifth definition, that 3 EA 
cannot be greater than, equal to, or leſs than 2FB, 
but 3 EC mult alſo be greater than, equal to, or lets 
than 210. Again, fince we have tour quantities 
EA, FB, EC, FD, whereof 3 EA and 3 EC repreſent 
any equunultiples of the firſt and third, and 24B and 
2FD any other equimultiples of the ſecond and 
fourth ; and ſince 3E cannot be greater than, equal 
to, or leis than 27. but 3EC muit in like manner 
be greater than, equal to, or lefs than 2FD, it fol- 
lows from the fifth definition, that theſe four quantities 
EA, FB, EC, { D are proportionable ; that . I is to 


FB as EE to TD. A E. D 
Send ri n. 
To this place is uſually referred the inverſion of 


proportion, {though why to this, rather than to any 


other, I know not;) that is, that If four guantities 
be 


» 
$ 
4 
* 
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be proportionable, they will alſo be inverſely proper- 
ticnable : as if A be to B A, Ci, te D, then Brocill be 
4% A 4 to C. For let EA and EC be any equimul- 
tiples of A and C; and let FB and FD be any other 
equimultiples of B and D; and firit let us ſuppoſe 
J to be greater than EA; then will Z be Its than 
JB: and becauſe A is to BasCis to D, EC will allo 
be lets than FD by the fith definition; and therefore 
ED will he greater than EC: thus then we ſce that 
it FB be greater than EA, FD will alto be greater than 
EC. And after the fame manner it may be demon- 
ſtrated, that it FB be equal to, or leſs than E.1{, FD in 
like manner will be equal to, or leſs than EC. Since 
then we have four quantities B, A, D, C, whereot B and 
O are equimultiples of the firſt and third, and EA and 
EC are other equimultiples of the fecond ana fourth; 
and ince 45 cannot be greater tlian, equal to, or leſs 
than EAA, but FD mult accordingly be greater than, 
equal to, or leſs than EC, it toliov's from the fitth 
definition, that theſe tour quantities B, 4, D, C mutt 
be proportionable; that H muit be to A as D to C. 
E D. 


70. F A and B le any tus homogeneous quantities, 
c cbberecf A 15 the greater, and whereof EM and EB 
are eui multiples reſpetli ger; I jey then that the 
difference EA - EB chill be the ſame multiple of 
2 difference n B ihat EA 75 FA, 6r EB of B. 
It this be denied, let G be the fame multiple of 
I that EAis of A, or EB of B; then we ſhall 
have two quantities 4— B and B Whole tum is 
„and whereof G and EB are equimultiples ret- 
pectively; therefore by tlie firſt propoſition, che ſum 
C4-EB will be the ſame multiple of the ſum A that 
EB is of B: but £4 is allo the ſame multiple of 4 
that EB 3s of 8; therefore GAEB is the tame mul- 
5 5 tiple 
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tiple of A that EA is of A; therefore G+EB muſt 
be equal ro EA; take EB from both ſides, and G 
will be enual to EB: but G was the ſame mul- 
tiple of {/— B that EA was of A, or EB of B; 
therefore LA - EB will be the ſame multiple of 
A—B that EA is of A, or EB of B. Q E. D. 


PROPOSITION. 6. 


271. If from EA and EB, equimultiples of any two 
quaniities A and B, be ſubtradted FA and FB any 
other equimulitiples of the ſame, the remainders 


EA FA and u- FB will either be equal to the 


quantities A and B reſpettively, or they wall be equi- 
mult; pies of them. 


rn 


In the firſt place, let the remainder EA - FA 
be equal to 4; I lay then that the other remainder 


EB — FB will aif» be cqual to B. For ſince FA is 
the ſame multiple of A that FB is of B, it follows 
from the nature of multiples, that TA A will be 
the ſame multiple of A that THA is of B. but A 
is equal to E= FA; and adding FA to both ſides 
we have £A+A= EA; therefore inſtead of ſaying 
as before, that F4+4 is the {ame multiple of I that 
FB+B is of B, we may now fay that EA is the fame 


multiple of 4 that H is of B: but EA is the 
ſame multiple of A that EB is of B; therefore EB is 


the ſame multiple of B that FB+B is of B; there- 
fore EB is equal to TBN ; ſubtract FB from both 
ſides, and you will have EB - FB=B. 2. E. D. 


CASE 
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n. 


Let us now ſuppoſe the remainder E — FA to be 
ſome multiple of A; for it A meaſures both EA and 


FA, it muſt meaſure EA FA; and fo EA— FA 
muſt be ſome multiple of A; and for the fame 


reaſon, the other remainder EB — FB muſt be ſome 
multiple of B: I fay then in the next place, that 


EB — FB muſt be the ſame multiple of B that 
EI - HA is of A. If this be denied, let G be the 
ſame multiple of B that EA FA is of A; then 


ſince EA - V and G are equimultiples of A and B, 
and fince FA and FB are alfo other equimultiples of 
the ſame, it ioilows from the fecond propoſition, that 
the ſum E = will be the ſame multiple of 
A that G++B is of B: but E£A—FA+FA4 = EA; 
therefore EA is the ſame multiple of A that GB 
is of B: but EA is the lame multiple of A that EB 
is of B; theretore £3 is the fame multiple of B {that 
G+FB is of B; therefore EB is equal to GB; 
therefore EB— FB is equal to G: but G was the 
{ame multiple ot B that E - is of A by the 
ſuppoſition ; theretore EB — rB is the ſame multiple 
of B that El- TA is of A. Q. E. D. 


Sen oO0L 1 vU . 


As in the ſecond definition it was provided that no 
fmple quantity be conſidered as a multiple of itſelf, 
lo in this propoſition care is taken that no two ſimple 
quantities be conſidered as equimultiples of them- 
ſelves; which indeed is but a conſequence of that 
definition, and is the reaſon why this - propoſition 
reſolves itſelf into two cales. 

1 2 For 
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For a better underſtanding and remembering the 
{tructure ot the fix fore going propuſiu ons, It may be 
objerved, that the two laſt Hop zolitions are nothing 
elle but the two firſt with their ſigns changed. In the 
ſirſt t Fropo ſition it was demonſtrated, that the ſum 


EITE is the ſame multiple oi the fum 47 + B 
that El is of A, or E oi: in the fitth propolition 


it is demonſtrated, that the difference EI — L is 


the ſame multiple of the difference 4 — that EA is 
ot A or EB of B. Again, in the ſecond propoſition 
it was demonitratcd, that the ſum £4 ++ is the 
ſame multiple of A that the ſum IBI is of B; 
and in the fixth it is demonſtrated that the remainder 


E 1—£+ 4 15 the fame multiple of Athat the remainder 
E. B is of B. 


PROPOSITION 7. 


272. If it equal quantities A aua B ve compared wil, 
a third as C, I jay then, that voto A and B will 
have ihe ſome preporticn is C; ana vice veria, that 
C will lade the fame properiicy beth to A andͤö te B. 
* taking any equimultiplæs of A and E, ſuppote 

31 ard 3B, and any other multiple of (, ſuppoſe 

C, it is plain that 34 muſt be equal to 3B, becauſe 

A is equal to B: but if 3% be equa! to 3B, then it 

will be impoſſible tor 34 to be greater than, equal 2 

or leſs than 30, but 2B mult accordingly be great 

than, equal to, or lefs than the fume 5e th — 

we have four quantities 4, C, Band C. wherect 2.4 

and 3B repreſent any equimuluples of the firſt and 

third, ar 5C and 5C any other equimultiples of the 

ſecond aud lourth; and ſince the firſt multiple 34 

cannot be greater than, equal to, or leſs than the ſe- 

cond gC, but the third multiple zu mult accordingly 

be greater than, equal to, or leis than tne fourth 50, 

it follows from the iich definition, that theſe four 

quantities. 
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Quantities 4, C, B and C are proportionable, A to C 
as C 2. E.D. 
Again, fizics 34 is equal to 3B, it will be impoſ- 
ſible tor C to be greater than, equal to, or lefs than 
2.4, bur the fame 5C muſt alſo be greater than, equal 
to, or leſ, than 35; therefore we have four quanti- 
ties C, 4, C and B, whereot 5C and 5C repreſent any 
equimultiples of the firit and third, and 3.4 and 3B 
any other equimultipl:s of the fecond and tourth; and 
fince the firſt multiple 30 cannot be greater tian, 
equal to, or lets than the ſecond . A, but the third 
multiple 5C mutt allo be greater than, equal to, or 
[25 than the fourth 3B, it fol ows from the fifth dea- 
nition, that theſe tour quantities C, J, C and B muſt 
be proportionable, C to A as C to B. Q. E. D. 


PA OSHO Ss IT Ion 8. 


273. F two unequal quantities A and B, taberesf Ajs 
the greater, be compared wi:h a third as C, I jay 
then that A will have a greater propertion ts C than 
B both to C; but that on the atber ban, 8 will 
hats a greater proportion to B then it hath Jo A. 
For fince by the ſuppoſition, A is greater than B, 

- will be the excels of A above B; and by the 

fifth propoſition, if ZB be any multiple of B. L. EZ 

will be the ſame multiple of 4—B : multiply then 
theſe two quantities B and E alike, till of the 


equimultiples thence ariſing, the leſs ſhall be greater 
than C; then will the other 'be much greater; let theſe 


equimultiples be 3B and 2 2.4—3B, each being greater 
than C: laſtle multiply C till you come to a multiple 
of it that ſhall be the next greater than 3B, which 
multiple let be 30 then it is plain that 38 cannot be 
leſs than 40; for it it was, then 40, and not 5C 
would be the next multiple of C greater than 3B, con- 
trary to the Apen on. Since then 3B cannot be 
ls than 4C, it lollows, that if to 35 be added a 

13 groater 


294 The fifth Buok of EucL1v's Elements, Book VII. 


greater quantity, and to 4C a leis, the former ſum 
will be greater than the latter: but 3 4A—3B is greater 
than C by the conſtruction; add then 342-355 to 3B, 
and C to 4C, and you will have 34 greater than 50: 
but 3B is leſs than C by the conttrufttion , therefore 
we have four quantities 2, C, B and C, whereot 34 
and 3B are equimultiples of the firſt and third, and 
5C and 5C are other equimultiples of the ſecond and 
fourth; and fince the firſt multiple 34 is greater than 
the ſecond 5C, and at the ſame time the third mul- 
tiple 35 is not greater than the fourth 5C, but lefs, it 
follows from the ſeventh definition, that of the tour 
quantities A, C, B and C, A hath a greater propor- 
tion to C than B hath to C. Q. E. D. 

Again, ſince we have four quantities C, B, C ard 4, 
whereot C and ;C are equimultiples of the firſt and 
third, and 3B and 3A are other equimultiples or che 
ſecond and fourth; and fince the firſt multiple 5C is 
greater than the ſecond 3353, and at the ſame ume the 
third multiple C is not greater than the fourth 3, 
but leſs, it follows from the ſeventh definition, that 
of the four quantities C, B, C and A, C hath a greater 
proportion to B than C hath to 4. Q, E. D. 


PROPOSITION 9. 


274. If two quantities A and B have both the ſame 
proportion to a third as C, or if C hath the ſame 
proportion to beth A and B; in either of theſe caſes 
A ard B muſt be equal to each other. 

For ſhould either of chem be greater than the other, 
ſhould A be greater than f, then by the laſt propo- 
firion, A muſt have a greater proportion to C than B 
hath to C, contrary to the firſt ſuppoſition; and C 
mult have a greater proportion to B than it hath to A, 
contrary to the ſecond ſuppoſition; therefore A and B 
ruſt be equal to each other. Q: E. D. 


PRO Po- 
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PROPOSITION 10. 


275. If of three quantities A, B and C, A hath a 
greater proportion to C than B hath to C, or if C 
kath a greater proportion to B than it hath to A; in 
either of theſe caſes A muſt be greater than B. 

For was 4 equal to, or leis than B, then either .7 
mult have the fame proportion to C that A hath to C, 
4s in the {eventh pro-fition, or a lels as in the eighth, 
both which contradict the firſt ſuppoſition: ard again, 
was A equal to, or leſs than B, then e.ther C mult 
have the ſame proportion to A that it hath to B, as 
in the ſeveatn propoſition, or a greater as in the 
cighth, both which contradict the ſecond © 5 a ; 


therefore A mult be greater than B. Q; E. 
PrRoPOSITION 11. 


276. If two ratios be the ſame with a third, they muſt 
be the ſame with one another: as if the ratio of A to 
a and the ratio of C to c be bath the ſume with the 
ratio of B to b, then the ratio of A to a will be the 

ſame with the ratio of C toc: or thus, If Abe to a 

as B to b, and B ü bas Ce c,; I ſay then that A 

will be bo a as C to c. 

For taking any equimultiples of the antecedents, 
ſuppoſe 34, 3B, 30; and any other equimultiples of 
the conſequents, ſuppoſe 24, 23, 2c, let 34 be 
greater than 24; then ſince by the ſuppoſition A isto 
a as B to b, and 34 is greater than 24, 33 mult be 
greater than 26 by the fifth definition: again, ſince 
BistobasCtoc, and 3B is greater than 26, 3C 
mult be greater than 2c : thus then we fee that it 3.4 
be greater than 24, 30 mult neceſſarily be greater 
than 2c: and in like manner it may be demonitrated 
that if 34 be equal to, or leſs than 2&4, 30 will ac- 
cordingly be equal to, or leſs than 2c. Since then we 
have tour quantities A, a, C and c, whercot 3A and 


30 repreſent any equimultiples of the firſt and third, 
1 4 and 
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and 24 and 2c any other equimultiples of the ſecond 
and fourth; and lince 43.4 cannot be greater than, 
equal to, or leis than 2 4, but 30 mutt MPR bead 
be greatcr than, equal to, or lets than 2c, it follows 

from the filth definition that theſe four quantities 
A, a, C and c mult be proportionable, A to a as C to c. 


A Wo 
PRO POSITION 12. 


277. Fever ſo many quantities A, B, C in one e ſeries 
e prepertionavie to as many a, b, c in enother, tht 
is, A le a 45 B t bas Cc ſay then, that es 

any ene anteceaent is to it's conſequent, fo will the 
ſum of all the antecedents be to the ſum Fall the con- 


ſeguents; that is, as A is ta a ſo will A+B4+C 
be to abc: or if we ſuppoſe A+B+C=S, and 
a+b+c=s, { joy then that as A tis to a fo will 
S be tos. 

For taking any cquimultiples of the antecedents 


ſuppoſe 3.4, 3B, 3C, and any other equimultiples o 


the conſequents, ſuppoſe 24, 25, 2, let 3.4 be greater 
than 24; then ſince A is to à as B to, and 31 is 
greater * 24, 3B muſt be greater than 24 by the 
fith definition : again, ſince Bistobas C to c, and 
3B is greater than "26, 3C muſt be greater than 2c; 
therefore if 3.4 be greater than 24, not only 3B will 
be greater than 26, but alto 3C will be greater than 


2c, and conſequently the whole ſum 31 ＋ C 
will be greater than the whole ſum 24+2b+2c: 
but by the firſt propoſition, the ſum 34+ 34+3C 
is the fame multiple of the ſum ITC or S that 


3.1 is of 4; therefore 24+3E+3C=3$S; and for 


the ſame reaton 22 +24+2c=25; therefore we ma 

now ſay that if 3.4 be greater than 24, 35 will be 
greater than 25: and after the ſame many might it 
be demonſtrated, that it 34 be equal to, or leis than 


2 44 


— * "ow" 
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284, 38 will be equal to, or lefs than 2s. Since 
then we have four quantities .4, a, S and s, whereof 

34 and 38S repreſent any equimultiples of the firſt and 
third, and 24 and 25 any others of the f cond and 
fourth; and ſince 34 cannot be greater than, equal 
to, or leſs than 22, but 38 muſt in like manner be 
greater than, equal to, or lefs than 25, it follows from 
the fifth definition that thele four quantities A, a, 


S and 5 muſt be proporticnable, {7 to @ as S tog. 
S. 2 


ProroOST1TION 13. 


278. If A hath the ſame preporiton do à that B hath 
to b, but B hath a greater P 1 1 b than C 
hath to c; I jay then that i Halb à greater propor- 
tion to a than C to c. 

For ſince by the ſuppoſition B 1s to ô in a greater 
proportion than C to c, it follows from the fevench 
definition that there are equimuitiples of B and C, 
and others again of & and c, of ſuch a Nature, that Ys 
multiple ſhall excced that of 5, and at the ſame time 
Cs multiple ſhall not exceed that of c: let then 3Þ 
exceed 2b, and let 30 not exceed 2c; then ſince A is 
toaas B to , and 35 cxcecds 25, 34 mult neceſ- 
ſarily exceed 24 by the fifth de nne therefore we 
have four quantities A, a, C ande, wherect 34 and 30 
are equimultiples of the firſt and Gl and 24 and 
2c are other equimultiples of the ſecond and fourth; 
and ſince 3A exceeds 2 2 when 3C does not exceed 2c, 
it follows from the ſeventh deiinition that of thete 
four quantities 1, 4, Cand c, A hath a greater pro- 
portion to 4 than C hath toc. E. D. 


ProPOSITION 14. 


279. If four homogeneous. quantities be proportionable; 
the firit to the ſocond as the third to the fourtb; J 
ſay then ibat the ſecong will be greater than, equal tc, 
or leſs then the fourth, accordiag cs the firſt is greater 


thn 
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than, equal to, or leſs than the third: as if A be to 
B 4s C is to D; Þ ſay then that B wil be greater 
than, equal to, or leſs than D, according as A i: 
greater than, equal to, or leſs than C. 


= Wy + os * 


Let A be greater than C: I ſay then that B will be 
greater than D. For ſince A is greater than C, A 
will have a greater proportion to B than C hath to B 
by the eighth propoſition : again, ſince C is to Da 
A to B, and A hath a greater proportion to B than 5 
hath to B. it follows from the laſt propofition that C 
is to D in a greater proportion than C to ; there- 


tore by the tenth propoſition B is greater than D. 
* aA 


© aS 3:2. 


Let new A be leſs than C: I fay then that B wil! 
be lets than D. For if Abe leſs than C; then C will 
be greater than A: ſince then CisroD as A is to B 
ex hypothe/i, and C is greater than A, it follows rom 
the laſt caſe that D will be greater than B; and there- 
tore B will be leſs than D. Q. E. D. 


CG A423. 


Laſtly let A be equal to C: I fay then that B will 
de equal to D. For fince A is equal to C, A will be 
to B as C is to B by the ſeventh propoſition ; but C 
is to D as A to B by the ſuppoſition; therefore C is to 
D as C is to B by the eleventh propoſition ; theretore 
Tang D are equal by the ninth. Q; E. D. 


PrRoPOSITION 15. 


280. Parts are in the ſame proportion with their re- 
ſpective equimultiples. Let A and a be ony two 
bomegeneous quantities, whereof 3 and 3a repreſent 
2 eqzcimultiples reſpeively ; T jay then, that A will 
42 to 4 as 3A to za. 


For 
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For take B and C both equal to A, and alſo þ and c 
both equal to 4; then by the ſeventh propoſition we 
ſhall have A to à as B to & as Cto c; . — by the 


twelith propoſition we ſhall have A to a as {4+ B+C 
to a+b+c : but in this caſe 4+B+C=23., and 
a+b+c=3a; therefore A is to à as 3A is to za. 


2 E. B. 


PROPOSITION 16. 


281. If four homogenecus quentities be proportionable, 
the firſt to the ſecond as the third to the fourtb; I ſay 
then that they will alſo be alternately prepertionable, 
that is, the firſt to the third as the ſecond to the 
fourth : as if A be to B as C D; I ſay then that 
A will be to C as B ts D. 

For taking any equimuitiples of 4 and B, ſuppoſe 
34 and 3B, and any others ot C and D, ſuppolc 20 
and 2D; fince 3Aisto 3B as to B by the laſt, and A 
is to B as C to O by the ſuppoſition, and Cis to D as 
2C to 2D by the latt; it follows from the 11th 
poſition that 34 is to 3B as 2C to 2D; theretore by 
the 14th propoſition, 34 cannot be greater than, 
equal to, or lels than 20, but at the fame time 33 
muſt be greater than, equal to, or leſs than 2D. 
Since then we have four quantities 4, C, B and N, 
whereof 3A and 3B repreſent any equimultiples of the 
firſt and third, and 2C and 2D any other equimul- 
tiples of the ſecond and fourth; and fince 3A cannot 
be greater than, equal to, or leſs than 2C, but 3B 
mult accordingly be greater than, equal to, or lefs 
than 2D, it follows trom the fitth definition that theſe 
four quantities A, C, B and D mult be proportionable, 
A to Cas B̃ to D. ©, E. D. 

Note. Alternate proportion can have no place, ex- 
cept where all the quantities A, B, C and O are of the 
lame kind: for if A and B were of one kind, and C 
and D of another, how would it be poſſible for the 

quantities 
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quantities A and C, or B and D to have any propor- 
tion one to another, much lets the ſame ? 


PrRoPoOSITION 17. 


282. If four quantities A, B, C and D, whereof A 
is greater than B, and C greater than D, be pro- 
portionable, AtoBas C to D; I ſoy then that 
A- B will be to Bas C- D is to D, which is 
called proportion by ditifion. 

For let 34, 3B, 3C and 2D be any equimultiples 
of the quantities A, B, Cand D; then will 34—3B 
and 3C—3D be like multiples of ./— Z and C- . 
Again, let 2B and 2D be any other equimultiples ot 
Band D, and let 3.4—2B be greater than 2B; then 
it 3B be added to both fides, we ſhall have 3.7 
greater than 33; and becauſe A is to B as C is to D, 
we ſhall have by the fifth definition, 30 greater than 
5D; take 3D from both fides, and you will have 
3C—3D greater than 2D; therefore if 34—3B be 
greater than 2B, 3C—3D muſt be greater than 2D : 
and by a like proceſs it may be demonttrated, that 
if 3A—3B be equal to, or leſs than 2B, 5C— 731) 
will be equal to, or leſs than 2D. Since then we 
have four quantities, 1 — B, B, C—- D and D, 
whereof 3.4—3B and 3C—3D repreſent any cqui- 
multiples of the firit and third, and 25 and 2D any 
other equimultiples of the ſecond and fourth; and 
ſince 34—3B cannot be greater than, equal to, or 
leſs than 2B, but at the ſame time 3C—3D muſt ac- 
cordingly be greater than, equal to, or lets than 
2D, it tollows from the fifth definition that theſe 
four quantities A— B, B, C—-D and D muſt be 
proportionable, 4— B to B as C- U to D. Q.E.D. 


PROFOStTIOx 


ld „ 


1 
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PRO POSITION 18. 


283. If four quantities A, B, C and D be proper- 
ig uable, A 4% B as C D; I fay then that A+B 


will be to B os C+D to D, which is called proper 
tion by compoſition. 


It this be denied, that 4+B is to B as C+D is 
10 D, it muſt then be allowed that A+B is to B as 
C+D is to tome quantity either greater or lefs than 
D; ſuppoſe to a greater, and call it E,; then ſince 
I is by the ſupp ofition greater than D, it (A be 
added to both ſides, we ſhall have C greater than 


C+D—E. This being obſerved, let us begin again, 
and ſuppoſe A--B to BY as C+D to E; then we ſhall 
have devidends, (that is, by the Laſt propoſition,) 


A+B—8 to Bas C+D—E£ to ; but A+B—B is 


equal to A, therefore A is to B as is to E; 
but A is to Bas C is to D by the ſuppoſition; there- 


tore C is to Das ( E is to E; but of theſe four 


proportionals C, D, C+D—E E and E, it has been 
proved that the firtt is greater than the third, that C 


15 greater than C+D—E; therefore by the four- 
teei ach, the ſecond muſt be greater than the fourth, 
that is, D muſt be greater than E; therefore E mutt 
be lets than D; therefore if 4+B be to B as C- 
' to any quantity greater than D, that quantity muſt 

alto be leis than D, which is impoſſible ; therefore it 
15 i» unpoſſible for A+B to be to BasC+Dis to any 
quantity greater than D: and by a like proceſs it 
may be demonſtrated, that it is as impoſlible tor 
400 to be to B as C+D is to any quantity lels than 


; therefore Ar muſt be to B as C +D is to D. 
2 F. D. 


Pg OPOSLT ION 
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PROPOSITION 19. 


284. If from two quantities A and B in any proportion 
be ſuitracted viher two C and D in the ſame pro- 
portion; I ſay then that the remainders A—C and 
B—D vill till be in the ſame proportion, that is, 
that A—C will be ts B-D as A % B or as C 
to D. 

Fer ſince by the ſuppoſition A is toB as Cis to D, 
we ſhall have pe; imitando, (that is, by the ſixteenth 
propoſition,) 4 to Cas B to D; and dividends, 
A—C to C as B-D to D; and agaia permutando, 
A—C to B- as C is to D; but A is to B as C is to 
D; therefore C is co B-D as A to B. 9, E. D. 


SCHOLIUM. 


Here Doctor Gregory in his manuſcript copy finds 
à corollary demonſtrating that illation called conver- 
ſion ot proportion; but bæcauſe it is difficult to 
make ſenſe of that demonſtration, I chuſe rather to 
inſert his own demonſtration of the ſame propoſition, 
which is as follows. 

If four quantitics A, B, C and D be proportionable, 
A to B toD; I ſay then that A i to A—B as 
C is to CD, which is called converſion of proportion. 
For fince by the ſuppoſition A is to 5 as C 1s to D, 
we {hall have dividgonuo, A—B to B as C- to D; 
and 7wrertende, B ro A—B as D to C-; and con- 
ponene, B+A—B to Ab as D- to C—D, 
that is, A to - as C to CD. J, Z. D. 

As to the foregoi. g nincteonth propoſition I ſhall 
further obterve, that as in that propoliton, by divi- 


ſion of proportion it was demuniirated, that if from 


two quaatitics 7 and B in any proportion, be ſub- 
tracted two others C and D in che tame proportion, 
the remainders , and B—D will ſtill be in the 
ſame proportion with A and E; fo by compoſition 
of proportion it may be demonſtrated, that if to 
two quantities A and B in any proportion be added 


rwao. 
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two others C and Z in the fame proportion, the ag- 
gregates AC and B+D will ſtill be in the ſame 
proportion with A and B; but this has already been 
demonſtrated, being a particular caſe of the twelfth 


propoſition. 


PROPOSITION 20. 


285. If there be three quantities A, B and C in one 
ſerics, and three others D, E and F in another, and 
if the proportions in one ſeries be the ſame with the 
Proporiions in the other when taken in the ſame order, 
as if A be te B as Dis ta E, and B to Cas E to F; 
I ſay then that & cannot be greater than, equal to, 
or leſs than C in one ſeries, but accordingly D muſt be 
greater than, equal to, or leſs than F in the other. 
For let A be greater than C; then it is plain from 

the eighth propoſition that 4 mult have a greater 

proportion to E than C hath to B; but A is to B as, 

D to E by the ſuppoſition, and C'is to Bas F to E, 

becaule by the tuppoiuticnBis to Cas E to /; there- 

fore D hath a greater proportion to E than # hath to 

E; therefore Dis greater than # by the tenth pro- 

poſition ; theretore it A be greater than C, D muſt 

be greater than Y: and after the fame manner it may 
be demonſtrated, that it be equal to, or leſs than 

C, D muſt accordingly be equal to, or lets than Y; 

therefore A cannot be greater than, equal to, or lets 

than C, but accordingly D muſt be greater than, 
equal to, or is than . 9, E. D. | 


PROPOSITION 21. 


236. If there be three quantities A, B and C in one 
ſeries, and three «thers D, E and F in anther, aud 
if the proportions in one feri:s be the ſame with the 
proportions in the other, but ia a different arder, 6s 
if AbetoBasEistoF, aud B Ca, DistsF, 
JT ſay flill that A cannot be greater than, equal to, or 
leſs than C, but accordingly D muji be greater thang 
equa! to, or leſs lan F. 

| For 
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For let A be greater than C; then by the eighth 
propoſition A muſt have a greater 2 to B 
than C hath to B; but is to B as E is to F by the 


ſuppoſition, and C is to H as Z to D, becauſe by the 
ſuppoſition Bis to Cas D to E; therefore E hath a 


greater proportion to # than it hath to D; therefore - 


D muſt be greater than /, by the tenth propoſition ; 
cherefore it 2 be greater chan C, D muſt be greater 
than Y: and by 1 like way of reaſoning, if A be equal 
to, or leſs than C, D wilt accordingly be equal to, or 
leis than T; therefore A cannot be greater than, equal 


ro, or lets than C, but according!y D muſt be greater 


than, equal to, or lets than T. Q; E. D. 
FROPOSEITION 22. 


287. If there be three quantities A, B and C in one 
ſeries, and three ethers D, E and F in another, and 
if the provortions in one fries be the ſame with the 
preportiovs in the other toben taken in the ſame order; 
Jar then that the extremes in one ſeries <ill be in 
the fame propertion <rith the extremes in the other : 
os if A beto B 4s D is ts E., and B te C os E ts 
F; I jay ther that A mill be to Ca D to F. 

Note. For avoiding a multiplicity of words, this 
conſequence is laid to follow ex uo ordinate, Or ex 
% ; tee the cighecenth and ninetcenth definitions. 

Tai:c any equ multiples of A and D, ſuppoſe 4 
and 4D, and any others of B and E, ſuppoſe 3B and 
3E, and laſtly any others ot Cand F, as 2C and 27; 
then ſince by the tuppoſitiva A is to Bas D is to E, 
it tolluws from the fourth propoſition that 4.7 will be 
to 2B'as 4D to 3E: again, ſince by the ſuppoſition 
BistaCas E to 45 it tollows from the ſame fourth 
propoſition that 33 will be to 2C as 2 to 2 F: fo 
that we have three quantities, to wit 44, 33, 20 in 
one ſeries, and three others, to wit 4D, 3E and 27 
in another; and it has been ſhewn that the propor- 
tions in one ſeries are the ſame with the proportions 

in 
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in the other when taken in the ſame order, that is, 
44 is to 3Bas 4D to 3E, and 3B to 2C as 3E to 27; 
therefore by the twentieth propoſition, 44 cannot be 


greater than, equal to, or leſs than 2C, but 4D muſt 
accordingly be greater than, equal to, or leis than 
2. Since then we have four quantities A, C, D and 
F, whereof 44 and 4D repreſent any equimultiples 
of the firſt and third, and 2C and 2F any other equi- 
multiples of the ſecond and fourth; and fince 44 
cannot be greater than, equal to, or leſs than 2C, 
but accordingly 4D muſt be greater than, equal to, 
or leſs than 2F, it follows from the fifth definition 
that theſe four quantities A, C, D and F are propor- 
tionable, A to Cas D to F. Q. E. D. 


CO ASOLLARY, 


In lite manner if there be ever ſo many quantities 
A, B, C, G, &c. in one ſeries, and as many others 
D, E, F, H, &c. in another, and if A be te B as D is 
to E, and B Ca E f F, and C to G as F to H, 
&c. the conſequence with reſpett to the extremes will ftill 
be the ſame, that is, A will be to Gas D H: for it 
has been proved already that A is to Cas D to ; and 


by the ſuppoſition C is to G as F to Ii; therefore ex 


«&qu0, A will be to Cas D to H. 
PROPOSITION 23. 


288. If there be three quantities A, B and C in one 
ſeries, and three others D, E and F in another, and 
if the proportions in one ſeries be th? ſame with the 
proportions in the other, but in a different order; I ſay 
that the extremes in one ſeries will ſtill be in the ſame 
proportion with the extremes in the other : as if A be 
to Bas E is to F, and B te Cas D % E,; I ſay ſtill 
that A will be to Cas D t F. 
Note. This conſequence is ſaid to be & quo per- 

turbate. | 8 ; 
Take any equimultiples of 4, B and D, ſuppoſe 

34, 33 and 3D, and . of C, E and F, — 
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poſe 2C, 2E and 2F, and the reaſoning is as follows : 
3A is to 3B as A to B by the fifteenth, and A is to g 
as E to F by the ſuppoſition, and E is to Fas 2E to 
2F by the fifteenth; therefore 3A is to 3B as 2E to 
2F by the eleventh : again, BistoC as D to E by 
the ſuppoſition ; therefore 3B will be to 2C as 3D to 
2E by the fourth: ſince then we have three quanti- 
ties, to wit, 34, 3B and 2C in one ſeries, and three 
others, to wit, 3D, 2E and 2F in another, and ſince 
the proportions are the ſame in both ſerieſes, but in a 
different order, that is, ſince 34 is to 3B as 2E to 
2F, and 3B is to 2C as 3 D to 2E, it follows from the 
twentyfirſt propoſition, that 3.4 cannot be greater 
than, equal to, or leſs than 2C, but 3D muſt accord- 
ingly be greater than, equal to, or leſs than 2F: 
again, ſince we have four quantities 4, C, D and F, 
whereof 3.4 and 4D repreſent any equimultiples of 
the firſt and third, and 2C and 2# any others of the 
ſecond and fourth, and ſince 34 cannot be greater 
than, equal to, or leſs than 20, but 3D muſt accord- 
ingly be greater than, equal to, or leſs than 2F, it 
follows from the fifth definition that theſe four quan- 
tities A, C, D and F are proportionable, A to C us D 
wF 2,4 D.. 


PROPOSITION 24. 


289. If there be fix quantities A, B, C, D, E, F. 
whereof AistoBasCistoD, and E is to Bas F 
to D; I ſay then that A+E will le to B as C+F 
to D. | 
For ſince by the ſuppoſition E is to B as F to D, 

we ſhall have invertendo, B to E as D to F. Since 

then Ais to B̃ as Cis to D by the ſuppoſition, and B 

is to E as D to F, it follows ex £quo, that A is to E 

as C to F; whence componends, AI E will be to E as 

C+# is to F: again, ſince A+Zis to E as C+F is 

to F, and E is to Bas F to D by the ſuppoſition, it 

follows again ex quo, that A+E is to B as CTT 

to D. C. E. D. 


LEMMa. 
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LEM M A. 


290. If four quantities A, B, C and D be preportion- 
able, A to Bas Ce D; I fay then that A cannot 
poſſibly be greater than, equal to, or leſs than B, but 
that C will accordingly be greater than, equal to, cr 

lefs than D. 

That this lemma is ſelf-evident according to the 
common notion of proportionality, or even upon the 
plan of the fiith definition, were ſimple quantities al- 
lowed to be conſidered as equimultiples of themſelves, 
is what I ſuppoſe will ſcarce be denied: but this the 
name of multiple and cquimultiple will by no means 
admit of, and therefore care has been taken to provide 
againſt it, as may be ſeen in my obſervations on the 
ſccond definition, and at the end of the ſixth propoſi- 
tion: therefore as the doctrine of proportion here 
ſtands, this lemma ought certainly to be demonſtrated; 
and the author's taking it for granted in the demonſtra- 
tion of the next propoſition following, where he might 
with fo much eaſe have avoided it, is not fo much an 
argument of it's ſelt-evidency, as that he had demon- 
trated it fomewhere before in this fifth book, but that 
it is now loſt. Conmmandine, from the fourteenth of 
this book, has demonſtrated one particular cafe of 
tis propoſition, that is, where the quantities A, B, 
Cand Y are all of a kind; but this propoſition is no 
lets true when the quantities A and B are of one kind, 
and C and D of another. This Clavius very well ob- 
ſerves, and endeavours to demonſtrate this propoſi- 
tion in this more extended ſenſe ; (fee his ſcholium to 
the Zyurreenth propoſition of the fifth book ;) but 
whether this demonſtration of his amounts to any 
more than proving idem per idem, let them that read 
it judge. The demonſtration I ſhall here give of it 
is as follows. x 

I am to demonſtrate that if 4 be to B as C is to D; 
then A cannot poſſibly be greater than, equal to, 

2 or 
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or leſs than B, but accordingly C muſt be greater 
than, equal to, or lefs than D. 


. 


— A be greater than B ; I ſay then that C muſt 
reater than D. For ſince A is greater than B, 
= tiply the exceſs A—B to a a multiple greater than B, 


and let this multiple be 34—3B ; then ſince 3A—3B 
is greater than B, it 3B be added to both ſides, we 
ſhall have 3.4 greater than 48: again, ſince A is to 
BasCis to D, and 34 is greater than 4B, we ſhall 
have by the fifth definition, 30 greater than 4D; 


there tore 30 muſt be much wt than a 3D, and C 
mult he greater than D. Q. E 


rn 


Let now A be leis than B; I ſay then that C muſt 
be leſs than D. For ſince Ais to B as C is to D, we 
ſhall have invertende, B to A as D to C; but B is 
greater than A, becauſe by the ſuppoſition A is leſs 
than B; therefore D muſt be greater than C by the 
laſt caſe; therefore C muit be lets than D. Q, E. D. 


n 


Laſtly let A be equal to B; I tay then that C muſt 
be equal to D. For fince C is to D as A is to B, 
ſhould C be greater or leſs than D, A would accord- 
ingly be greater or leſs than B by the two laſt caſes ; 
but A is neither greater nor l-{s than g by the ſuppo- 
ſition ; therefore Ci is neither greater nor leſs than D; 
therefore C is equal to D. 2 E 


Aa 


PROPOSITION: 25; 


291. If four quaztitics A, B, C ard D be properticn- 
able, A to B as C 72D; _ ben that the ſum of 


the greateſt and leaſt terms ok other will be greater 
than the ſam of the other tens 


Let 
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Let A be the greateſt of all; then ſince 4 is to B 


as C is to D, and B is leſs than A, D will be lets than 


by the lemma : again, ſince A is to B as Cis to D, 

and C is leſs than 4, D will be leſs than B by the 

fourteenth ; therefore it A be the greateſt of all, D, 

which is leſs than either A, B or C, will be the leaft 

of all, and fo the ſum of the greateſt and leaſt terms 

added together will be I D; therefore the ſum of 
the other two will be BC. We are now then to 

prove that the ſum A+D is greater than the ſum 

B+C, which is thus done : It has been demonſtrated 

in the nineteenth propoſition, that if from two quan- 
tities A and B in any proportion whatever, be ſub- 

tracted other two C and D in the ſame proportion, 

the remainder A—C will be to the remainder B—D as 

A to B; but A is greater than B by the ſuppoſition ; 

therefore C muſt be greater than B—-D by the 

lemma; add C+D to both ſides, and you will have 

A+D greater than B+C. , E. D. 


CorRoOLLARY. 


If three quantities A, B and C be in continual pro- 
gortion, A to Bas B fe C; Þ ſay then that the ſum of 
the extremes will be greater than twice the middle term, 
that A+C will be greater than B+B or 2B. 


Of the ComyosiTIoN and RESOLUTION 
of RATIOS. 


N. B. As numbers are quantities whereof we have 
more diſtinct ideas than of any other quantities what- 
ever, and as all ratios muſt be reduced to thoſe of 
numbers before we can make any conſiderable uſe of 
their compoſition and reſolution in computing the 
quantities of time, ſpace, velocity, motion, force, 
Se; I ſhall confine myſelf chiefly to this ſort of 
ratios in what I have to deliver in the following ar- 
ticles. | 

U 3 Der- 
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DzrixiTION I. 


292. In comparing ratios, that ratis is ſaid to be 
greater than, equal! to, or leß than another, whoſe 
antecedent hath a greater, or an equal, or a leſs pro- 
portion to it's conſequent than the other*s anteced:nt hath © 
to its conſequent. Thus the ratio of 6 to 3 is ſaid to 
be greater, and the ratio of 4 to 3 leſs than the ratio 
of 5 to 3: thus again, the ratio of 6 to 3 is ſaid to 
be greater, and the ratio of 6 to 5 leſs than the ratio 
of 6 to 4, &c. Therefore whenever two ratios are 
to be compared whoſe anteceaents and conſequents are 
both different, it <will be proper to reduce them to the 
ſame antecedent or to the ſame conſequent, before the 
compariſon is made. As for inſtance; ſuppoſe any 
one would know which of theſe two ratios is the 
greater, to wit, the ratio of 7 to 5, or the ratio of 4 
to 3: to know this, it will be proper to ſet off one 
of the ratios, ſuppoſe that of 4 to 3, from 7 the 
antecedent of the other, (by which phraſe I mean 
no more than finding a number to which 7 hath the 
{ame proportion that 4 hath to 3;) _ — may be 


done by ſaying, as 4 is to 3 ſo is 7 to 3 thus 


then it appears that the proportion of 4 to 3 is the 
ſame with the proportion of 7 to 3 ſo to now 
the queſtion turns upon this, which of theſe two 
ratios is the greater, that of 7 to 5, or that of 7 to 
£55? and the anſwer is ready, to wit, that the ratio 
of 7 to 5 is the greater ratio, by the eighth propo- 
ſition of A of fifth book of the elements; therefore 
the ratio of 7 to 5 is greater than the ratio of 4 to 3. 
Again, ſuppoſe I would compare the ratio of 3 to 4 
with the ratio of 5 to 7; then I would fer off the 
| _—_—_ 3 70 4 from 5, by ſaying, as 3 is to 4 ſo is 
20 


4 or EH) whereby it appears that the 


ratio of 3 to 4 is the ſame with the ratio of 5 to 7— 73 
but che proportion of 5 to 7 is greater than the 
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proportion of 5 to 7, as is evident from the eighth 
propoſition of the fifth book of the elements, and 
alſo from the very nature of ratios, the number 33 
having more magnitude when compared with 7— 
than it hath when compared with 7 ; therefore the 
ratio of 3 to 4 is greater than the ratio of 5 to 7. 
There is alſo another way of comparing ratios by 
turning their terms into fractions, making the ante- 
cedents numerators, and the conſequents denomina- 
tors. Thus the ratio of A to B is greater than, 
equal to, or leis than the ratio of C to D, according 


as the fraction is greater than, equal to, or leſs 
than the fraction = 
greater than, equal to, or leſs than the ratio of 


: for the ratio of w 7 


< to 1, according as the fraction is greaterthan, 


equal to, or leſs than the fraction ; this is evident 
from what has been laid down already : but the ratio 
of ＋ to I is the ſame with the ratio of A to B, and 


the ratio of —— to 1 is the ſane with the ratio of C 


to D; therefore the ratio of A to B is go_ than, 
equal to, or leſs than the ratio of C to D according 


as the fraction 4 is greater than, equal to, or leſs 


than the fraction S But this way of repreſenting 


ratios by fractions, though it may ſerve well enough 
for comparing them as to greater and leſs, yet it 
ought not by any means to be admitted in general, be- 
cauſe theſe repreſentatives are not in the ſame r- 
tion with the ratios repreſented by them: thus the 
traction ? is double of 9 but yet it muſt 
; U 4 
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by ho means be concluded from thence that the ratio 
of 6 to 2 is double of the ratio of 3 to 2; for it will 
be found hereafter that the ratio of 9 to 4 is double 
of the ratio of 3 to 2, For my own part, I never 
was a favourer of repreſenting ratios by fractions, or 
even fraction- wiſe, as is done by Barroto and others; 
not only for the reaſons above given, but alſo becauſe 
that this way of repreſenting ratios is very apt to 
miſlead beginners into wrong conceptions of their 
compoſition and reſolution. 


DEFINITION 2. 


293. In a ſeries of quantities of any kind what- 
ſoever increaſing or decreaſing from the firſt to the laſt, 
ihe ratio of the extremes is ſaid to be compounded of all 
the intermediate ratios. Thus if A, B, C, D repre- 
ſent any number of quantities put 
down (or imagined to be put down) 4, B, C, D. 
in a ſeries, the ratio of A to D is 48, 40, 30, 15. 
ſaid to be compounded of, or to be 
reſolvable into thele ratios, to wit, the ratio of A to 
B, the ratio of B to C, and the ratio of CtoD: or 
thus; I A and D be any two quantities, and if 
B, C, &c repreſent any number of other intermediate 
quantities interpoſed at pleaſure between A and D, the 
ratio of A to D ts ſaid by this interpaſition to be reſolved 
ito the ratios of AtoB, of B te C, andof C to D. 
This is no propoſition to be proved, but a defini- 
tion laid down of what Mathematicians commonly 
mean by the compoſition and reſolution of ratios, 
which is certainly no more than what they mean by 
compoſition and reſolution in the caſe of any other 
continuum whatever. As for inſtance; ſuppoſe the 
letters A, B, C, D inſtead of repreſenting quantities, 
to repreſent ſo many diſtinct points placed in a right 
line one after another, whether at equal or uncqual 
diftances it matters not: who then would ſcruple to 
ſay that the whole interval AD conſiſted of the inter- 
vals AB, BC, CD, as of it's parts? Or if the points 
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Aand D be the extremities of a line, and any number 
of points B, C, &c be marked at pleaſure upon it; 
who will not ſay that the line AD is by theſe points 
reſolved or diſtinguiſhed into the parts AB, BC, CD, 
Sc? This is the caſe in the campolition and reſolu- 
tion of lines; and I ſee no difference when applied 
to the compoſition and reſolution of ratios, except 
that here the whole and all it's parts are lines, and 
there the whole and all it's parts are ratios. 

It A. B, C, D, Ec ſignity quantities, the ratio 
of A to B begins at A and terminates in B; the 
ratio of B to C begins at B where the tormer left off, 
and terminates in C; and the ratio of C to D begins 
at C and terminates in D : why then ſhould not theſe 
continued ratios be conceived as parts conſtituting 
the whole ratio of A to D? That ratios are capable 
of being compared as to greater and leſs, and that 
one ratio may be greater than, equal to, or leſs than 
anqther, we have ſeen already; and if ſo, why ſhould 
not ratios be allowed to have quantity as well as all 
other things that are capable of being ſo compared ? 
but it ratios have quantity, they muſt have parts, 
and theſe parts muſt be of the ſame nature with the 
whole, becauſe ratios are not capable of being com- 
pared with any thing but ratios : therefore I do not ſce 
but that the idea I have here given of the compoſition 
and reſolution of ratios is as juſt and as intelligible as 
it is when applied to any other compoſition or reſolu- 
tion whatſoever. 

To proceed then, let A, B, C, D be points in a_ 
right line as before; let the line AB be equal to any 
line Rr, let BC be equal to ſome other line Ss, and CD 
to the line 77; then it will not only be proper to ſay 
that the line AD is equal to the three lines AB, BC, 
CD, but alſo that the ſame line AD is equal to the 
three lines Rr, Ss and Tt put together: and the ſame 
conſideration is ſtill applicable to ratios; for ſuppoſin 
4, B, C, D again to ſignify quantities, as allo 
R,S,T,r, „ t; let A be to Bas R tor, let B be 

| | 0 
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to Cas S tos, and let C be to D as 7 to :; then it is 
ufual amongſt Mathematicians not only to confider 
the ratio of A to D as compounded of the leſſer ratios 
of A to B, of B to C and ot C to D, but alſo as com- 
pounded of the ratios of R to 7, of S to s, and of 7 
to 7. All this will be very intelligible, if we attend 
to the ſeries already deſcribed ; for there the fatio of 
48 to 15 was compounded of the ratio of 48 to 40, 
of 40 to 30, and of 30 to 15; but 48 is to 40 as 
6 to g, and 40 is to 30 as 4 to 3, and 30 is to 15 as 
2 to 1; therefore it is as proper to conſider the ratio 
of 48 to 15 as compounded of the rat os of 6 to 5, 
of 4 to 3, and of 2 to 1, as it is to conſider it as 
compounded of the ratios of 48 to 40, of 40 to zo, 
and of 30 to 15. 


DEFINITION 3. 


294. As toben a line is divided into any number of equal 
parts, the whole, line is ſaid to be ſuch a muitiple of any 
one of theſe parts as is expreſſed by the number of parts 
into «hich the whole is ſuppoſed to be divided; ſo in a 
ſeries of continual proportionals, where the intermediate 
ratios. are all equal to one another, and conſequently to 
fome common ratio that indifferently repreſents them all, 
ihe ratio of the extremes is ſaid to be ſuch a multiple of 
' this common ratio as is expreſſed by the number of ratios 
from one extreme to the oiher,. thus 9, 6 and 4 are 
continual pr ionals, whoſe common ratio is that 
of 3 to 2; for ꝗ is to 6 as 3 to 2, and 6 is to 4 as 
3 to 2; therefore in this caſe, the ratio of 9 to 4 is 
laid to be the double of the ratio of 3 to 2; and on 
the other hand, the ratio of 3 to 2 is ſaid to be the 
half of the ratio of 9 to 4; but the common expreſ- 
ſion is, that 9 is to 4 in a duplicate ratio of 3 to 2, 
and 3 is to 2 in a ſubduplicate ratio of 9 to 4. Again, 
27, 18, 12 and 8 are in continual proportion, 
common ratio is that of 3 to 2; therefore 27 is to 8 
in a triplicate ratio of 3 to 2, and 3 is to 2 in a ſub- 
triplicate ratio of 27 to 8. Laſtly 81, 54, 36, 24 


| 
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and 16 are continual proportionals, whoſe common 
ratio is that of 3 to 2 ; therefore 8 1 is to 16 in a qua- 
druplicate ratio of 3 to 2, and 3 is to 2 in a ſubqua- 
druplicate ratio of 81 to 16. By theſe inſtances we 
ſee that one ratio may not only be greater or leſs than 
another, but a multiple, or an aliquot part of ano- 
ther; nay there is no proportion can be aſſigned which 
ſome one ratio may not have to another : thus the 
ratio of 81 to 16 is found to be to the ratio of 27 to 
8, as 4 to 3, becauſe the former ratio contains the 
ratio of 3 to 2 four times, and the latter three times ; 
thus again, the ratio of 27 to 8 is to the ratio of 9 to 
4, as 3 to 2, becaule the termer contains the ratio of 
3 to 2 three times, and the latter twice ; whereby it 
appears that proportion is competible even to ratios 
themfelves, as well as to all other continued quanti- 
ties whatever. But though all ratios are in {ome cer- 
tain proportion one to another, yet this proportion 
cannot always be expreſſed ; I mean when the quan- 
tities of ratios are incommenturable to one another; 
for ratios may be incommenſurable as well as any 
other continued quantities of what kind ſoever: thus 
the ratio of 4 to 3 is incommenſurable to the ratio of 
3 to 2; which is the caſe of molt ratios, though not 
of all. If all ratios were commenſurable to one ano- 
ther, their logarithms would be ſo too; and ſo the 
logarithms of all the natural numbers might be accu- 
rately aſſigned; whereas from other principles we 
know to the contrary, as will be ſeen when we come 
to treat particularly cf logarithms. 

N. B. The beſt way of repreſenting the quantities 
of ratios that I know of, is by Gunter's line, where as 
many of the natural numbers as can be placed upon 
it are diſpoſed, not at equal diſtances one from ano- 
| ther, but at diſtances proportionable to the ratios 
they are in one to another. Thus the diſtance be- 
:ween 1 and 2 is equal to the diſtance between 2 and 
+, becauſe the ratio of 1 to 2 is equal ta the ratio of 
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2 to 4: thus again, the diſtance between 4 and 9 is 
double the diſtance between 2 and 3, becauſe the ra- 
tio of 4 to 9 is double the ratio of 2 to 3; and ſo of 
the reſt. 


Of the addition of ratios. 


295. Since all ratios are quantities, as has been 
ſhewn in the three laſt articles, it follows, that they 
alſo as well as all other quantities muſt be capable of 
addition, ſubtraction, multiplication and diviſion: to 
treat then of theſe operations in their order, I ſhall 
begin firſt with addition. 

F the ratios to be added be continued ratios, that is, 
if they lie in @ ſeries wherein the antecedent of every 
fubſequent ratio is the ſame with the conſequent of the 
ratio that went immediately before, their additicn is beſt 
performed by abroting out all the intermediate terms: 
thus the ratios of A to B, of B to C and of C to D 
when added together, make up the ratio of A to D, 
as was ſhewn in the 293d article. 

Therefore if the ratios to be added be diſcontinued, 
it will be proper to continue them from tome given 
antecedent, ſuppoſe ſrom unity, before they can be 
added, thus: let the ratio of A to B, the ratio of 
C to D, and the ratio of E to F be propoſed to be 
added into one ſum: now the ratio of A to B ſet off 


from x reaches to - becauſe A istoBas I to =; the 


B BD 
next ratio of C to D fer off from — reaches to Te? 


and the laſt ratio of E to F ſet off from 2 reaches 


AC 
to 0. therefore the ratios of A to B, of C to D 


and of E to F when added together, make the ou 
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of 1 to =, which is the ſame with the ratio of 
ACE to BD; whence we have the following canon: 
Multiply firſt the antecedents of all the ratios propoſed 
together, and then their conſequents, and the ratio of 
the products thence ariſing will be the ſum of the ratios 
propoſed. | 
That the ratios of A to B, of C to D and of E to F 
all together conſtitute the ratio of ACE to BDF may 
be further confirmed by ſetting them off from AE 


and from one another thus: the ratio of A to B {et 


off from ACE reaches to BCE; in the next place the 
ratio of C to D ſet off from BCE reaches to BDE; 
and laſtly the ratio of E to F ſet of from BDE 
reaches to BDF; therefore all theſe ratios together 
conſtitute the ratio of ACE to BDF. An example in 
numbers take as follows : let it be required to add 
theſe four ratios together, viz. the ratio of 2 to 3, 
the ratio of 4 to 5, the ratio of 6 to 7 and the ratio 
of 8 ro 9. Here the product of the antecedents is 
2X4x6x8=384, and the product of the conſequents 
is 3X5X7X9=9453 therefore the ſum of all the ra- 
tios propoſed is the ratio of 334 to 945; and the 
proof is eaſy : for the ratio of 2 to 3 reaches from 
384 to 570; the ratio of 4 to 5 reaches from 576 to 
720; the ratio of 6 to 7 reaches from 720 to 840; 
and the ratio of 8 to 9 reaches from 840 to 945 
therefore the ratios of 2 to 3, of 4 to 3, of 6 to 7, 


and of 8 to ꝗ reach from 384 to 945. 


From what has here been ſaid concerning the addi- 
tion of ratios, may eaſily be underſtood an expreſſion. 
ſo frequent among Mechanical and Philoſophical 
writers; as when they ſay that A is toB in a ratio 
compounded of the ratio of C to D, and of the ratio 
of E to F; whereby they mean no more than that the 
ratio of A to B is equal to the ſum of the ratios of 
CtoD, and of E to ; or that A is to Bas CE to DF. 

According to the Mathematicians, every ratio is 
either a ratio majoris inæzunlitatis, or a ratio æguali- 
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tatis, or a ratio min:ris inægualitatis, which takes in 
all forts of ratios : for by a ratio majeris inequalitatis 
they mean the ratio that any greater quantity hath to 
a leſs; by a ratio mincris inequalitatis they mean the 
contrary, that is, the ratio of a leſſer quantity to a 
greater; and therefore by a ratio equalitatis they 
mean the ratio (if it may be called ſo) that every 
quantity hath to it's equal. It we diſtinguiſh ratios 
according to the effects they have in compoſition, 
then every ratio majoris inequalitatis ought to be look- 
ed upon as affirmative, becauſe ſuch ratios always in- 
creale thoſe to which they are added; on the other 
hand, the rationes minoris inægualitatis ought to be 
conſidered as negative, becauſe theſe always diminiſh 
the ratios to which they are added; therefore the ra- 
tio equalitatis ought to be looked upon as having no 
magnitude at all, becauſe ſuch ratios have no effect 
in compoſition. Thus if to the ratio of 5 to 3 be 
added the ratio of 3 to 2, the ſum will be the ratio 
of 5 to 2, as above; but the ratio of 5 to 2 is greater 
than the ratio of 5 to 3; therefore the ratio of 3 to 2 
ought to be looked upon as affirmative, becauſe it 
increaſes the ratio to which it is added: on the other 
hand, if to the ratio of 5 to 3 be added the ratio of 3 
to 4, the ſum will be the ratio of 5 to 4, which is leſs 
than the ratio of 5 to 3, and therefore the ratio of 3 
to 4 is negative: laſtly, if to the ratio of g; to 3 be 
added the ratio of 3 to 3, the ſum will ſtill be the 
ratio of 5 to 3; theretore the ratio of 3 to 3 is no- 
thing. 

3 a ratio is to be reſolved into two others 
by any arbitrary interpoſition of an intermediate term, 
it may be thought however that this intermediate term 
ſhould be ſome intermediate magnitude between the 
terms of the ratio to be refolved ; and fo we tuppoſed 
it in the 293d article: but that reſtriction was only 
ſuppoſed to prevent unſeaſonable objections that might 
Otherwiſe ariſe about it; for there is no neceſſity that 
the intermediate term ſhould be of an intermediate 

magni- 
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magnitude betwixt the extremes if we allow of nega- 
tive ratios ;z for the ratio of 5 to 4 (tor inſtance) may 
be reſolved into the two ratios of 5 to 3 and of 3 to 
4. though the intermediate term 3 be out of the 
lumits of 5 and 4. This I ſay is plain; for though 
the ratio of 5 to 3, waich is one of the parts, be 
greater than the ratio of 5 to 4, yet the ratio of 3 to 
4, Which is the other part, 1s negative, and qualifies 
the other in the compoſition, fo as to reduce it to 
the ratio of 5 to 4: ſo 9 may be looked upon as a 
part of 7, provided the other part be —2. 


CS DK 4k a KV. 


If there be a ſeries of quantities A, B, C, D, whereef 
AzistoBasRtor, and BistoCasStos, and C i5 
toDas Trot; I ſoy then that A will be to D as 
RST the product of all the antecedents, to rst the pre- 
dat of all the conſequents. For by the art. 293 the 
ratio of A to D is compounded of the ratios of & to x, 
cf Stos, and of T to 7; and theie ratios, when 
thrown into one ſum, conſtitute the ratio of 2ST to 
rst; therefore A is to Das KST to rs:. 


Of the ſubtraction of ratics. 


296. The ſubtractian of ratios one from anather, 
when both have the ſame antecedent, or do the ſame 


conſegquent, is obvious enough : thus the ratio of A to B 


ſubtracted from the ratio of A to C leaves the retio of 
B % C; and the ratio of B to C ſubtrafted from the 
ratio of A to C leaves the ratio of Alto B: thus I fay 
is obvious, becauſe (according to art. 293) the ratio 


of 4 to C contains the ratios of A to B and of B to C 


and therefore if either part be taken away, there muit 
remain the other. | 
But if the two ratios, whereof one is to be ſubtracted 


from the other, have neither the fame antecedent nur 


the ſame conſequent, it will be proper then to reduc: 
them to the ſame antecedent, by ſetting off the ratio 
| to 
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to be fubtracted from the antecedent of the other, 
thus: let it be required to ſubtract the ratio of C to D 
from the ratio of A to B: now the ratio of C to D ſet 


off from A reaches = therefore to ſubtract the 


ratio of C to D from the ratio of A to B is the ſame 


as to ſubtract the ratio of Aro = from the ratio of 


AtoB ; but the ratio of 4 to >> ſubtracted from 


the ratio of A to B, 4 ratio of the ſame antecedent, 
leaves the ratio of . to B, or of A to BC; there- 


fore the ratio of 3 D ſubtracted from the ratio of 
A to B leaves the ratio of AD to BC. The rule then 
is as follows : 

Whenever one ratio is to be ſubtracted from another; 
change the fign of the ratio to be ſubtracted by inverting 
it's terms, and then the ſum of this new ratio added to 
the other will be the ſame with the remainder of the 
intended ſubtraftion. Thus to ſubtract the ratio of C 
to D from the ratio of A to Eis the ſame as to add the 
ratio of D to C to the ratio of A to B; but the ratio 
of D to C added to the ratio of A to B gives the ratio 
of AD to BC by the laſt article; therefore the ratio of 
C to D ſubtracted from the ratio of A to B leaves the 
ratio of AD to BC. For a further proof of this we 
are to take notice, that in all ſubtraction whatever, 
the remainder and the quantity ſubtracted ought both 
rogether to make the quantity from whence the ſub- 
traction was made; but in our caſe the remainder was 
the ratio of AD to BC, and the quantity ſubtracted 
was the ratio of C to D, and theſe two added toge- 
ther make the ratio of ACD to BCD, or of A to B, 
which is the ratio from whence the ſubtraction was 
made; therefore the remainder in this caſe was rightly 
aſſigned. by. 


For 
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For an example in numbers, ler it be required to 
ſubtract the ratio of 4 to 5 from the ratio of 2 to 3: 
now the ratio of 5 to 4 added to the ratio of 2 to 3 
gives the ratio of 10 to 12, or of 5 to 6, by the laſt 
article; therefore the ratio of 4 to 5 ſubtracted from 
the ratio of 2 to 2 leaves the ratio of 5 to 6, which 
may be confirmed thus : the ratio of 2 to 3 is the 
ſame with the ratio of 4 to 6, which contains the 
ratios of 4 to 5 and of 5 to 6; therefore it the ratio 
of 4 to 5 be taken away, there will remain the other 

rt, which is the ratio of 5 to 6. 

Betore I conclude this article, I ought to take no- 
tice that there is another way of conceiving the ſub- 
traction of ratios, which for it's uſe in Phyſics and 
Mechanics ought not to be paſſed by in this place ; it 
is thus: the ratio of C to D added to the ratio of A 
to B conſtitutes the ratio of AC to BD; therefore e 
converſo, the ratio of C to D ſubtracted from the ratio 
of A to B muſt leave the ratio of f to 5 becauſe 
multiplication and diviſion are as much the reverſe of 
one another as addition and ſubtraction; but this ra- 


tio of 1 to = when reduced to integral terms, is 


the ſame with the ratio of 4D to BC found before. 
N. B. Wherever it is ſaid that the ratio of A to B 
is compounded of the direct ratio of C to D, and of the 
inverſe or reciprocal ratio of FE ita F, the meaning is, 
that the ratio of A to Bis equal to the excejs of the ratio 
of C to D above the ratio of E to F, or that A is 0 B 


C D 5 
as E to FP or as CF to DE. 


Of the multiplication and divifion of ratt9s. 


297. If the ratio of A to Bbe added to itſelf, that 
is, to the ratio of A to B, the ſum will be the ratio 
of ＋ to B* by the laſt article but one; and this be- 

X ing 
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ing added again to the ratio of A to B gives the ratio 
of A to BY, and ſo on; therefore the ratio of A to B- 
is double, and the ratio of £ to B triple of the ratio 
of A to B. And univerſally, The ratio of A* 10 B' is 
ſuch a multiple of the ratio of A to Bas is expreſſed by 
the number n. Thus the ratio of A+ to B+ is four times 
the ratio of .{ to B, which I prove thus: the ratio of 
A to ; reaches firit from A to A, 2dly from A to 
A*B*, zdly from AB to AB), and 4thly from A 
to B+. 8 
To give an example in numbers, I ſay that five 

times the ratio of 2 to 3 is the ratio of the fifth power 
of 2 to the fifth power of 3, that is, the ratio of 3 to 
243 : for the ratio of 2 to 3 reaches 1ſt from 32 to 
48, 2dly from 48 to 72, 3dly from 72 to 108, 4thly 
from 108 to 162, and gthly from 162 to 243. Thus 
much for multiplication. 

Diviſion is the reverſe of multiplication ; and there- 
fore as every ratios is doubled or tripled or quadrupled by 
ſquaring or cubing or ſquare-ſquaring it's terms, ſo every 
ratio is biſected or triſetted or quadriſacted by extratting 
the ſquare or cube or ſquare-ſquare roots of it's terms. 
Thus half the ratio of 2 to 2 is the ratio of the ſquare 
root of 2 to the ſquare root of 3, that is, (when re- 
duced according to the firſt ſcholium in art. 179*) the 
ratio of 40 to 49 nearly; which is further proved 
thus: the ratio of 40 to 49 is half the ratio of 1600 
to 2401, by what was delivered in the former part 
of this article; but 1600 is to 2400 as 2 to 3; there- 
fore 1600 is to 2401 as 2 to 3 very near. 

But there is no neceſſity of a double extraction of 
the root in the diviſion of a ratio, provided the ratio 
propoſed be reduced to an equal one whoſe antece- 
dent is unity. Thus 2 is to 3 as t to 2, and there- 
fore half the ratio of 2 to 3 is the ratio of 1 to , 
or the ratio of 1 to 1.5. 

From what has been ſaid it appears that one ratio 
may be commenſurate to another, and yet the terms of 
one incommenſurate to the terms of the other : thus the 


ratio 


* 


» See the Quart2 Edition, page 283. 
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ratio of 2 to 3 is certainly commenſurate to the ratio 
of the ſquare root of 2 to the ſquare root of 3, the 
former being double of the latter ; and yet 2 and 2, 
the terms of the former ratio are incommenſurate to 
v2 and Vz the terms of the latter. 

Note. Wherever it is ſaid that A is to B in a ſeſ- 
quiplicate ratio of C to D, the meaning is, that the 
ratio of A to B is equal to + of the ratio of C to D: 
therefore in ſuch a caſe, twice the ratio of A to B will 
be equal to three times the ratio of C to D; but twice 
the ratio of A to Bis the ratio of A to B, and three 
times the ratio of Cto D is the ratio of C to D; 
therefore if A be to B in a ſeſquiplicate ratio of Cto D, 
will be to B* as Ci to D. Thus in the revolutions 
of the primary planets about the Sun, and of the ſe- 
condary planets about Jupiter and Saturn, their pe- 
riodic times are ſaid to be in a ſeſquiplicate ratio of 
their middle diſtances, that is, the ſquares of their 
periodic times are as the cubes of their middle diſ- 
tances. 


Another way of multiplying and dividing ſmall 
ratios, that is, whoſe terms are large in compa- 


riſen of their difference. 


298. Before I deliver what I have to ſay upon this 
head, I ſhall only obſerve, that If two indeterminate 
quantities have always the ſame difference, the greater 
the quantities are, the nearer will their ratio epproacy 


towards à ratio of equality: thus the difference be- 


twixt 2 and 1 is the fame with the difference betwixt 
100 and 99; but the ratio of 2 to 1 or of 100 to 
50 is much greater than the ratio of 100 to 99. By 
the help of this obſervation, and the following theo- 
rem, I ſhall endeavour to ſhew that ſmall rativs may 
ſometimes be doubled, or tripled, or bitefred, or tr:- 
ſected by more compendicus ways than thoſe that are 
taught in the laſt article; and whenever they hop! 0. 
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to be ſo, they ought to be uſed, and frequently are 
uled rather than the other. 


A THEOR E M. 


If there be two quantities whoſe difference is but ſmail 
in compariſon of the quantities themſelves- and if ſo much 
be added to one and ſubtratted from the other as ſhall 
make their difference double, or triple, or half, or a 
third part of what it was before, F ſay then that the 
quantities after this alteration ſhall be in a duplicate, or 
a triplicate, or a fabduplicate, or a ſabtriplicate ratio 
of that they were in before any ſuch change was made, 
nearly. 

1ſt. Let there be two numbers 10 and 11, whoſe 
difference is 1; then if + be added to 11 and ſub- 
tracted from 10, we ſhall have the numbers 114 and 
9:, whoſe difference is 2: I fay now that 115 is to 
9; in a duplicate ratio of 11 to 10 nearly. For the 
ratio of 11+ to 9; is refolvable into theſe two ratios, 
vi. the ratio of 114 to for, and the ratio of 10+ to 
9+ : now of theſe two ratios the former, to wit, that 
of 111 to 10, is ſomewhat leſs than the ratio of 11 
to 10, by the obſervation at the beginning of this 


article; and the latter, to wit, that of 10; to gz, is 


ſomewhat greater than the ratio of 11 to 10, and the 
exceſs in this caſe is nearly equal to the defect in the 
former; therefore the ſum of both theſe ratios put 
together, that is, the ratio of 11+ to 9+ will be very 
nearly equal to twice the ratio of 11 to 10. 

2dly. As the difference berween 10 and 11 is 1, 
add 1 to 11 and ſubtract it from 10, and you will 
have the numbers 12 and 9 whote difiererce is 3: I 
ſay now that 12 will be to 9, or 4 to 3, in a tripli- 
cate ratio of 11 to 10 nearly. For the ratio of 12 
to 9 is reſolvable into theſe three ratios, to wit, the 
ratio of 12 to 11, the ratio of 11 to 10, and the ra- 
tio of 10 to g; and of theſe three ratios, the firſt, 
to wit, that of 12 to 11, is fo;mewhart leſs than the 
middle ratio of 11 to to, and the laſt. to wit, that 
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of 10 to q, is about as much greater; therefore the 
firſt and laſt ratios put together will ma ce about twice 
the middle ratio of 11 to 10; therefore all theſe three 
ratios put together, to wit, the ratio of 12 to 9, will 
make three times the ratio of 11 to 10 nearly. 

3dly. And it increaſing the difference increaſes the ra- 
tio proportionably, thendiminiſhing the difference ought 
to dimiiſh the ratio proportionably, that is, if the dif- 
ference be reduced to hall, or a third part of what it 
was at firſt, the ratio ought to be ſo reduced: now as 
the difference between 10 and 11 is 1, add 4 to 10 
and ſubtract it trom 11, and you wili have the num- 
bers 10% and 10+ whoſe difference is +, and 10 will 
be to 10 in a ſubduplicate ratio of 10 to 11 nearly 
but if + be added to 10 and ſubtracted trom 1, 
you will then have the numbers 10+ and 107} whoſe 
difference is 4; and 10+ will be to 10; in a ſub- 
triplicate ratio of 10 to 11 nearly. 

Let us now try how near the ratios here found 
approach to the truth. By the laſt article the dupli- 
cate ratio of 10 to 11 is the ratio of 100 to 121, or 
of 1 to 1.2100; and according to the foregoing 
theorem it is the ratio of 95 to 115, or of 19 to 23, 
or of 1 tc 1 .2105. 

By the laſt article the triplicate ratio of 10 to 11 


is the ratio of 1000 ta 1331, or of f to1.331; and 


according to the foregoing theorem it is the ratio of 
9 to 12, or of 3 to 4, or of 1.333. 

- By the laſt article the ſubduplicate ratio of 10 to 
11 is the ratio of 1 to the ſquare root of , or of 1 
to 1.0488 1; and according to the foregoing theorem 
it is the ratio of 105 to 104, or of 41 to 43, or of 
1 to 1.04878. | 

By the laſt article the ſubtriplicate ratio of 10 to 1 1 is 
the ratio of 1 to the cube root of , that is, of 1 to 
1.03228 and according to the foregoing theorem it 
is the ratio of 10; to 105, or of 31 to 32, or of 1 to 
1.03226. 
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By theſe inſtances we ſce how near theſe ratios come 
up to the truth, even when the difference is no leſs 
than a tenth or an eleventh part of the whole: but if 
we ſuppoſe the difference to be the hundredth or the 


thouſandth part of the whole, they will be much 


more accurate; inſomuch that to multiply or divide 
the ratio, it will be ſufficient to increaſe or diminiſh 
one of the numbers only. Thus 100 is to 102 ina 
duplicate, and to 103 in a triplicate ratio of 100 to 
1013 and 100 is to 100+; in a ſubduplicate, and 
to 100++ in a ſubtriplicate ratio of 100 to 101 
nearly: and univerſally, F A+z and A+y be any 
two quantities approaching infinitely near to the quantity 
A, the ratio of A +2 to A will be to the ratio of A+y 
to A as the infinitely fmall difference 2 is to the infinitely 
ſiuall difference y. 

I ſhall draw only one example out of an infinite 
number that might be produced to ſhew the uſe of 
the foregoing propoſition. Suppoſe then I have a 
clock that gains one minute every day; how much 
muſt I lengthen the pendulum to fet it right? Let / 
be the preſent length of the pendulum, let x be the 
increment to be added to it's length in order to cor- 


rect it's motion, and let x be the number of minutes 


in one day; then it is plain that the pendulum / per- 
forms the ſame number of vibrations in the time n—1 
that the pendulum I is to perform in the time u. 
Now Monſieur Hr vgens has demonſtrated that the 
times wherein different pendulums perform the ſame 
number of vibrations are in a ſubduplicate ratio of 
the lengths of thoſe pendulums; therefore i muſt 
be to n in a ſubduplicate ratio of / to /+x, or (which 
comes to the ſame thing) / muſt be to /+x in a du- 
plicate ratio of 1 to : but by the foregoing pro- 
poſition, the duplicate ratio of —1 to z is the ratio 


of #—! to nz, or of 2u—3 to 2241; therefore 


I is to [+x as 2u—3 is to 2u+1, that is, the pen- 
dulum muſt be lengthened in the proportion of 2»—3 
ro 29 +1 : but » the number of minutes in one day 
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is 1440; and therefore 2#—3 is to 22 ＋1 as 2877 
is to 2881, or as 719 to 720 very near; therefore 
the pendulum muſt be lengthened in the proportion 
of 719 to 720. Q: E. I. | 
Had the duplicate ratio of z—1 to x been taken 
only by diminiſhing —1 to z—2, without med- 
dling with the other number x, the concluſion would 
{till have been the fame; for then / would have 
been to I x as z—2 to n, as 1438 to 1440, as 719 
to 720. | 
Having now delivered what I intended concerning 


the compoſition and reſolution of ratios, it remains 


that I ſay ſomething further concerning the applica- 


tion of this doctrine, and then I ſhall make an end ot 
the ſubject. 


DzriniTiON 4. 
299. F two variable quantilies Q and R be of ſuch 


a nature, that R cannot be increaſed or diminiſhed in any 
proportion, but Q muſt neceſſarily be-increaſed or dimi- 
iſhed in the ſame proportion; as if R cannot be changed 
ta any other value r, but Q muſt alſo be changed to ſome 
ether value q, and ſo changed that Q ſhall always be to 
q in the ſame proportion as R tor ; then is Q ſaid ta be 
as R direfly, er fimply as R. I hus is the circumfe- 
rence of a Circle faid to be as the diameter ; becauſe 
the diameter cannot be increaſed or diminiſhed in any 


proportion, but the circumterence muſt neceſſarily be 


increaſed or diminiſhed in the ſame proportion. Thus 


is the weight of a body faid to be as the quantity of 


matter it contains, or proportionable to the quantity 
of matter; becauſe the quantity of matter cannot be 
increaſed or diminiſhed in any proportion, but the 
weight muſt be increaſed or diminithed in the ſame 
proportion. 


Can OLLARLTY LL 


If Q be as R direftiy, then e converſo, R muſt ne- 
ceſſarily be as Q direttly. For let & be changed to 
X 4 any 
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any other value q, and at the fame time let R be 
changed to r; then ſince Q is as R, Q will be to q 


as Rtor; but if Q is to q as R is to r, then vice 


verſa, R will be tor as Qto : ſince then Q cannot 
be changed to 3, but R muſt be changed to r, and 
that in the ſame proportion, it follows by this defi- 
nition that R is as & directly. 


COkOLLARY 2. 


if Q be directiy as R, and R be directiy as S, then 
will Q be direftly as S. For let & be changed to 5, 
and at the ſame time R to r, and Q to g; then ſince 
by the ſuppoſition & is as S, & muſt be to v as S tos; 
and ſince again 2 is as R, Q will be to g as R tor: 
ſince then Qis to 1 as R to r, and R is to r as & tos, 
it follows that A will be to g as S to 5, and conſe- 
quently that Q will be as S. 


CokoLLIARTY 3. 


If Q be es R, and R be as 8; T ſay then that Q will 
be as R+S, and alſo as the ſquare root of the product 
RS. For changing Q, K, & into 3, r, 5, ſince R is as 
S, we ſhall have K torasStos; whence by the 
twelfth and nineteenth of the fifth book of the Ele- 
ments R will be tor as RA is to r+5; but Q is to 
qas R is to 7 cx kypotheft ; therefore Qis to q as RA. 
is to v; therefore by this definition © will be as 
RAS. Again, ſince R is as S, R* will be as RS, and 


Ras RS; but Lis as R; therefore by the laſt co- 


rollary 2 wil be as RS. 
.CorROLLARY 4. 


if any variable quantity as Q, be multiplied by any 
given number as 5; I ſay then that 5Q will be as Q. 
For it will be impoſſible for & to be increaſed or 
diminiſhed in any proportion, but 52, muſt be in- 
created or diminiſhed in the ſame proportion: if Q in 
any one Caſe be double of & in another, then 5h in 
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the former caſe muſt be double of 2 
and ſo on; therefore 3 L is as Q, 


COROLLARY 5B. 


If Q be as R, then Q will be as R', Q® as Rb, 
Q N R, &c. For let N. be changed in the 
proportion of D to E; then will R be changed in 
the proportion of D to E; but Qis as R; there- 
fore 2, will alſo be changed in the proportion of vD 
to E; therefore Q will be changed in the propor- 
tion of D to E: -_ then R* cannot be c 
in any proportion, ſuppoſe of D to E, but muſt 
— be changed in the ſame proportion, it 
follows * this definition that 2* is as R*: and 
the reaſoning is the ſame in all other caſes. 


COROLLARY 6. 
if Q, R and S be three variable quantities, and Q 


. be as the product or rectungle RS; I ſay then, that 


Q Q Q 
N will always be as 8, and 5 * R, and that FE 


will be a given quantity, or (which ts chiefly meant by 
that phraſe, ) that the quantity 15 will always be the 


ſame, be the values of Q Rand S what they will. 
For ſince Lis as RS, Q cannot be increaſed or di- 
miniſhed in any proportion, but RS muſt be in- 
creaſed or diminiſhed in the ſame proportion; there- 


8 be increaſed or diminiſhed in any 


R 


proportion, but ＋ or S muſt be increaſed or di- 
miniſhed in the ſame proportion; therefore & is as 


2 
72 and —> as $: and by a like proof, R will be 


as 3s Savoy but if A be as R, 
then 
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then dividing both ſides by R, we ſhall have = 


as I; but 1 a quantity that neither increaſes no- 


diminiſhes, d the name; therefore the 

vantity = wa. FE 
9 oy FE | 
fame reafon, /F 
R, = will always & | Tar” 2 en R . ba. 
they will. 

of "T7 } SW 

If there be four variable quai. 3. C, D, of 

in numbers, whereof A is as B, an. „ Dy; 40 


then that the product AC will be 4a, 0. 
For ſince A is as B, AC will be as BC, and fiuce C 
is as D, BC will be as BD; theretore Ly the ſccond 
corollary AC will be as BD; that is, Al. in one caſe 
will be to AC in any other as BD in the former caſe 
35 to BD in the latter. 


DEtrrFIixiTtioN 5. 


300: If two variable qitantitics Q and R be of ſuch 
2 nature, that R cannot be tncreaſed in any proportion 
whatever, ut Q; muſt neceſſarily be diminiſbed in a con- 
trary proportion, er that R cannot be diminiſhed in 
proportion whatover, but Q muſt neceſſarily be increaſed 
it @ contrary proportion; in @ word, if R cannot be 
changed in the proportion of D to E, but Q muſt ne- 
cefſarily be changed in the proportion of E to D; then 
is Q ſaid tv be as R inverſely or rectprocelly. Thus if 
2 ſpherical body be viewed at any conſiderable dil- 
tance, the apparent diameter is ſaid to be recipro- 
cally as the diſtance,, þecauſe the greater the diſtance 
is, the leſs will be the t diameter, and vice 
verſa. Thus if a glohe hefuppoled to move uni- 
formly about it's axis, the periodical time of this 
motion is ſaid to be yecipfecally as the velocity with 
which the globe circulates ; (for the quicker _— 

| | culation 
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culation is, the ſooner it will be over;) which is as 
much as to ſay, that the greater the velocity is with 
which the globe circulates, the leſs will be the peri- 
odical time of one revolution, and vice verſa. Thus 
if the numerator of a fraction continues always the 
fame whilſt the denominator is ſuppoſed to vary, 
that fraction is ſaid to be reciprocally as it's denomi- 
nator, becaule the greater the denominator is, the 
leſs will be the value of the fraction, and vice verſa. 


CoROLLARY I. 


If Q be reciprocally as R, then e converſo R «vill 
be reciprocally as Q. For let Q be in the 
proportion of D to E, and at the ſame time let R be 
changed in the proportion of A to B; then ſince Dis re- 
ciprocally as R, 2 muſt be changed in the proportion of 
B to A; but Q was changed in the proportion of D to 
E; therefore B muit be to A as D to E; therefore in- 
verſely, 4 muſt be to Bas E to D; but R was 
changed in the proportion of 4 to B by the ſuppo- 
ſition; therefore R was changed in the proportion of 
E to D. Since then Q cannot be changed in any 
proportion, ſuppoſe ot O ro E, but & mult neceſſa- 
rily be changed in the contrary proportion of E to 
D, it toilows from this definition that R muſt be re 
ciprocally as 9. | 


COROLLARY 2. 


If Q be direfly as R, and R be recipracally as S, 
then Q muſt be reciprocally as S. For let & be chan- 
ged in the proportion ot D to E; then fince R is re 
ciprocally as $, R mult be changed in the p ion 
of E to D; but Q 1s directly as R by the ſuppoſi- 
tion; therefore & muſt alſo be changed in the pro- 
portion of E to D. Since then & cannot be changed 
in the proportion of D to E, but & muſt neceſſarily 
be changed in the jon of E to D, it follows. 
from this definition that & is reciprocally as S. 


Cox or- 
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COROLLARY 3. 


By a like way of reaſoning, if Q be reciprocally as 
R, and R be reciprocally as S, Q will be direfily 
as 8. 


CoROLLARY 4. 


If two variable quantities Q and R be of ſuch a 
nature that their product or rectangle QR is always the 
ſame, I ſay then that Q will be reciprocally as R. For 
ſince QR is always the ſame, it will be as the num- 
ber 1 which neither increaſes nor diminiſhes ; but it 


N be as one, then Q will be as the fraction by 
the ſixth corollary to the fourth definition. Since 


then © is directly as the fraction 15 and the frac- 


tion —. is reciprocally as it's denominator R by 


this definition, it follows from the ſecond corollary 
that Q will be reciprocally as R. 


CorRoOLLARY 5. 
Every fraftion is reciprocally as the ſame fraftion 
inverted. Thus the fraction ＋ is reciprocally as the 


fraction ＋ This is evident from the laſt corollary; 


ſor if the fraftions f and —— be multiplied toge- 


ther, their product will always be unity, let R and 
S be what they will. 


COROLLARY 6. 


. . R 
If Q be reciprocally as R, or reciprocaily as ow. 


then 
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then Q will be directly as * For ſince Q is reci- 
procally as LI and —— is reciprocally as by the 
laſt corollary, it follows from the third corollary 
that Q will be directly as =_ For the fame reaſon, 


if Q te reciprocally as * it will be directly as R. 


DeFiniTioNn 6. 


301. If any quantity as Q depends upon ſeveral athers 
as R, 8, T, V, X, all independent cf one another, ſo 
that any ene of them may be changed ſingly withaut affet- 
ing the reſt ; and if none of the quantities R, S, T cas 
be changed finzly, but Q muſt be changed in the ſame 
proportion, nor any of the quantities V, X, but Q muſt 
be changed in a contrary proporticn ;, then is Q ſaid to 


cally or inverfely. Thus the fraction TY 


be as R and & and T directly, and as and & inverſely, 
becauſe none of the factors belonging to the numera- 
tor can be changed, but the value of the fraction muſt 
be changed in the ſame proportion, and none of the 
factors belonging to the denominator can be changed, 
but the value of the fraction muſt be changed in a con- 
proportion. | 

N. B. IfQ be asR andS and T direftly, without 
any reciprocals, then it is ſaid to be 85 R and S and T 
conjunctim, orntly. 


A THEOREM. 


302. If Q be as R and S and T direftly, and os 
V and X. reciprocally; and if the quantities R, S, I, 
V, X be changed into r, s, t, v, x, and ſo Q intoq, 
I ſay then that the ratio of Q_to q will be £91191 to the 
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exceſs of all the dire ratios taken together above all 
the reciprocal ones taken together : as if the ratios of 
Rzor, of S to s, and of TI to t (which I call direti 
ratios) when added together make the ratio of A to B; 
and if the ratios of V tov, and of X to x (which I 
call reciprocal ratios) when added together make the 
ratio of CioD; I ſay then that the ratio of Q to q 
till be equal to the exceſs of theratio of A to B above 
the ratio of C to D. 

For ſuppoſing all but R to continue the ſame, let 
R be c into r; then will 2 be changed from 
it's firſt value in the ratio of R tor by the hypotheſis : 
let now r, T, V, A continue, and let $ be changed 
into 5: then will 2 be changed from it's laſt value 
in the ratio of S to 5: in like manner if T be c 
into t, ceteris paribus, Q will be changed from it's 
laſt value in the ratio of T to 7: therefore if R, S, 
T be changed into 7, 5s, t, & will be changed from 
one value to another in a ratio compounded of all 
the direct ratios of R tor, of Sto 5, and of T tot; 
that is, 2 will be changed in the ratio of A to B. 
This being fo, let us now imagine to be changed, 
ceteris paribus, into v; then will Q be further 
changed in the ratio of v to V; and if after this we 
imagine A to be changed into x, 2 will be changed 
in the proportion of x to A, and will now be arrived 
at it's laſt value q : therefore if to the ratio of A to 
B you add the ratios of v to and of x to A, you 
will have the ratio of Q to : but to add the ratio 
of v to is thi tame thing as to ſubtract the ratio of 
to v by art. 296; and fo again, to add the ratio 
of x to A is the tame as to ſubtract the ratio of x to 
A; therefore it from the ratio of 4 to B you ſub- 
tract the ratios oi / to v and of X to x, you will 
have the ratio cf & to g; but the ratios of to v 
and of X to x, when added together, make the 
ratio of C to D cx HD; therefor: if from the ratio 
of A to B you ſubtract the ratio of C to D, there 
will remain the ratio of Q to g; therefore the ratio of 
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2 1 to q is the excels of the ratio of A to B above the 


ratio of C to 7); or {which is the ſame thing) © is 
to q in a ratio compounded of the ratio of 1 to B 
directly, and of the ratio of C to D inverſely. See 
art. 296. 

This is upon a ſuppoſition that the quantities 
R, 5, 7, V, & were changed into 7,.5, l, v, x one 
after another in time: bur fince the“ ratio of to 
docs not depend upon the intervals of time between 
the feveral changes, but will be the fame whether 
thoſe intervals be greater or leſs, it follpws that the 


ratio of 2 to q will be the fame as if all thelc 
changes had been made at once. Q. E. H. 


„ £ 


If the quantities R, 8, T, V, X, and conſequently 
A, B, C, D be expreſſed by numbers, as they muſt 
be before they can be of uſe in any computation; 
then the ratio of A to B will be the ratio of RS to 
rt, and the ratio of C to D will be the ratio of 
A to Tx; and the exceſs of the ratio of 1 to B 
above the ratio of C to D will be the ratio of 


ab . (ſee the ſecond way of ſubtracting 
ratios in a 5 ) therefore in this caſe, Q vill be 


to q as the fraction — 4 is to the fraction 25 Since 
IX vx 
rst 


8 8 
then the fraffien oo Te (aunor be changed into _— 


but at the ſame time Q muſt be changed into q, and /a 


RST rst 
changed that Q will be to q as — Fx 1 0 — it fol- 


lows from the fourth definition that Q will te 428 the 
fraftion ——— and and conſequently that Q in. any on? 


= + Y 
ll be . r 
caſe will be te Q in any ether 6s the fraction —5; * 


ft 


336 Of the Compoſition and Book VII. 
in the former caſe is to the fraftion N * in tbe 
latter. 


CorRoOLLARY 2: 


If there be no reciprocals, then Q will be as the 
product of all the direct terms, that is, as the product 


RS if there be two of them, or as the product RST 
if there be three of them, &c. 


SCHOL1IU M. 


In the demonſtration of the foregoing propoſition 
as well as in the ſixth definition it was ſuppoſed, that 
the quantities R, S, 7, J, X upon which 2 de- 
pended, were the mſelves entirely independent of 
one anoth-r, fo as that any of them might be ch 
y without affecting the reſt , and in ſuch a caſe, 
it Abe as & and S directly, it may be concluded to 
be as the product RS. But this concluſion muſt not 
be carried turther than can be juſtified by the demon- 
ſtration : for if in any caſe the quantities R and 5 
ſhould not be independent, if neither of them can be 
changed whilſt the other continues the fame, then 
though no change can be made cither in & or & but 
what will er ay a proportionable change in Q, yet 
here 2 muſt not be laid to be as the product RS. 
As * example, let Q be an arc of a circle ſubtending 
at the diſtance R an angle whoſe quantity is repre- 
ſented by S; then it is plain that neither & nor & can 
be changed fingly, bur 2, mult be changed propor- 
tionably ; it is plain alſo that either R or & may be 
changed ſingly whilft the other remains the fame ; 
and therefore in this caſe it is lawful to conclude that 
9 is as the product RS. But let us now ſuppoſe & to 
be the circumference of a circle whoſe radius is s R, 
and let & be the ſide of a lar polygon of any given 
fort inſcribed in that circ — 8 as 1 . 22 be 
the ſide of an inſcribed ſquare: here then it is plain 
that neither R nor & can be changed but & muſt be 

changed 


Art. 302, 303. Reſolution of Ratios. 337 
changed proportionably ; and yet if we ſhould con- 
clude in this cafe that Q is as RS, the illation would 
be falſe, becauſe R and & have here as much depen- 
dence upon one another as Q upon both; tor every 
one knows that the radius of a circle cannot be in- 
creaſed or diminiſhed in any proportion, but the fide 
of a ſquare inſcribed in that circle muſt be increaſed 
or diminiſhed in the fame proportion : in this caſe it 
may be concluded that Q is as RS, or as K—S, or 
as the ſquare root of RS by the third corollary in art. 
299, but it muſt by no means be allowed that Q is as 
RS; for ſhould Q be as RS, ſince in this caſe S is as 
R, and conſequently RS as R., Q would be as & by 
the ſecond corollary in art. 299, which contradicts 
the ſuppoſition that © is as K. 


Examples to illuſtrate the foregoing theorem, where 
direct ratios are only concerned. 


303. Ex. 1. If a body meves for any time with any 
uniform velocity through any ſpace, that ſpace will be as 
the time and velocity jointly. For it we ſuppoſe the 
velocity to be the fame in all cafſ's, but rhe time to 
differ, then the ſpace deſcribed will be greater or leis 
in proportion as the time is ſo, and therefore will be 
as the time: on the other hand, it we ſuppoſe the 
time to be the ſame in all caſes, and the velocity to 
differ, then the ſpace deſcribed in theſe equal times 
will be greater or leſs as the velocity is fo, and con- 
ſequently will be as the velocity: laſtly let us ſuppoſe 
both the time and velocity to vary; then the ipace. 
will vary upon both theſe accounts, and theretore will 
vary in a ratio equal to the ratio wherein the time va- 
ries, and the ratio wherein the velocity varies put to- 
gether ; that is, the ſpace in any one caſe will be to 
the ſpace in any other in a ratio compounded of the 
ratio of the time in the former caſe to the time in the 
latter, and of the velocity in the former caſe to the 
velocity | in the latter. This is univerſal; but it we 


Y ſuppoſe 
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ſuppoſe the time and velocity to be expreſſed by num- - 


bers, we muſt then ſay that the ſpace deſcribed is as 
the product of the number repreſenting the time mul- 
tiplied into the number repreſenting the velocity, by 
the ſecond corotlary in the laſt article; or that the 
ſpace deſcribed in any one caſe is to the ſpace deſcribed 
in any other as the product of the time and velocity 
in the former cale is to a like product in the latter. 

Ex. 2. The quantity of matter in any body depends 
upon two things, VIZ. it's magnitude and denſity, ( where 
by denſity I mean the compattneſs or cloſeneſs of it's mat - 
ter.) For it two bodies of equal denſities but of un- 
equal magnitudes be compared, one body muſt have 
more matter than the other, or leis, according as it's 
ſolid content is greater or leſs, that is, according as 
it's magnitude is greater or leſs ; therefore in this cafe 
the quantities of matter in any two bodics thus com- 
pared will be as their magnitudes : on the other hand, 
if two bodies of the fame magnitude but of different 
denſities be compared, their quantities of matter will 
be as rheir denfities, becauſe * cloſer the parts of a 
body are, fo much more matter will be crouded into 
the ſame ſpace; therefore if the bodies be different 
both in magnitude and denſity, the quantity of mat- 
ter in one body will be to the quantity of matter in 
the other in a ratio compounded of the ratio of the 
magnitude of one body to the magnitude of the other, 
and of the ratio of the denſity of the former body tu 
the denſity of the latter; and therefore if theſe quan- 
tities be repreſenied by numbers, tlie Quant: ty of mat- 
ter in any body will be as it's magnitude and denſity 
multiplied together. Thus if D and d be the diamæ- 
ters of two globes whoſe denſities are as E to e, the 
quantity of matter in the former globe will be to the 

uantity of matter in the latter as Dx E is to d*X2 

for the ſolid contents of all globes are as the cubes 
of their diameters. 

Ex. 3. The momentum, or force, or impetus 70:74 
which a led moves, and with which it will ſtrite any 
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obſtacle that lies in it's way to oppoſe or ſtop it, is as 
the velocity of the motion and the quantity of matter in 
the body jointly. For the fame quantity ot matter 
moving with different velocities will ftrike an obſtacle 
with forces proportionable to the velocities : on the 
other hand, different quantities of matter moving 
with the fame velocity will ſtrike with forces propor- 
tionable to their matter; a double body will ſtrike with 
a double force, &c; therefore in the cafe where the 
yelocity is the ſame, the momentum of a body is as the 
22 of matter it contains; and in the caſe where 
the quantity of matter is the fame, the momentum is 
as the velocity; cherefore it neither the velocity nor 
the matter be the ſame, the momentum will be as the 
matter 2nd velocity jointly ; and in numbers, as the 
product of the number expreſſing the matter multi- 
plied into the number expreſſing the velocity. 

Ex. 4. If a heavy body be ſuſpended perpendicularly 
upon à lever, (by which I mean en infexible red moving 
about a fixt point in the middle, the momentum cr 
efficacy of that body to turn the lever about it's center is, 
cæteris paribus, as the weight of the bedy and as the 
diſtance of the point of ſuſpenſion from the center of the 
lever jointly. For it we ſuppoſe this diſtance to be 
the ſame, the momentum of the body to turn the lever 
muſt be greater or leſs according as it's weight is fo, 
from whence that momentum arifes : on the other hand, 
if we ſuppoſe the weight to be always the fame, but 
to be removed, ſometimes further trom, and fome- 
times nearer to the center, the momentum of the body 
to turn the lever will be greater or leſs in proportion 
to the diſtance of the point of ſuſpenſion from the cen- 
ter of the lever, as is demonſtrated in Mechanics, and 
may eaſily be tried by experience: therefore univer- 
fally, the momentum of the body will be as this diſ- 
tance and the weight of the body jointly; and in 
numbers is as the product of che weight multiplied 
into the diſtance. 

T2 To 
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To illuſtrate this, I ſhall put the following queſtion. 
Let a body weighing five pounds be ſuſpended at the 
diftance of fix inches from the center of a lever, and 
let another body of ſeven pounds be ſuſpended on the 
ſame ſide of the center at the diſtance ot eight inches; 
then let a third body of nine pound weight be ſuſ- 
pended on the other fide ot the center at the diſtance 
of ten inches: Quere whether will theſe bodies ſuſ- 
tain each ther in guililrio or not; and if not, on 
which ſide will the lever dip, and with what momen- 
tum ? 

To reſolve this, fince we are at liberty to repreſent 
any one of theſe mcmenta by what numbers we pleaſe, 
provided the reſt be repreſented proportionably, let 
us repreic.t the m nu t of the nine pound body by 
the product oi ite . duce multiplied to- 
gethcr, that © 9X10 or 90 ; then muſt the other 
momenta repreſented by like products, or they 
would not be repreiented by numbers proportionable 
to them: therefore the momentum of the five pound 
body will be gx or 3o, and that of the ſeven pound 


body x8 or 56; and therefore the ſum of the mo- 


men A on this lice the center acting che lame way will 
be $6 : whence now it piainly appears that the lever 
will dip on the fide of the nine pound boay, becauſe 
go, the momentum on that ſide, is greater than 86, 
the ſum of the momenta on the other lide : and ſince the 
excels of go above 86 is 4, it follows that 4 will be 
the diflerence of the moments on one fide and the 
other; inſomuch that if any one ſuſtains this lever 
immovrable, he will ſuſtain the fame force as if all 
the weights now upon the lever were taken away, and 
a ſingle pound weight was ſuſpended at the diſtance 
of tour inches from the center of the lever : therefore 
when all the weights were upon the lever, if a ſingle 
pound weight had been ſuſpended at four inches dit- 
tance, and on the ſame fide of the center with the other 


two bodies whoſe weights were five and ſeven pounds, 


the whole ſy ſtem would then have conſiſted in guili- 
brio. Upon 
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Upon this theorem, that the force of a body upon 
a lower is as 122 weight and distance from the center 
multi, ther, is founded the method of F6-ding 
the centers t gt vity of bodies, or the center of 
gravity of any 1y:t 1 of boden, ber their places or 
politions be what they wil : but I mult not carry 
this matter any turcher. 

Ex. 5. If a globe be made l: move uniformly in an 
uniform fluid, the reſiſtance it will meet will in any 
given time by impinging again the particles of the 
fluid, will be as the denſity of the fluid, and as the 
fquare of the diameter of the globe, and as the ſquare 
of the velocity it moves with jointly. 

To determine rightly in this cate, we muſt here do 
what we all along have done, and what we always 
muſt do in like cafes; that is, we mult take the 
whole to pieces, examine every particular circuin- 
ſtance by itſelf, ceteris paribus, aad then put them 
all together. Firſt then let us ſuppoſe the ſame 
globe to move with the fame velocity, but ſometimes 
in a denſer fluid, and ſometimes in a rarer; then it 
is plain that the denſer the fluid is, the more par- 
ticles of it the body will bee to mcet with in 


=y 


any given time, and conſequently the greater re- 
ſiſtance it will ſuffer from them; thereiore the re- 


ſiſtance of the body, ceteris paribus, will be as the 


denſity of the fluid. In the next place let us ſup;:vie 
different globes to move in the fame fluid, and with 
the ſame velocity; then ſince the reſiſtance of theſe 
globes ariſes only from their ſurfaces, or rather from 
half their ſurfaces, and ſince the ſurfaces of all 
globes are as the ſquares of their diamerers, it 
tollows that the reſiſtance theſe globes meet with will 
be as the ſquares of their diameters. Lattly let us 
ſuppoſe the fame globe to move in the fame fluid 
with different velocities ; then it is plain that a globe 
which moves with a double velocity will ſtrike twice 
28 many particles of the fluid in any given time, as 
it would if it was to move with a fingle velocity: 
Y 3 but 
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but if the body ſtrikes twice as many particles, then 
twice as many particles will ſtrike it, whence ariſes 
tac reſiſtance; therefore the reſiſtance of a body 
moving with a double velocity is upon this account 
double of what it would have been in the caſe of a 
ſingle velocity: but this js not all; for it will not 
only ſtrike twice as many particles, but it will ſtrike 
every particle with twice the force in this caſe of 
what it would in the caſe of a ſingle velocity; and 
therefore, ſince action and reaction are always equal, 
and ſince it is the reaction of the medium that creates 
the reſiſtance, it follows that a body moving with a 
double velocity meets with four times the reſiſtance 
of what it would meet with when moving with a 
ſingle velocity. In like manner a body that moves 
with a triple velocity will act three times as ſtrong 
upon three times the number of particles, and there- 
fore will ſuffer nine times the reſiſtance of what 
it would ſuſfer with a fingle velocity; therefore the 
ſame globe moving in the fame medium with diffe- 
rent velocitics will meet with a reſiſtance proportion- 
able to the ſquare of the velocity it moves with. 
Put now all theſe conſiderations together, and the 
reſiſtance of a globe moving uniformly in an uni- 
form fluid (I mean that reſiſtance which ariſes from 
the globe's impinging againſt the particles of the 
medium) will as the denfity of the medium, as 
the {quare of the diameter of the globe, and as the 
ſquare of the velocity it moves with jointly. Thus 
if two globes whole diameters are D and d move with 
velocities which are to one another as to d in two 
fluids whoſe denſities are as E to e, the reſiſtance of 


the former will be to the reſiſtance of the latter as 
V*X D*XE is to *X@ xc. 


Other 
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Other examples, wherein direct and reciprocal 
7a ios are mixt together. 


304. Ex. 6. If a bedy be put into motion by any 
force direftly applied, whether this farce be a ſingle 
impulſe acting at once, or whether it be divided into 
ſeveral impulſes acting ſucceſſiveiy; I ſay that the loſt 
velocity of this motion will be as the moving force 
directy, and as the quantity of matter in motion reci- 
procally. For if ditferent forces be applied to the 
ſame quantity of matter, the greater the force is, 
the greater will be the velocity, and vice verſa; there- 
fore in this cafe the velocity will be as the vis 
motrix : but it we ſuppoſe the fame force to be 
applied to different quantities of matter, then the 
greater the quantity of matrer 1s, the lefs will be the 
velocity, and vice verſa, which I thus demonſtrate. 
Suppole the moving force M, when applied to a 
certain quantity of matter as Q, will produce the 
velocity Y; I fay then that the ſame force M, applied 
to a quantity of matter equal to 22, will only pro- 
duce a velocity equal to : for M acting upon 22 
will produce the fame velocity as M acting upon 
12; but Al acting upon Q will produce a velocity 
equal to /, becauſe by the ſuppoſition M acting 
upon Q will produce the velocity /; therefore M 
acting upon 2 will produce a velocity equal to V; 
and for the fame reaſon, M acting upon 32 will 
pro.luce a velocity equal to , &c ; therefore if the 
vis molrix be the ſame, the velocity of the motion 
produced will be reciprocally as the quantity of 
matter: therefore univerſally, the velocity will be 
as the vis motrix directly, and as the quantity of 
matter inverſely. As if AM be changed into m, 
9 into 4, and fo into v, the ratio of / to & will 
be equal to the exceſs of the ratio of M to m above 
the ratio of & to 4. In numbers thus; / will be to 
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v as — is to —; ſee the firſt corollary in art. 302. 


| 
Otherwiſe thus ; the momentum or impetus with which 
a body moves, is the torce with which it will ſtrike 
an object that lies in it's way to ſtop it; therefore 
ſince action and reaction are equal, the force ne- 
ceſſary to deſtroy any motion muſt be equal to the 
momentum with which the body moves: but the force 
neceſſary to deſtroy any motion is equal to the force 
that produced it, which we call the vis matrix; there- 
fore in all motion whatever, the vis matrix muſt be 
equal to the momentum, and mult be as the quantiry 
of matter in the body moved multiplied into the 
velocity of the motion, becauſe the momentum is ſo; 
ſee the laſt article, example the 3d : therefore M will 


always be as XA, and V as 2 


If M be as 9, then 15 will be a ſtanding quan- 


tity, and therefore the velocity in this caſe will al- 
ways be the fame. Thus if the weights of all bo- 
dies be proportionable to the quantities of matter 
they contain, they will be equally accelerated in e- 
qual times; and vice verſa, if all bodies, how diffe- 
rent ſoever in their kinds and quantities of matter 
be equally accelerated in equal times, (as by un- 
doubted experiments upon pendulums we find they 
are, ſetting aſide the reſiſtance of the air,) it follows 
that the weights of bodies are proportionable to their 
quantities ot matter only, without depending upon 
their forms, conſtitutions, or any thing elſe. 

Ex. 7. The velocity of a planet moving uniformiy 
in a circle round the Sun is as it's diſtance from the 
centre of the Sun direftly, and as it's periodical time in- 
verſely. For if two planets at different diſtances from 
the Sun perform their revolutions in the ſame time, 
taat planet muſt move with the greateſt velocity that 
tas the greateſt circumference to deſcribe ; therefore 


In 
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in this caſe, where the periodical time is given or al- 
ways the ſame, the velocity of the planet muſt be as 
the circumference of the circle to be deſcribed : but 
the circumference of every circle is as it's diameter 
or ſemidiameter ; therefore if the periodical time be 
given, the velocity of a planet mult be as it's diſ- 
tance from the Sun directly. Let us now ſuppoſe 
two planets revolving at the ſame diſtance from the 
Sun, but in different periodical times; then it is 
om that the ſwifter planet will pertorm it's revo- 
ution in leſs time, and vice verſa; and therefore if 
the diſtance be given, the velocity will be recipro- 
cally as the periodical time, Put both thele caſes 
together, and the velocity of a planet moving uni - 
tormly round the Sun will be as it's diftance from 
the center of the Sun directly, and as it's periodical 
time inverſely. Thus the Earcit's diſtance from the 
Sun is to that of Jupiter as 10 to 52 nearly; and the 
Earth's periodical time is to that of Jupiter as 1 
year to 12 years nearly, or as 1 to 12, therefore 
the Earth's velocity is to Jupitet's velocity as 
10 52 


— is to —, or as 120 to 52, or as 30 to 13. 
I 12 


This way of reaſoning is applicable to all bo- 
dies moving unitormly in circles, let the law of 
their motions be what it will. But if (as that ac- 
curate Aſtronomer Kepler has demonſtrated) the pla- 
netary motions be ſo tempered that their periodi- 
cal times are in a ſeſquiplicate ratio of their dif- 
tances, or, (which is the fame thing by art. 297) 
that the ſquares of their periodical times are as the 
cubes of their diſtances, we ſhall then have a more 
ſimple way of expreſſing the velocity of a planet 
thus: let be the velocity and D the diſtance of any 
planet from the Sun, and let T be the periodical 
time; then ſince, from what has been faid, / is as 


= we ſhall have n =; but according to Kep- 


ler's 
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f 8 
ler's proportion, T* is as D, and I * or as 
[ I I 
—_— ref. 2 — ; ——; . 
77 therefore is as 5 and as 75 that is, 


in this caſe, the velocity of a planet is reciprocally 
in a ſubduplicate ratio of it's diſtance from the Sun. 
So the velocity of a planet whoſe diſtance is D is to 
the velocity of a planet whole diſtance is d as Vd is 


to D, or as 1 is de or & 
d 

Ex. 8. Fa wheel turns uniformly about it's axis, 
the time of one round will be as the diameter of the 
tober! direfily, and as the abſolute velocity of every 
point in the circumference of the wheel inverſely. For 
if the circumference of a great wheel moves with the 
fame velocity as the circumference of a imall one, 
the periodical time of the former wheel will be as 
much greater in proportion than the periodical time 
of the latter as the circumference of the former wheel 
15 greater than the circumference of the latter, or 
as the diameter of the former is greater than the dia- 
meter of the latter; therefore if the velocity of the 
wheels circumference be given, the periodical time 
will be as the diameter of the wheel directly: let 
us now ſuppoſe the velocity of the circumference 
of the ſame wheel to be in any caſe increaſed ; then 
will the periodical time be diminiſhed in a contrary 
proportion, and vice verſa ; therefore if the diameter 
of a wheel be given, the periodical time will be reci- 
rocally as the velocity of the circumference ; there- 
ore if neither the diameter nor the velocity of the 
circumference be given, the periodical time will be as 
the diameter of the wheel directly, and as the abſolute 
velocity of every point in the circumference inverſcly. 

D 


fn numbers the periodical time will be as 7 
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Ex. g. The relative gravity of any ſpecies of bodies is 
as the abſolute weight of any body of that ſpecies direttly, 
and as it's magnitude inverſely , where by the magni- 
tude or bulk of a body is meant the quantity of ſpace 
it takes up, and not the quantity of matter it contains. 
All bodies of the ſame kind are ſuppoſed to weigh 
in proportion to their magnitudes ; and therefore it a 
body of any one kind be compared with a body of 
the ſame magnitude of another kind, the proportion 
of their weights will always be the fame, let their 
common magnitude be what it will; and hence ariſes 
the compariſon in general of the weight of one 
ſpecies of bodies with the weight of another: if a 
cubic inch of gold be 19 times as heavy as a cubic 
inch of water, then a cubic foot of gold will be 19 
times as heavy as a Cubic foot of water, Sc; and ſo 
we pronounce in general that gold is 19 times as heavy 
as water, though we mean bulk for bulk. In this 
ſenſe therefore may any one ſpecics of bodies be faid 
to be heavier or lighter than another, in proportion as 
any one body of the former ſpecics is heavier or lighter 
than a body of the ſame magnitude of the latter, which 
is the ſame in effect with the firſt part of my aſſertion. 
Let us now compare bodies of the ſame weight, but 
of different magnitudes ; and then it will appear that 
the ſpecific gravities of theſe bodies, that is, of the 
ſeveral ſpecics to which they belong, will be recipro- 
cally as the magnitudes of the bodies compared : 
thus if a cubic inch of gold be as heavy as 19 cubic 
inches of water, then the ſpecific gravity of gold will 
be to the ſpecific gravity of water, not as 1 to 1 
but as 19 to 1; — if 1 cubic inch of gold be as 
heavy as 19 cubic inches of water, then 1 cubic inch 
of gold will be 19 times as heavy as 1 cubic inch of 
water; and therefore, from what has been ſaid in the 
former caſe, the ſpecific gravity of gold will be to the 
tpecific gravity of water as 19 to 1. Put both theſe 
cafes together, and the relative gravity of any ſpecies 
of bodies will be as the abfolute weight of any one 


348 Of the Compoſition and Book VII. 
body of that ſpecies directly, and as it's magnitude 
inverſely. Thus if in numbers P and p be the weights 
of two globes whoſe diameters are D and d, the ſpe- 
cific gravities of the metals our of which theſe two 


2 


globes were formed are as 5 to J.. 

Ex. 10. If @ body as A gravitates toward the center 
of a planet as B at the diſtance D; I ſay then that the 
weight of A will be as the quantity of matter in A di- 
rettly, and as the quantity of matter in B directly, and 
as the ſquare of the diſtance D inverſely. For the weight 
of the whole body A towards B arifes, ceteris paribus, 
from the weight of all it's parts; and therefore in 
fuch a caſe will be as the quantity of matter in A. 
Again, the weight of A towards the whole planet B 
arifes, ceteris paribus, from the weight of A to all the 
parts of B; and therefore in ſuch a caſe will be as 
the quantity of matter in B. Laſtly, if the quanti- 
ties of matter in A and B continue the fame, and the 
d ſtance D be ſuppoſed to vary, the great Newton has 
demonſtrated that the weight of A towards B will be 
reciprocally as the ſquare of the diſtance D. There- 
fore if neither the quantities of matter in A and B, nor 
the diſtance D be the ſame, the weight of A towards B 
will be as the quantity of matter in A directly, and as 
the quantity of matter in directly, and as the ſquare 
of the diſtance D inverſely. Thus if A and B be 
numbers repreſenting the quantities of matter in the 


bodies A and B reſpectively, the weight of A towards B 


at the diſtance D will be as >, that is, the weight 
of A towards B at the diſtance D will be to the weight 


of @ towards & at the diſtance d as the fraction 27 
is to the fraction 5. 


Hence 


Art. 304, 305. Reſolution of Ratios. 349 
Hence the weight cf A towards B will be equal to 


the weight of B towards 4, fince both will be repre- 


lented by the ſame quantity _ 


Another way of treating the examples in the two 
laſt articles. 


325. If there be ever ſo many quantities, and theſe 
all heterogeneous to one another, we are at liberty to re- 
Preſent them by what numbers we pleaſe, cr even all by 
unity itſelf, provided coe take care to repreſent all other 
quantities of like kinds by proportionable numbers. Thus 
I am at liberty to call any quantity of time l pleaſe 1, 
or any degree of velocity 1, or any quantity of ſpace 
I ; but then I muit take care to call a double time, 
or a double velocity, or a double ſpace by the nuraber 
2, and ſo on. This conſideration ſuggeſts to us ano- 
ther way of treating the examples in the two laſt ar- 
ticles, ſomewhat diticrent from the former; which, 
as it may be explained by a bare inſtance or two, I 
ſhall give the l-arner as foilows. 

In the firſt example we were taught that the ſpace 
deſcribed by a body moving uniformly for any time, 
and with any velocity, is in 1 numbers as the time and 
velocity multiplied together; which may allo be de- 
monitrated thus : ſuppoſe that a body moving uni- 
tormly in fome known time called 1, and with fome 
velocity called 1, ſhall deſcribe a ſpace which we will 
alſo call 1; then if in the time 1, and with the velo- 
city 1, there be deſcribed the ſpace 1, it is plain that 
in the time T, and wich the velocity 1, there will be 
deſcribed the ſpace 7; but it in the time T, and with 
the velocity 1, there be deſcribed the ſpace T, then 
in the time T, and with the velocity there will be 
deſcribed the ſpace I, «... that, let the quantities 
LY and T be wit they 2 - and therefore in 2!! caſes, 
the ſpice will be as TV. 

Again, 


1 
4 
1 
1 
{- 
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Again, in the ſixth example it was ſhewn that if 


any moving force as M be directly applied to any body 
whoſe quantity of matter is A, the velocity thereby 


[ , 
produced will be as =. for a turther demonſtration 


whereof, let us ſuppolc that ſome known force called 
1, when applied to ſome quantity of matter called 1, 
will produce the velocity 1; then will the force 2 ap- 
plied to the fame quantity of matter 1 produce the 
velocity 2; but if the force 2 when applied to the 
22 of matter 1 produces the velocity 2, then 
the ſame force 2 applied to a quantity of matter as 3 
will produce a vclocity equal to a third part of the 
tormer, to wit ; and for the ſame reaſon the force 
M applied to a quantity of matter as Q will produce 


the velocity 1 and therefore this velocity will al- 
ra, 


ways be as =. 

It is not impoſſible but that ſome of my leſs judici- 
ous readers may be inclined to think I have ſpun out 
this ſubject to too great a length: but I eaſily per- 
{wade my ſelf that there are none who have thoroughly 
conſidered the very great uſefulneſs and importance 
of this doctrine, eſpecially in Mechanical and Natural 
Philoſophy, but will readily acquit me of this charge 
and the more fo, becauſe none that I know of have 
digeſted theſe matters into a ſyſtem, or have written 
ſo diſtinctly upon them as the importance of the ſub- 


ject requires. 
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BOOK VII PART u. 
Of Priſms, Cylinders, Pyramids, Cones and Spheres. 


AN Y of the following articles concern- 
ing the circle, ſphere and cylinder are 
1 taken out of Archimedes, but demon- 
ſtrated another way: and though they 
have no immediate relation to Algebra, yet as there 
are not many of them, and as they are a ſort of ſup- 
plement to Euclid's Geometry, I have been prevailed 
upon to inſert them here, for the fake of thoſe who 
cannot read Archimedes, and for the eaſe of thoſe who 
can. Moreover, as Euclid's doctrine of folids is 
ſomewhat hard of digeſtion as it is delivered in the 
Elements, I have not ſcrupled to transfer ſome of the 
chief properties of cones and pyramids into this book, 
and to demonſtrate them after a more eaſy and ſimple 
manner. And laſtly, as the menſuration of the circle 
is abſolutely neceſſary to the menſuration of the cy- 
linder, cone and ſphere, I ſhall, betore I enter upon 
the reſt, explain what Archimedes has delivered upon 
that head. 
A Lĩ uu 
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A Li MM Aa. 


340. If in a right-angled triangle cne of the acute 
angles be thirty degrees, or a third part of a right one, 
= oppoſite fide wii! be equal to baff the hypotenuſe. 
(Fig. 48.) 

Let ABC be a right-angled triangle, right-angled 
at B, and let the augle BAC be 30 degrees; I ſay 
then that the oppolite ſide BC will be half the hypo- 
tenuſe AC. 

For producing CB beyond B to D, ſo that BD 
may be equal to BC, and drawing AP, the two tri- 
angles ABC and ARD will be 22 and equal; 
theretore the angle CAD will be 60 degrees, and che 
lines AC and 4D will be equal; thereſore the other 
two angles at C and D will be 60 degrees each, and 
the triangle ACD will be equilateral ; therefore the 
line BC, which is the half of CD, will alto be the halt 
ef MK. E. . 


A LE m Mm a. (Fig. 49, 50.) 


341. Let ABC be a right-angled triangle, right- 
angled at B; and ſuppoſing two ſimilar and equilateral 
polygons, one to be circumſcribed abeut a circle, and the 
other to be inſcribed in it, let the angle BAC be equal 
to Half the angle at the center ſubtended by a fide of 
eil ber polygon : I ſay then that AB will be to BC as 
the diameter of the circle to the fide of the circumſcribed 
Polygon; and that AC ill be to BC as the diameter of 
the circle is to the fade o the inſcribed peiygon. 

Let D be the center of the circle, let £FG be a 
fide of the circumicribed polygon, touchin,; the circle 
in the point F, and let Z7K be the ſide of a like poly- 
gon inſcribed, and let HR and EG be ſuppoſed pa- 
rallel, ſo as to ſubtend the ſame angle at the center. 
Draw the lines DHE, DIE, LRG; then will the three 
triangles ABC, DEF and DHT be ſimilar, having the 


352 


angles at B, F and 7 right, and the angle BAC being 


equal to the angle ED "by the ſuppoſition ; theretore 
1B 


n 
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AB will be to BC as DF to EF, or as 2DF to EG, 
that is, as the diameter of the circle is to the fide of 
the circumſcribed polygon ; and AC will be to BC as 
DH to HI, or as 2DH to HK, that is, as the diame- 
ter of the circle is to the fide of the inſcribed poly- 
1 

If the angle BAC be a 48th part of a right one, AB 
will be to BC as the diameter of any circle is to the fide 
of a regular polygon of 96 ſides circumſcribed about it, 
and AC will be to BC as the diameter is to the fide of a 
like polygon inſcribed. For if the line HK be the ſide 
of an inſcribed Fegular polygon of 96 ſides, the arc 
HEX will be a 96th part of the whole circumference, 
or a 24th part of a quadrant, and the arc HF a 48th 
part of a quadrant ; whence the angle EDF or HD. 
will be a 48th part of a right angle. 


A Tut OR u. 


342. The circumference of every circle is ſometobat mere 
than three diameters. (Fig. 51.) 

Let AB be the fide of a regular hexagon inſcribed 
in a Circle whole center is C, and draw and BC; 
then will the angle at C in the triangle {BC be 60 
degrees, as containing a 6th part of the whole cir- 
cumference; therefore ſince AC and BC are equal, the 
other two angles at A and B will be 60 degrees each; 
therefore the triangle ABC will be equiangular, and 
- conſequently equilateral ; therefore 4B will be equal 
to AC, and 6AB to 6AC; but 6AB is equal to the 
perimeter of the inſcribed hexagon, and 64 is equal 
to three diameters ; therefore the perimeter ot a regu- 
lar hexagon inſcribed in a circle is equal to three times 
the diameter of that circle: whence it follows that 
the circumference of the circle itſelf will be jomewhar 
more than three diameters. Q. E. D. 


2 A THrte- 
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A THEOR ER Mu. 


343- If the diameter of a circle be called 1, the circum- 
| ference will be ſomewhat leſs than 3 = and ſome- 
10 


what greater than 3 Ss ; 


The demonſtration of the firſt part. (Fig. 52.) 


Let ABC be a right angle, in which inſcribe the 
lines AC, AD, AE, AF, AG in the manner follow- 
ing: make the angle BAC a third part of a right one, 
BAD a 6th part, BAE a 12th part, BAF a 24th part, 
and BAC a 48th part: then will AC be double of BC 
by the roth article, and 4B will be to BG as the 
diameter of any circle is to the fide of a regular poly- 
gon of 96 ſides circumſcribed about it by the 341ſt 
article. Moreover as the line AD biſects the angle 
BAC, we ſhall have as AB to AC fo BD to DC 
by the third of the ſixth book of the Elements ; 
and by art. 330% AB+ACis to ABas BC is to BD; 
and by permutation, AB+ is to BC as AB is to 
BD : thereſore if BC be divided into any number of 
equal parts, how many ſoe ver of theſe parts are con- 
tained in the frm of the lines AB and AC, rhe ſame 
number of like parts of BD will be contained in the 
line AB alone; as it BC be divided into 10000 equal 
parts, and the ſum AB + AC contains 37320 of thoſe 
parts, then if the line BD be divided into 10000 
qua! parts, the line AB alone will contain 37320 of 
them. After the ſame manner it may be demonſtra- 


ted, that whatever parts of BD are contained in the 


tum of the lines AB, AD, the ſame number of like 
parts of BE will be contained in AB alone, and fo on: 
whence we have the following proceſs. 

1ſt. Let BC be divided into 10000 equal parts, or 
which is the fame thing) let BC be called oO; 


| then 
See the Quarto Edition, page 339. 
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then will AC be 20000, and conſequently AB will be 
greater than 17320, and AB+ AC will be greater than 
37320. 

2dly. Therefore if BD= 10000, AB will be greater 
than 37320, AD greater than 38636, and AB + AD 
greater than 75956. 

3dly. Therefore if BE= 10000, AB will be greater 
than 75956, AE 8 and AB + AE 
greater than 152567. 

4thly. Therefore if BF= 10000, AB will be greater 
than 152567, AF greater than 152894, and AB+ AF 


greater than 305461. 


5thly. Therefore if BG= 10000, AB will be greater 
than 305461; therefore e converſo, if AB be ſuppoſed 
equal to 305461, BG will be leſs than 10000: but it 
was ſhewn before that AB is to BG as the diameter of 
any circle is to the fide of a regular polygon of 96 
ſides circumſcribed about that circle; therefore if the 
diameter of any circle be called 305461, rhe ſide of 
ſuch a polygon will be leſs than 10000, and the 
whole perimeter leſs than 960000; therefore the pe- 
rimeter of ſuch a polygon will be leſs than the product 


of the diameter multiplied into 3 — or = for 
/ 


305461X _ = 960020 5 therefore if the diame- 
ter of any circle be called 1, the perimeter of a regu- 


lar polygon of 96 ſides circumſcribed about it will be 


leſs than 3 2 but the circumference of every circle 


is leſs than the perimeter of any polygon circumſcribed 
about it; therefore the circumference of the circle will 
10 


ll be leſs than 3 7. 9. E. D. 


Z 2 The 
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The demonſtration of the ſecond part. (Fig. 53.) 


Let ACDEFGB be a ſemicircle whoſe diameter is 
AB, and in this ſemicircle let the lines AC, AD, AE, 
AF, A be inſcribed in the manner following: make 
the angle BAC a third part of a right one, BAD a 
ſixth part, BAE a 12th part, BAF a 24th part, and 
BAG a 48th part, and join BC, BD, BE, BF, BG; 
then will 4B be double of BC, and AB will be to BG 
as the diameter of ai'y circle is to the fide of a regu- 
lar polygon of 96 ſides inſcribed. Let AD cut BC 
in H; and by the demonſtration of the firſt part of 
this Wem AC+ AB will be to CB as AC to CH, 
fince by the conſtruction the line All biſects the angle 
BAC : but the triangles ACH and ADB are fimilar, 
having the angles ar C and D right, as being in a 
ſemicircle, and the angle CAH being equal to the 
angle DAB; therefore AC will be to HC as AD to 
BD : but it was before demonſtrated, that as AC is 
to HC ſo is AB+ AC to BC; therefore as AB+ AC is 
to BC ſo is AD to BD, and whatever parts of N are 
contained in the ſum of the lines 4B, AC, the ſame 
number of like parts of BD will be contained in the 
line AD alone : whence the following proceſs. 

iſt. Let BC=100c0; then will A = 20000, AC 
will be leſs than 17321, and AB+AC will be leſs 
than 37321. 

2uly. Therefore if PD=1cconm, AD will be leſs 
than 37321, AB will be leis than 38638, and 
AB4 1D will be leſs than 7595 

3uly. Therefore if 3 AE will be leſs 
than 75959, AB will be leis than 76615, and 
AB + AE will be leſs than 152574. 

4thly. Therefore if BF= 10000, AF will be leſs 
than 152574, AB will be leis than 152902, and 
AB + AF will be leſs than 305476. 

' 5thly. Therefore if BG= 10000, 4G will be lefs 
than 205476, and AB will be leſs than 305640, 
theretore 


ETV ad. ate tb ren Rei 
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therefore e converſo, if AB be equal to 305640, BG 
will be greater than 10000 : but AB is to BG as the 
diameter of any circle is to the ſide of a regular poly- 
gon of 96 ſides inſcribed in it; therefore if the diameter 
of any circle be 305640, the fide of ſuch an inſcribed 
polygon will be greater than 10000, and it's peri- 
meter greater than 960000; therefore the perimeter 
of ſuch a polygon will be greater than the product of 
the diameter multiplied into 3 55 or _ : for 


305640X 7 2959968 — — : therefore if the dia- 
meter of a circle be called 1, the perimeter of a regu- 
lar hexagon of 96 ſides inſcribed in it will be greater 
than 3 — but the circumference of every circle is 


greater than the perimeter of any inſcribed polygon ; 
therefore the circumference of this circle will be greater 
ill than 3 = 9. E. D. 

Thus then if the diameter of a circle be called 1, 
the circumference muſt lie between theſe two very 
narrow limits, to wit 3 — and 3 —q the whole 

70 71 
difference of theſe limits is but — and therefore by 


this method, the circumference of a circle is deter- 


mined to a 497th part of the diameter. 


The moſt compendious way of obtaining the numbers 
in the laſt article. 


344. If any one has a mind to examine the fore- 
going calculations, it may not be amiſs to let him 
know, that the hypotenuſes of the triangles ABD, 
ABE, ABF and ABG (Fig. 52, 53) may be com- 

ted without either ſquaring the greater leg, or ex- 
F 2 3 tracting 
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tracting the more conſiderable part of the ſquare root. 
As if AD, (Fig. 52,) my hypotenuſe of the triangle 
ABD in the firſt part be required, having given 4B 
37320 and BD 10000, ＋ method I uſe is as follows. 

1ſt, Whatever the hypotenuſe 4D may be, this is 
certain, that the greater leg AB will bs equal ro a 
conſiderable part of it; and therefore if AD be to be 
found by a ſeries, as is uſual in extracting the ſquare 
root, it will be proper to make 4B the firſt term; 
and hence it is that I call 37320=AB my firſt root. 
Again, as the ſquare of AD is to exceed the ſquare of 
AB by the _— of BD, that is, by 100000000 
this number I call my firſt reſolvend, and then doub- 
ling my firſt root, the product 74640 I call my firſt 
diviſor, and ſo am prepared tor the following ope- 
ration. 

2dly, Thus prepared, I divide my firſt reſolvend 
by my firſt divifor, and the firſt figure of the quo- 
tient (for I am concerned for no more at preſent) I 
find to be 1, which, as it comes out of the place of 
thouſands, ſignifies 1000; this number therefore 
1000 I add to my firſt root, and ſo have 38320 
for a more correct or ſecond root. The ſame num- 
ber 1000 I add alſo to my firſt diviſor, and then 
multiplying the fum 75640 by 1000, the number 
that was added, I ſubtract the product 75640000 
from my firſt reſolvend, and there remains 24 360000; 
this I call my ſecond refolvend, and the double of my 

ſecond root, to wit 76640, I call my ſecond diviſor, 

and fo proceed to the next operation. 
 _ 3dly, Now I divide my fecond reſolvend by my 
ſecond diviſor, and the firſt figure of the quorient is 
3, which, as it comes out of the place of hundreds, 
ſignifies 300 ; therefore I add 300 to my ſecond root, 
and ſo have 38620 for my third root : the ſame num- 


ſum 76940 J multiply by 300, and the product is 


2 308 2000, which being ſubtracted from my ſecond 
reſolvend, leaves me 1278000 for a third reſolvend, 


and 


ber 300 J alſo add to my ſecond diviſor, and the 


% Bail % 


4 


P © 


which 
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and the double of my third root, to wit 77240, I 
have for my third diviſor. 

4thly, I divide my third refolvend by my third 
diviſor, and the firſt of the quotient is 1, 
ſignifies 10; therefore I add :0 to my third 
root, and fo have a fourth root 38630: moreover 
adding 10 to my third _ the ſum is 77250, 
which being multiplied o, and the product 
772500 being ſubtracted * the third 2— 
leaves 505500 for the fourth reſolvend, and the 
double of my fourth root, to wit 77260, makes a 
fourth diviſor. 

5thly and laſtly, I divide my fourth reſolvend by 
my fourth diviſor, and the neareſt quotient too little 
is 6; therefore I add 6 to my fourth root, and fo 
have a fifth root, to wit, 38636, which is the neareſt 
root leſs than the true that can be expreſſed in whole 
numbers: therefore the hypotenuſe AD is greater 
than 38636, 

The reaſon of theſe operations will not be difficult 
to any one who thorougly underſtands the foundation 
of the common method of extracting the ſquare root. 


Van Ceulen's zumbers expreſſing the circumference 
of @ circle whoſe diameter is 1. 


345. This method of Archimedes is capable of be- 
urſued to any degree of exactneſs required: nay 
SE olf Van Ceulen 15 computed the circumference of 
a circle to no fewer than 36 places, upon a ſuppo-—- 
ſition that the diameter is unity. His numbers ex- 
preſſing this circumference are 
3 -1415 9265 3589 7932 3846 2643 3832 7959 288+. 
But ſince the invention of fluxions by it's great author 
Sir Iſaac Newton, he (Sir Iſaac) has trom this me- 
thod drawn ſerieſes almoſt infinitely more expeditious 
than the biſections of Archimedes or Lan Ceulen, where- 


by the circumference of a circle may be computed to 
Z 4 12 
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12 or 13 places in little more than half an hour's 
time, as Doctor Halley from his own experience aſ- 
{ures us. 

Note, that Metins's proportion of the diameter of 
a circle to the circumference is as 113 to 355, the 
moſt accurate of any in ſuch ſinall numbers, 
Schol. 1. in art. 179*.) 


Why the circle cannot be ſquared geometrically. 


346. If, having given the diameter or ſemidiame- 
ter of any circle, a right line could be found exactly 
equal to the circumference, whether ſuch a line 
could be expreſſed by numbers or not, the circle 
might be ſquared as well as any right lined figure 
whatever, that is, a ſquare might be conſtructed 
whoſe area would be equal to that of the circle, 
which I thus demonſtrate. 

Let 27 repreſent the diameter of any circle, and 
2c the circumference; then will rc, the product of 
the radius into the ſemicircumference be it's area, by 
cor. 4 in art. 311+. Let now x be the ſide of a ſquare 
whoſe area is equal to that of the circle, and we 
ſhall have xx=rc; whence x will be a mean propor- 
tional between 1 and c, and may be found by the 
13th of tlie ſixth book of the Elements. But it 
is impoſſible upon Euclid's poſtulata, having given 
the diameter or ſemidiameter of any circle to find a 
right line exactly equal to the circumference ; and 
therefore the circle cannot be ſquared upon the ſame 
foundation on which we are taught to ſquare all 
right-hned figures; and hence it 15 that we ſay; 
the circle cannot be ſquared geometrically. But as 
the three paſtalata of Euclid, how {imple ſoever they 
may appear in theory, are never a one of them ca- 
pable of being perfectly executed, but that errors 
muſt neceſſarily ariſe in drawing and producing lines, 
in taking the diſtances of points, &c; and as from 
theſe errors Qthers muſt neceſſarily ariſe in ſubſequent 

operations ; 
* See the Quarto Edition, page 282, 
+ 5.e the Quarto Edition, page 504. 
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operations; and laſtly, as the circumference of a 
circle may be had from the diameter in numbers, to 
any aſſignable degree of exactneſs, it follows that in 
practice, a circle is as capable of being ſquared as 
any other figure whatever that is not a ſquare. 


Corollaries drawn from art. 343. 


347. From the 343d article may be deduced ſe- 


veral corollaries, ſome of the moſt uſeiul whereof 
are inſerted here as follows. 


1ſt. The diameter of every circle is to the circumfer+; 

, W920 | 

ence as 7 to 22 nearly: for 1 is to 3 5 as 7 
to 22. 


2d. If d be the diameter of am circle, it's area will 
11dd | 


be = : for as 7 is to 22, ſo is d the diameter to 


_ the circumference z and 1 5 the radius be 
multiplied into —= the ſemicircumference, the pro- 


duct . will be the arca, by corollary + in art. 311“. 


14 | 

3d. Hence we have à ready way, having the diame- 
ter of any circle given to find it's area, and vice verſa, 
without the mediation of the circumference, by ſaying, 
as 14 is to 11, ſ is the ſquare of the given diameter 
to the area ſought. But if the area be given, in order 
to find the diameter, the proportion muſt be reverſed, 


by ſaying as 11 is to 14, % is the given area to 4 


fourth, which fourth number will- be the ſquare of the 
diameter, and it's ſquare root the diameter itſelf. 

4th. Arguing as in the two laſt corollarics, If the 
diameter of @ circle be to the circumference as a to b, 
then the ſquare of the diameter of any circle will be to 
it's area as 4a to b; and vice verſa, the area will be 
to the ſquare of the diameter as b to 4a. 1 


* Sec the Quarta Edition, page 504. 
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5th. The circumferences of all circles are as their 
diameters or ſeinidiameters, and their areas as the 
ſquares of the diameters or ſemidiameters. For if d and 
e be the diameters of two circles, their circumferen- 


ces wilt be == and 7 and — is to 7 
(dropping the common denominator 7, and the 
common factor 2 2) as d toe. Again, the area of 


the circle whoſe diameter is d n as in the ſe 
cond corollary.; and for the ſame reaſon, the area 
of the other circle whoſe diameter is e is — 


| 14 
_ is to 17 as dd to ee; therefore the circum- 
ferences of all circles are as their diameters, and 
their areas as the ſquares of their diameters. And 
ſince the halves of all quantities are as the wholes, 
and the ſquares of the halves as the ſquares of the 
wholes, it follows alſo that the circumferences of 
Circles are as their ſemidiameters, and their areas as 
the ſquares of the ſemidiameters. 

6th. If there be three circles ſuch, that the ſum 
of the ſquares of the ſemidiameters of two of them is 
. equal to the ſquare of the ſemidiameter of the third; 
1 fay then that the areas of the two firſk circles put 
together will be equal to the area of the third. For 
let a, 6, c at the ſemidiameters of the three 
circles, and let a, : fince then the ſemidiame- 
ter of the firſt circle is a, the diameter will be ' 24, 
and the ſquare of the diameter 444: but as 14 is to 


11 ſo is 406 ro Ke ore, therefore the area of 


the firſt circle will be —— by che third corollary; and 


for the ſame reaſon, Nen 
n 1 


and 


K 


A. 347, 348. and applied to the Solution of Problems. 363 
will be _ and =_ but a. LHS. ex bypatbef,; 
h POR 224* 4.208 1 
ee 

N. B. This laſt corollary is not demonſtrated in 
the 3 iſt of the ſixth book of the Elements, as ſome 
may imagine, that demonſtration not reaching further 
than right · lined figures. 

The following eaſy problems may ſerve to ſhew 
ſome uſes of the foregoing corollaries. 


PROBLEM 1. 


348. To find the proportion between the diameter 
of any circle and the fide of an equal ſquare. 
Call this diameter 1, and by the ſecond coroll 
in the foregoing article, the area ot this circle will be 


2s nearly; and the ſide of a ſquare whoſe area is 


2. will be F : therefore the diameter of any 
14 


14 
circle is to the ſide of an equal ſquare as 1 to 
27 But becauſe this fraction 17 » though it 
ſerves well enough for common purpoſes, is not 
accurately true, and becauſe it's ſquare root cannot 
be accurately expreſſed in numbers neither, to reduce 
the error (for there muſt be an error) to à more 
ſimple point, let c be the circumference of a circle 
whole diameter is. 1; and the area of ſuch a circle, 
that is, the product of the radius into the ſemicir- 


cumference will be 2 X = —3 and the ſide of an 


equal ſquare will A. but according to I an 


Cenlen, cg 4415926536, and == 7853981634. 
and 
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and == 886233 therefore the diameter of a cir- 


cle is to the ſide of an equal ſquare as 1 to. 88623, 
or as 100000 is to 88623 : ſuppoſe the proportion 
to be that of t00000 to 88625, which makes but 
an error of 2 in the fifth place, and then mulnply- 
ing both terms by 8, the proportion will be that of 
$00000 to 709000, or of 800 to 709; therefore As 
$00 is to 709, ſo is the diameter of any circle to the 
fide of an equal ſquare, nearly true to five places. 

N. B. It the diameter of a circle be 9 yards, the 
fide of an equal ſquare found as above, will not err 
an hundredth part of an inch. 


PROBLEM 2. 


349. To find the ſemidiameter of a circle that will 
comprebend within it's circumference the quantity of an 
acre of land. 

An acre of land contains 4840 ſquare yards, and 
therefore this muſt be the arca of our circle. 'Say 
then as 11 to 14 ſo 4840 to 6160; and this laſt 
number will be the ſquare of the diameter, by the 
third corollary in art. 347; whence the diameter itſelf 
will be 78.486 yards, and the ſemidiameter 39.243 
yards, that is 39 yards 8; inches nearly. 


PROBLEM 3. 


350. Let a firing of a given length be diſpoſed into 
the form of a circle: It is required to find the area 
of this circle. 

Let c be the length of the ſtring, and conſequently 
the circumference of the circle made by it, and the 
diameter of the circle will be 2g, the ſemidiameter 
76 7cc 


P> and the area TI Suppoſe now this ſtring 


t be diſpoſed into the form of a ſquare, and the fide 


of 


— „ r n 9s e E To 


_—_— Trae * " 
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of this ſquare would be 7 and it's area =, and the 
area of the ſquare would be to the area of the circle as 
— is ws 0 that is, 8 is to or as 11 
16 8 16 88 
to 14: therefore As 11 75 to 14, ſo is the area compre- 
hended by the ſtring when in form of a ſquare, to the 
area comprehended ty the ſame ſtring when in form of a 
circle. Q. E. I. 

N. B. By che anſwer here given it appears, that if 
c be the circumference ot any circle, it's area will be 


— ; and conſequently that As 88 is to 7, ſo is the 


ſquare of the circumference of any circle to id ares 
nearly. 


PROBLEM 4. 


351. I is required to divide @ given circle into any 
number of equal parts by means of concentric circles 
drawn within it. (Fig. 54.) 

Let A be the center, and AF be the ſemidiameter 
of the circle given, and let it be required to divide 
the arca of this circle into five equal parts by means 
of four concentric circles deſcribed within the former, 

and cutting the line AF in the points B, C, D, E, 

that is, let the area of the circle 4B, and the arcas 

of the annuli BC, CD, DE, and EF be ſuppoſed all 
equal; then the circle AZ will be + of the whole, 
the circle AC +, the circle AD + Cc; and the area 
of the circle AF will be to the area of the circle 4B 
as 5 to I: but the area of the circle 1 is to the 
area of the circle AB as the ſquare of the ſemidiame- 
ter AF is to the ſquare of the ſemidiameter AB, by 
cor. 5 in art. 347; therefore A is to Ali as 5, to 1 : 
but 1 is given by the ſuppoſition, therefore 4B, 
and conſequently AB the ſemidiameter of the inmoit, 
circle is given. In like manner 1 is to {C* as 5 


T2 
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to2; whence AC the ſemidiameter of the next con- 
centric circle is given; and fo of the reſt. Q, E. I. 


PROBLEM g. 


52. Whoever makes a tour round the earth muſt ne- 
ceſſarily take a larger compaſs with his head than 
with his feet : The queſtion is, how much larger ? 
Let A (Fig. 55.) repreſent the center of the earth, 
AB it's ſemidiameter, BC the traveller's height, 
AC the ſemidiameter of the circle deſcribed by his 
head: let alſo þ repreſent the circumference of the 
circle whoſe ſemidiameter is AB, and c the circum- 
ference of the circle whoſe ſemidiameter is AC, and 
cb will be the difference we are now enquiring into, 
which may be thus determined. 

By the fifth corollary in art. 347, AC is to A as 
c is to 6; and by diviſion of proportion, BC is to 
AB as c- is to 6b; and alternately, BC is to c—6b as 
AB is to b. Let d be the circumference of a circle 
whole ſemidiameter is BC, and 5C will be to & alſo 
as AB to; therefore BC is to d as BC is to cb; 
therefore c- = d; that is, The traveller's head will 
paſs through mere ſpace than his feet by the circum- 
ference of a circie whoſe ſemidiameter is his own length: 
as if the man be 6 feet aigh, his head will travel 
further than his neels by 37 feet 8+ inches nearly, 
and that whether the lemidiameter AB be greater or 
leis, or nothing at all. 


PrzOBLEM 6. 


253. It is required, having given the depth and the 
diameter of the vaſe of any 1 veſſel, to find 
it's content in ale gal, 
lere it muſt be Obſerved, that in the menſuration 

of a ſolid, all it's dimenſions muſt be taken in the 

fame kind of meaſure: as if any one dimenſion be 
taken in inches, the reſt muſt be taken fo too, and 


then the number repreſenting the content of any 
ſolid 
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ſolid will be the number of cubic inches to which 
that ſolid is equivalent. 

Let then @ be the given altitude of the cylindrical 
veſſel to be meaſured, 4 the diameter of it's baſe, 


and by the ſecond corollary in art. 347, A will give 


a number of ſquare inches equal to the baſe, and 
this area multiplied into the altitude a, will give 


n— number of cubic inches equal to the ſolid 


. the veſſel: but 282 cubic inches conſtitute 
an ale gallon ; and therefore 1 the ſolid con- 

tent of the veſſel be divided by 282, the quotient, 
to wit 5 8 will be the number of gallons therein 


contained. Inſtead of 3948 put 3949, which will 
make no conſiderable difference in ſo great a deno- 


minator, and the fraction TE viding both the 


3949 
numerator and denominator by 11) will de reduced ! to 
add 


359 
Having taken bath the depth, and the diameter of the 


baſe in inches, multiply the ſquare of the diameter into 
the depth of the veſſel, and the tre divided by 359 
coill give the number of gallons r 
N. B. This ſubſtitution of 3949 inſtead of 3948 


corredts abour —— of the error that would otherwiſe 


have been committed in ſuppoſing the ſquare of the 
diameter of the baſe to be to it's area as 14 to 11. 


PROBLEM 7. 


: whence the following canon. 


354- To meaſure a fruſtum of a cone, whoſe per den- 
* dicular altitude and the diameters of the tuo baſes 


are given, 


N. B. 


368 Of Cylinders, Priſms, Cones, Book VIII. 

N. B. By a fruſtum of a cone I mean a cone 
having it's top cut off by a plane parallel to the 
bale. | | 

Let the iſoſceles triangle ABC (Fig. 56) repreſent 
the ſection of a cone made through it's axis AD, 
and let EF be any line parallel to the baſe BC, cut- 
ting AB in E, AC in F, and the axis AD ind; then 
will the trapezium BEFC be the ſection of a fruſtum 
of this cone whoſe perpendicular altitude is Dd. 
Call BC, the diameter of the greater baſe, g; EF, 
the diameter oi the leſſer bate, I; and Dd, the 
height of the fruſtum, +: call alſo AD, the un- 
known altitude oi the whole cone, x; and conſe- 
quently Ad, the altitude of the cone to be cut off, 
„-; and from the ſimilar triangles ABC, AEF 
we have this proportion; AD is to Ad as BC is to EF, 
that is, according to our notation, x is to x—bþ as g 
to /, whence by multiplying extremes and means 
we have gx—gb=lx, and x, or the altitude of the 
£ . In like manner if from the 
value of x we tubtract y, the altitude of the fruſtum, 
we ſhall find 4g, or the height of the cone to be cur 


off, equal to r Now the ſolid content of every 


cone, equal to 


cone is found by multiplying the baſe into a third 
part of it's altitude; therefore fince the baſe of the 


cone ABC 1s : > , and it's altitude 


F 


— „it's ſolid 
g—l 


content will be =— x — x —: in like manner the 
„ 5 
3 
folid content of the cone AEF will be 72 * 7 * 


: ſubtract the latter cone from the former, and 


14 
there will remain the ſolid content of the fruſtum 
| BEFC 


"PF =” 


Art. 354. Pyramids, Spheres and Spheroids. 369 


OP 5 
£ X — x i : but the fraction 


may be reduced to an integer by dividing the 


numerator by the denominator, and the quotient will 
be gg +z/+10!; therefore the ſolid content of the 


fruſtum BEFC will now be expreſſed thus, g , 


h 
* . * —. Whence we have the following ca- 
+ 
non : 


Add the ſquares and the reftongle of the two given 
diameters together , multiply the ſum into a third part 
of the given altitude, and the produ*t vill be the 
fruſtum of a pyramid of the ſame height having 
ſquare baſes whoſe ſides are equa! to the two diameters 
given; and as 14 is to 11 /% wil! this fruſtum be to the 
fruſtum ſought. Q. E. I. 

N. B. iſt. Since a cone differs nothing from a 
fruſtum of a cone whoſe leſſer baſe is equal to no- 
thing, it / be made equal to nothing in the foregoing 
canon, it ought to give the fol! cuntent of a cone 
whoſe height is h, and the diameter of whole baſe 


— h 
is g: and ſo it will; „ * I 


becomes — X 7 

2dly. Since a cylinder may be conſidered as a 
fruſtum of a cone whoſe baſes are equal, if / be made 
equal to g in the foregoing canon, it ought to give 
the ſolid content of a cylinder whoſe height is þ, and 
the diameter of whoſe baſe is g: and ſo we find it 


will; for 5 * 77 in this caſe becomes 


W A 
388 "=. is 14 . 
Aa 3dly. 
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3dly. If the leſſer baſe of the fruſtum be ſuppoſed 
to be increaſed till it becomes equal to the greater ; 
and it, on the other hand, the greater baſe be ſup- 
poſed to be diminiſhed till it becomes equal to that 
which was the lefler baſe before, the folid content of 
the fruſtum will be the ſame as at the firſt ; and therefore 
if the foregoing canon be juſt, it ought not to be 
altered by changing the quantities g and / one for the 
other: which is true; for gg +g/+/7! by this means 
only becomes //+/g +gg, which is the ſame quan- 
tity. 
In ſolving this laſt problem it is taken for granted 
that every cone is the third part of a cylinder having 
the ſame bale and height; which may ſafely be done, 
ſince Euclid has demonſtrated it in the 1oth of the 
twelith book of the Elements: but becauſe Euclid's 
doctrine of ſolids is not ſo eaſy to the imaginations of 
young beginners, I ſhall (in another place) give 
another demonſtration of this propoſition, indepen- 
dently of any thing that has here been ſaid. 


A LreMmMa. (Fig. 57.) 


355. Let ABC be any curvilinear ſpace compre- 
bended between two ftreight lines AB and AC at right 
angles to each other, and à curve as BC concave la- 
wards AB, and from any two points D and E in the 
line AB let the lines DF and EG be drawn parallel to 
the baſe AC, ' and terminatins in the curve at the 
points F and G, and compleat the parallelogram 
DEGH: chen it is plain that the curvilinear ſpace 
DEGF will be greater than the parallelozram, DEGH. 
But what I here propoſe to demonſtrate is, that if the 
line EG be ſuppoſed to made tcrvards D tn 4 poſition 
aloaz: parallel 19*Uſelf, and at laſt to coincide with 
DF, the nearer EG approaches to DF, the nearer will 
the ratio of the curvilinear ſpace DEGF to the pa- 
rallelogram DEGH approach tcrvards a ratio of equality, 
aud that it will at laſt terminate in à ratio of equality 
ben E.G coincides with DF, 

3 For 
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For compleating the elogram GHFK, the 
parallelogram DEKF will be to the parallelogram 
DEGH upon the ſame bale, as DF is to EG; there- 
fore the curvilinear ſpace DEGF will be to the pa- 
rallelogram DEGH in a lefs ratio than that of DF to 
EG ; that is, though that ſpace he greater than this 
parallelogram, yet the ratio of the former to the lat- 
ter is a leſs ratio than that of DF to EG: but the 
nearer the line EG approaches toward D, the nearer 
will the ratio of DF to EG approach toward a ratio of 
equality, and it will at laſt become a ratio of equality 
when EG coincides with DF; therefore a fertiori, 
the ultimate ratio of the curvilinear ſpace DEGF to 


the parallelogram DEGH will be a ratio of equa- 
li 


Hence it fellows, that if we ſuppoſe the line AB to 
be divided into à certain number of parts, ſuch as DE, 
end theſe parts to be made the baſes of ſo many inſcribed 
perallelograms, juch as is the parallelagram DG, the 
more there are of theſe parallelograms, the ncarer will 
the ſum of all the curvilinear ſpaces DEGF, tat is the 
whole curvilinear ſpace ABC, approach towerds the ſum 
of all the inſcribed parailelograms , and if we ſuppoſe 
the baſes of theſe perallelograms to be diminiſbed, and ſo 
their numòer to be augmented ad infinitum, they wil 
make up the cobole curvilinear ſpace ABC; ſ that the 
ſpace ABC «ill be to the ſum of all the inſcribed paral- 
lelograms ultimately in a ratio of equality. For letting 


- aſide the parts infinitely near the point of int 


B, which will be of no conſequence in the Account, 
{ct the parallelogram DEGH be that which, of all 
the reſt, differs moſt from it's correſpondent curvili- 
near ſpace DEGF; and the conſaqgence will be that 
the curvilinear ſpace ABC will be to the ſum of all 
the infcribed parallelograms in a lefs ratio than that 
of the ſpace DEGF' to the ſpace DEGH : but even 
this ratio becomes at laſt a ratio of equality, when 
DE is infinitely ſmall, by this lemma : whence it 
tollows 2 f2;tiort, that the ultimate ratio of the cur- 

Aa 2 vilinear 
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vilinear ſpace ABC to the ſum of all the inſcribed pa- 
rallelograms will be a ratio of equality. 

I thought myſelf obliged to demonſtrate this 
propoſition, becauſe I have known it objected, that. 
though the difference between any particular parallel- 
ogram and it's correſpondent curvilinear ſpace be al- 
lowed to be infinitely tmall when the common baſc 
is fo, yet how do we know but that an infinite num- 
ber of theſe differences may amount to a finite quan- 
tity ? and if ſo, then the whole curvilinear ſpace can- 
not be ſaid to be to the ſum of all the inſcribed paral- 
Jelograms in a ratio of equality. To this I anſwer, 
that it muſt be the buſineis of Geometry to determine 
whether an infinite number of theſe infinitely ſmall 
differences amount to a finite quantity or not; and 
by the demonſtration here given it appears that the 
do not, but that the ſum of all theſe differences actu- 
ally diminiſhes as their number increaſes, and at laſt 
comes to nothing when their number is infinite. 


A LI u M 4a. (FN. 57.) 
356. Suppoſe ing the line AB fill to keep it's place, 


let u i5nagize the whole ſpace AC to urn round it, ſo 
as f , deſcribe 57 generale @ Gelid whoſe axis is AB, and 
the ſemidiameter of whoſe baſe is AC, and the eee 
pare oli elegrams will at the fame time by their common 175 
tion defer ibe ſe many 1911 cylindric laminæ, which token 
ell tagel her, will be leſs lan the ſelid generated by the 
ſpace ABC; but tne more they er in uu 1. er, the nearer 
they will approach to it, and their circulai eller e will at 
laſt terminate in the curve ſurface of the jolid when their 
aumber is infinite. 

For compleating the parailclogram GLIEFK as be- 
fore, the lamina generated by the paraliclogram DK 
will be to the lamina generated by the parallelogram 
DG as the ſquare of D#' is to the ſquare of EG, all 
circles being as tne jquares of their {-midiamerers ; 4 
therefore the lamina generated by the curvilinear ſpace 
DECT will be to the [eming gencrated by the paral- 

lelogram 


. 


4 


3 
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I-logram DG in a leſs ratio than that of D to EGO: 
but when D and E coincide, DF wii! be equal to 
ECG, and the ſquare of DF to the ſquare of EG; 
therefore in this caſe, every particular cylindric /amina 
will be the fame with a correſpondent lamina of the 
ſolid; and camponendo, all the cylindric /amine will 
conſtitute the ſolid itſelt. This may alſo be further 
evident by applying the demonſtration in the laſt 
lemma to this cate. Therefore we need not ſcruple 
to ſuppoſe round ſolids, generated after the ſame 
manner as this is, to be made up of an infiaite num- 
ber of infinitely thin cylindric laminæ: Nay even the 
cone itſclf may be conſidered as being fo conſtituted : for 
if wwe ſuppoſe BC to be a ſireight line inſtead of a curve, 
the reaſoning of the laſt article and this wil! equally ſuc- 
cecd; in which caſe, the ſpace ABC will be a triangle, 
and the figure generated a cone. 

If a ſolid be made up of a finite number of priſmatic 
or cy/indric laminæ, decreaſing in their diameters as they 
are further and further dijtant from the baſe, the ſurface 
of ſuch a ſolid muſt neceſſarily aſcend by fteps : but the 
thinner theſe elementary laminæ are, (ſuppoſing tveir 
thiumeſs to be compenſated by a greater number,) the 
aarrower and the ſhallower theſe ſteps will be, fo as to 
terminate at laſt in à regular ſurface when their number 
is infinite, 

A THratrtoRE x. 


357. All iſoſceles cones of equal heights are as their 
' baſes, that is, the ſolid content of any one iſoſceles 
cone is to the ſolid content of any other of an equal . 
height, as the baſe of the former cone is to the baſe of 

the latter. ' | 
Note, that by an iſoſceles cone I mean à cone whoſe 
baſe is a circle, and whoſe veriex is every where equally 
diſtant from the circumference of the baſe; and by an 
:/oſceles pyramid is meant a pyramid having a regular 
polygon for it's baſe, and whoſe vertex is equally diſtant 
frem all the angles of that polygon: laſtly by iſeſceles 
Aa 3 priſms 
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priſms and cylinders are meant ſuch as bave equal an d 
regular polygons and circles for their baſes, and are ſo 
conſtituted, that a right line joining the centers of their 
two baſes is perpendicular to them, 

Let ABC (Tig. 53) be a right-angled triangle at 
B, and producing the baſe BC out to O, join AD; 
let alſo the line EFG be drawn any where within the 
triangle parallel to the baſe BCD, fo as to cut AB in 
E, A in F, and AD in G: then will EF be to BC 
as EG is to BD, ſince both are as AE to AB by ſimilar 
triangles ; therefore it they be taken alternately, EF 
will be to EG as BC to BD, and EF* to EG* as BC* 
to BD*. This being allowed, let the triangle ABD 
be ſuppoſed to turn round the fixed fide AB, ſo as to 
generate a cone whole axis is AB, then will the tri- 
angle ABC generate another cone having the ſame 
common altitude AB. Let both theſe cones be con- 
ſidered as conſtituted of an infinite number of infi- 
nitely thin cylindric laminæ, and let EF repreſent in- 
differently the ſemidiameter of any one of theſe lamine 
belonging to the cone ABC; then will ECG be the ſe- 
midiameter of a correſpondent /amina belonging to 
the cone ABD; and the /amina whole ſemidiameter is 
EF will be to the /amina whoſe ſemidiameter is 
EG, having the ſame thickneſs, as EH is to EG*, or 
(according to what is already demonſtrated) as BC* 
is to BD* ; that is, every particular /amina of the 
cone ABC will be to a like lamina of the cone ABD 
as the baſe of the former cone is to the baſe of the 
latter; therefore compenendo, the whole cone ABC 
will be to tne whole cone ABD as the baſe of the 
former is to the baſe of the latter : but the planes 
ABC and ABD may be fo conſtituted as to generate 
any two iſoſceles cones whatever that have equal 
heights; therefore if the heights of two iſoſceles 
cones be equal, theſe cones will be to each other as 
their baſes. 2. E. D. | 


A Tags 
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A THyHEtoREmM. 


338. Every iſoſceles pyramid is equal to an iſaſcelis 
cone of an equal baſe and height. 

Let P repreſent any ifoſceies pyramid, and C an 
jſoſceles cone of an equal baſe and height: I ſay then 
that the pyramid P will be equal to the cone C. 

To demonſtrate this, imagine the pyramid P to 
have a cone, as c, inſcribed in it, fo as to touch every 
fide of the pyramid in ſo many lines of contact, and 
imagine the circumſcribing pyramid, and conſequently 
the inſcribed cone, to be conſtituted of an infinite 
number of infinitely thin laminæ; and every lamina 
of the circumſcribing pyramid will be to a corref- 
pondent lamina of the inſcribed cone as the baſe of the 
pyramid is to the baſe of the cone. For the plane of 
every lamina that conſtitutes the pyramid will be a 
polygon ſimilar to the bale, and the plane of every 
correſpondent lamina that conſtitutes the inſcribed 
cone will be a circle inſcribed in ſuch a polygon : 
therefore compeneneo, all the lamin.e conſtituting the 
pyramid P will be to all thoſe that conſtitute the 
cone c, that is, the whole pyramid P will be to the 
whole cone c as the baſe of P is to the baſe of c: but 
the cone c is to the cone C of an equal height, as the 
baſe of c is to the baſe of C. Since then P is to c as 
the baſe of P is to the baſz of c, and c is to Cas the 
bale of c is to the baſe of C, it tollows ex £quo that P 
is to Cas the baſe of P is to the baſe of C: but the 
baſe of P is equal to the baſe of C by the ſuppoſition ; 
therefore the pyramid P is equal to the cone C, ha- 
ving an equal baſe and altitude. Q,; E. D. 


Corolt iA A. 


Hence it follows, that whether cones. be compared 
with cons, or cones with pyramids, or pyremids with 
pyramids, ell ſuch as have equal herghts will be to one 
another as their baſes. For cones are fo by the laſt 
article, and pyramids are equal to cones having cqual 

Aa4 | bales 
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baſes and heights by this: I mean iſoſceles pyramids 
and ioiceles cones. 


SCHOLI1IU M. 


As the ſolid content of a priſm or cylinder of a given 
perpendicular altitude depends upon the quantity, and 
not upon the figure of the baſe, ſo by the demonſtration 
of this propaſition it appears, that the ſolid content of 
an iſeſceles pyfemid or cone of a given perpendicular al- 
titade depends upon the quantity, and not upon the figure 
of the baſe : let the perpendicular altitude and the area 
of the baſe be the ſame, and the quantity of the ſolid 
will continue the ſame, whether that baſe be in the 
form of a triangle, or a ſquare, or a polygon, or a 


circle. Other pyramids and cones will be conſidered 
in another place. 


. 


359. If frem the center of any cube ſtreight._ lines be 
imagined to be drawn to all it's angles, the cube will by 
this means be diſtinguiſhed into as many equal iſoſceles 
pyramids as it has fides, to wit 6, whoſe baſes will be 
in the ſides of the cube, and whoſe common vertex will 
be in the center. 

For if from a point above any right-lined plain 
figure, lines be drawn to all it's angles, and then the 
interſtices of theſe lines be imagined to be filled u 
with triangular planes, the folid figure thus incloſed 
will be a pyramid; therefore by the lines above 
deſcribed, the cube will be diſtinguiſhed into as many 
pyramids as it hath fides. And that theſe pyramids 
will be all equal and iſoſceles, is evident: for firſt, 
their bates will be all equal from the nature of the 
cube; and in the next place, their heights will be 
all equal from the nature of the center, which is ſup- 
poſed to be equally diftant from all the ſides of the 
cube; and laſtly, as this center muſt alfo be equally 
diitant from all it's angles, it follows that theſe pyra. 
mids mult be all iſoſceles pyramids. Q; E. D. 


Cor o0oL- 


| 
o 
ry 
; 
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CO@RKSOaLLAREY:; 


Fence every one of theſe pyramids <cill be the fixih 
part of the whole cube. 


ET 73H 


360. Every iſoſceles pyramid or cone is a third part of 
an iſoſceles priſm or cylinder having en equal baſe, 
and an equal perpendicular height. 

Let a be the perpendicular altitude of any iſoſceles 
pyramid or cone, and let 4 be tne area of it's baſe, 
both taken according to the directions given in art. 
353: imagine alſo a cube whoſe ſide, that is the ſide 
of whoſe ſquare baſe, is 24; then will 44* be the 
area of the baſe, and 84 the ſolid content of this 
cube : and if from the center of the cube lines be 
imagined to be drawn to the four angles of the baſe, 
they will be the outlines of an iſoſceles pyramid whoſe 
baſe is the ſame with the baſe of the cube, to wit, 
44*, and whole perpendicular altitude is a z whenc: 

7 5 
the ſolid content of this pyramid will be = or — 
by the corollary in the laſt article: but as this pyra- 

mid has the fame height @ with the pyramid propo- 

ſed, theſe two pyramicds will be to one another as 

their baſes, by the corollary in the laſt article but 
one: hence the ſolid content of the Po ramid propoſed 
will eafily be had by laying, as 44 the baſe of the 

- pyramid within the 1 is to 6 che bale of the py- 


ramid propoſed, ſo is _ the ſolid content of the 


ab 
former, to a franc: to wit —, which will be the 


ſolid content of the latter; therefore the ſolid content 
of an iſoſceles pyramid or cone whoſe baſe is i, and 


whoſe altitude is a, is found to be I but the ſo- 


lid content of an ifoſceles priſm or cylinder having 
2 an 
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an equal baſe and height is 45; therefore every iſoſ- 
ccles pyramid or cone is a third part of an iſoſceles 
prilm or cylinder having an cqual baſe and an cqual 
perpendicular altitude. Q. E. D. 


ien . 


Fence the ſolid content of an i/cſceles pyramid or cone 
is found by mulliplyias the area of the baſe into a third 
part of the perpeadicular altitude, or elſe by multiplying 
ihe area of the baſe into the whole altitude, end then 
taking a third part of the product. 


QC SUDLCEARLVT9 


Flence alſo it follows that all iſoſceles pyramids and 


cones upon equal baſes are to one another as their 
bei 3 bls * 


A Lit MM A 


361. if a pyramid of aav kind be cut by a plane pa- 
rallel to it's baſe, the quantity of the ſection, or (which 
is all one) the quantity of the baſe of the pyramid cit off, 
will always be the ſame, let the figure of the pyramid 
be what it will, ſo long as the baſe and perpendicular 
allitude of the whole pyramid, and the perpendicular al- 
titude of the ppramia cut off continue the ſume : in which 
«aſe, the perpendicular diſtance of the plane of the ſection 
rens the plane of the Laſe will alſo be the ſame. (See 
18. 39. ) 

Let {be the vertex of the p yramid, and let BC be any 
one ſide ot the baſe; let the ſhes AB and AC be cut by 
the plane of the ſection in the points D and E reipec- 
tively, and let AFC be the perpendicular altitude of 
the whole pyramid, cutting the plane of the ſection 
in F, and the plane of the Tate in G, both produced 
if need be: join FD, FE, GB, GC: then fince the 
baſe of the pyramid cut off will always be ſimilar 
to the baſe ot the whole pyramid, whereot DE and 
BC are correſpondent fides ; and ſince all fimilar plain 
figures are to each other as the ſquares of their cor- 

reſpondent 
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reſpondent fides by the 2oth of the ſixth book of 
the Elements, it follows that the baſe whoſe ſide is 
DE will be to the baſe whoſe fide is BC as DE* to 
BC*, that is, by ſimilar triangles, as AD is to AB, 
or as Aris to AG*. Since then as AC is to AF 
ſo is the bale of the whole pyramid to the baſe of 
the pyramid cut off, ſo long as the three firſt con- 


tinue the ſame, the laſt muſt allo continue the ſame. 
E. 


ConRoOLLARY 


Since the number of fides of the pyramid is not con- 
cerned in the demonſtration of this propoſition, which 
ri be equally true, be the number of ſides what it will, 
it muſt alſo be rue of the cone, «hich is nothing elſe but 
a pyramid of an infinite number of fiaes, let the ſhape of 
the cone be what it twill ;,, that is, <hether AG the per- 


pendicular altitude of the cone pajjes 2 the center 
of the baſe or nzt. 


A Trztok EM. 
362. Fa priſm or cylinder of any kiad be deſcribed by 


the motion of a plain figure ajcending uniformly in a 
horizontal poſition to any given height, the quantity 
of the ſolid thus generated will be the ſame, whether 
the deſcribing plane aſcends directly or obliquely to the 
Jeme height ;, and conſequently all priſms and cylinders 
of what kind ſoever, that bade cqual baſes and equal 
perpendicular heights, are equal, whether they ſtand 
upon thoſe baſes erect or reclining. 

For the better conceiving of this, let the deſcribing 
plane be made, not to aſcend all the way, but fome- 
times to aſcend perpendicularly, and ſometimes to 
move laterally or edgeway, and that by turns : then 
it is plain that the quantity of ſolid ſpace, or rather 
the ſum of all the ſolid ſpaces thus deſcribed, will 
amount to no more than if the deſcribing plane had 
| aſcended all the way perpendicularly to the ſame 
height, Let the times of theſe alternate motions 

wherein 


| 
| 
' 
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wherein they are performed be diminiſhed and their 
number be increaſed ad infinitum, and they will ter- 
minate at laſt in an uniform oblique motion, and the 
ſolid generated by this motion will be equal to a ſo- 
lid generated by a perpendicular motion of the {ame 
plane to the jame height. Q. E. D. 

N. B. Mat has here been demonſtrated concern- 
ing priſms and cylinders, may be further illuſtrated 
by fliding a pack of cards, or a pile of halfpence out 
of an erect into an * poſture; whereby it may 
eaſily be ſeen, that neither the baſe, or the perpendi- 
cular altitude, nor the quantity of the ſolid can be 
affected by this change of poſture; but the finer, 
that is the thinner theſe conſtituent [:ming are, the 
nearer they will repreſent an oblique ſolid. 


KA © UW 37 Þ B38 1 


363. M pyramids and cones of what kind ſoever that 
have equal baſes and egqtal perpendicular heights are 
equal, | 
To cvince this, let us imagine two plain figures 

(whether ſimilar or diſſimilar to each other it matters 

not) to riſe together from the tame level, one directly, 

and the other obliquely, but both in a horizontal 
poſition, and always upon the ſame level; and let 
theſe planes be imagined not to retain all along their 
firſt magnitude (as was ſuppoſed in the laſt article) 
but to leſſen by degrees as they riſe, fo as by their 
motion to deſcribe tapering figures, and at laſt to 
vaniſh cach in a point : then it is caly to fee, that if 
the tapering figures thus deſcribed be pyramids or 
cones having equal baſes and equal perpendicular 
heights, theſe deſcribing planes muſt not only be 
equal to each other at firſt, and vaniſh at equal 
heights, but they muſt leſſen ſo together as to be 
equal to each other at all other equal altitudes what- 
ever: this is evident from the laſt article but one : 
and therefore the ſolids deſcribed by them muſt nc- 
ceſſarily be equal. . E. D. 


COR OT- 


Art. 363,&c. Cylinders and Spheres. | 38s 
Con O11 A R x. 


Hence it follows, that whatever we have demon- 
Rrated concerning ifoſceles prramids, cones, priſms aud 
cylinders with reſpect to heir proportion ene is enother, 
will be equally trne of all others, whatever ſhape or 
Poſture they may be in: as, that ail pyramids and cones 
of the ſame beiglit are to each other as their baſes, that 
all pyramids and cones upon equal laſes are as their 
heights, and that every pyramid or cone is a third part 
of a priſm or cylinder having an equa! baſe, and an 
equal perpendicular altitude. 


A LLM MA. (Fig. 60.) 


364. Let ABCD be a ſquare tobaſe baſe i; AD, 
and whoſe diagonal is AC; and upon the center A, and 
with the radius AB, deſcribe the quadrant er quarter 
of a circle BAD: draw alſo the line EFGH E. GPH 
any where within the ſquare, parallel to the baſe AD, 
cutting the fide AB in E, the quadrant BD in F, the 
diagonal AC in G, and the oppoſite fide CD in H, 
and join AF: 1 ſay then that the ſquare of EF and 
the ſquare of EG put together wil! actvays be equal to 
the ſquare of EM. 

For the triangles ABC and AEC are fmilar, as 
having one angle at A in common, and the angles at 
B and E right ; therefore EG will be ta EA as BC 
is to BY; but BC is equal to 5.4, from the nature 
of a ſquare; therefore EG will be equal to EA, and 
E to EA, and EF*+EG* to EF*+ EA = AF 
DHH, that is, EF*+ EG*=£EH*. . E. D. 


SH v2 TT Þ 8 2» 


365. Every ſphere is two thirds of a circum c 


cylinder, that is, a cylinder that will juſt contin 
it. 


For ſuppoſing all things as in the laſt article, 
(ſee Fig. Co,) let the ſquure BCD be now ſuppoſed 
o 
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to turn round it's fixed ſide AB, fo that the ſquare 
may generate a cylinder, the quadrant a hemiſphere, 
and the triangle /BC an inverted cone; and let this 
cylinder, and conſcquently the cone and hemiſphere 
be conſidered as confiiling of an infinite number of 
infinitely thin cylindric /4mine: then if EH repreſents 
the ſemidiameter of any one of theſe laminæ belong- 
ing to the cylinder, EG will be the ſemidiameter 
of ſo much of this lamina as hes within the cone, 
and EF the ſemidiameter of fo much as lies within 
the hemiſphere: and becauſe (by the laſt article) 
the ſquare cf EF and the ſquare of EG are both 
together equal to the ſquare of EF, it follows from 
corollary 6 in art. 347, that the two circles whole 
ſemidiameters are EA and EG are both together equal 
to the circle whoſe ſemidiameter is EH; which 
is as much as ro {ay in other words, ſince the 
line EKII was taken indifferently, that cvery 
particular lamina ot the cylinder is equal to two 
correſpondent laminæ at the fame height, where- 
of one belongs to the cone andthe other to the 
hemiſphere; therefore cc;aponendo, the whole cy- 
linder is equal to the cone and hemiſphere put 
together: but the cone has been proved already 
to be a third part of the cylinder, as having 
the ſame baſe and height, ( tee art. 360; ) ther- 
fore the hemiſphere muſt be the remaining two 
thirds of it; that is, every hemiſp here is two thirds 
of a cylinder of the ſame baſe and height. 

Let us now imagine two ſuch hemiſpheres, 
and two ſuch cylinders to be put together in ore 
common baſe, and the two hemiſpheres will con- 
ſtitute a ſphere, and the two cylinders a cylinder 
circumicribed about that ſphiere, and the ſphere will 
now be two thirds of the circumſcribing cylinder. 
9: FE. 8 


A Tuzogru. 
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A THnErtoOR a EM. 


366. Every ſphere is equal to a cone or pyramid <:bo/? 
baſe is the ſurface of the ſphere and whoſe perpen- 
dicular altitude is it's ſemidiameler. 

To demonſtrate this, let a body terminated by 
plain ſides, regular or irregular, be fo conſtituted as 
to admit of a ſiphere to be inſcribed in it, touching 
every ſide in ſome point or other, as the cube and 
an infinite number ot other bodies will; and from 
the center of the inſcribed ſphere imagine lines to 
be drawn to every angle of the circumſcribing body: 
then will this body be diſtinguiſhed into as many py- 
ramids as it hath ſides, whoſe bates will be the fe- 
veral ſides of the body, whoſe common vertex will 
be in the center of the ſphere, and whoſe perpendi- 
cular heights will be radii drawn to the ſeveral points 
of contact, and conſequently will be equal: for as 
when a circle is touched by right lines, all radi; 
drawn to the ſeveral points of contact will te per- 
pendicular to the reſpective tangent lines; fo when 
a ſquare is touched by planes, all radii drawn to the 
ſeveral points of contact will be perpendicular to the 
reſpective tangent planes. | | 

Let then - be the radius of the ſphere, and let 
a, b, c, d repreſent the quantities or areas of the 
ſeveral ſides of the circumicribing body; and the 
ſolid contents of the pyramids whereot that body is 
compoled will be — - * < and the ſum of 
all theſe pyramids, or the ſolid content of the body, 


Ai be or+br+o+d 
is, let s be the whole ſurface of the circumicribing 
body, and it's folid content will be —: but — is 
the content of a pyramid whoſe baſe is 5 and whoſe 


perpendicular altitude is 73 c<1-rotore every body 
Circumicribed 


Let a+b+c+d=:, that 


— — — —õ —— — 


r G - 
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circumſcribed about a ſphere is equal to a pyramid 
whoſe baſe is the ſurface of the body, and whoſe per- 
pendicular alutude is the ſemidiameter of the inſcribed 
Iphere. 

Let us now imagine the ſeveral angles of this cir- 
cumſcribing body to be pared off cloſe by the ſurtace 
of the ſphere, ſo as to create more ſides and more 
angles, and we thall ſtill have a body circumſcribed 
about the ſphere, though in another ſhape ; and there- 
fore the proportion aircady advanced will be as true 
in relation to this body as to. the former : whence it 
follows, that it we luppole the angles of the circum- 
ſcribing body to be pared off ad infinitum, that is, 
till it differs nothing from the inſcribed tphere, the 
propoſition will be as true of the ſphere itſelf as it 
was before of the body circumſcribed about it, to 
wit, that every ſphere is equal to a cone or pyramid 
whoſe baſe is the ſurtace of the ſphere, and whole per- 
pendicular a!titude is it's ſemidiameter. Q. E. D. 


Rn EE Y WH 5 


367. The ſurface of every ſphere is equal to four great 
circles of the ſame ſphere. 

Where note, thai Ly a great circle of a ſphere, I mean 
any circle ariſiag ſrom a ſettion of a ſphere into two equal 
hemiſpheres by a plene paſſing through it's center, in con- 
tradiſtinction to @ leſſer circle ariſing from a ſeftion of a 


ſphere into unequal! parts: or a great circle of @ ſphere 


my be defined ts le a circle whoſe diameter is the ſame 
with that of the ſphere. 

Let 5 be the {irface of any ſphere, d the diameter 
and þ the area of a gre at circle of that ſphere; then 
will “ be the bale of a circumicribing cylinder, d it's 
altitude, aud ve it's ſolid content; thereſore by the 


laſt article but one, 208 will be the ſolid content of 


3 
the ſphere : but by the Jaſt article, this ſphere is 
equal to a cone or pyramid whole bale is s the 1 
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of the ſphere, and whoſe perpendicular altitude is 


- it's ſemidiameter, a third part whereof is =; there- 


fore = will alſo repreſent the ſolid content of the 


ſphere: whence we have the following equation, to 


wit, 7 = which being reduced gives 5 = 45. 
1 2. E. D. | 


From the three laſt articles may be deduced the 
following corollaries : 


CORkOkLLARTEERS 


C 368. 1ſt. As the diameter M a circle is to the cir 
J | cumference, that is, as 7 to 22 nearly, ſo is the ſquare 
| 


of the diameter of any ſphere to it's ſurface. For ſup- | 
poling the diameter of a circle to be to the circumte- 
rence as I toc, and putting d for the diameter of 
any ſphere, cd will be the circumference of a grear 
circle of that ſphere, ſince as 1 is toc ſo is d to cd, 


| d 

, multiply then - the ſemicircumference,, into 2 the 
b | 

/ radius, and you will have — the area of a great 
circle , thercfore four great circles, or the ſurface of 
2 the ſphere, will be cdd: but as 1 is to c fois dd to 
F cdd; therefore Sc. 3 

* | 2d. Whence it follows, that The ſurface of every 


ſphere is equal te the produtt of the circumference of a | 
great circle multiplied into the diameter of the ſphere. 
, For retaining the notation of the laſt a-ticle,. c4d the | | 
ſurface of the ſphere is equal to cd the circumſerence 


" of a great circle multiplied into d the diameter. 

of 3d. The ſurfece of every ſphere is equal to the convex 
ſurface of à circumſcribed cylinder. For it a concave 

is cylinder without it's two baſes be ſlit, and then opened 

ce into a plane, the ſigure of that plane will be a paral- 


of B b lclogram, 
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lelogram, whole bate will be that line which before 
was the circumference of the baſe of the cylinder, 
and whoſe height will be the ſame with that of the 
cylinder ; theretore as the area of a parallelogram is 
ound by multiplying the baſe into the height, the 
ſurface of every cylinder muſt be found by multiply- 
ing the circumference of the baſe into the height of 
the cylinder : but the circumference of a cylinder cir- 
cumfcribed about a ſphere is equal to the circumference 
of a great circle of the ſphere, and the height of ſuch 
a cylinder is equal to the diameter of the ſphere, 
therefore the convex ſurface of the cylinder will be 
equal to the circumterence of a great circle of the 
ſphere multiplied into the diameter, which by the 
laſt corollary is the ſurface of the inſcribed ſphere. 

4th. The ſolid content of every ſphere is equal to the 
predutt of it's ſurface mulliplied into a third part of th: 
radius, er the radius into @ third part of the ſurface. 
This is evident from art. 366. 

5th. As fix times the diameter of a circle is to the 
circumference, that is, as 42 1s 1 22 or 21 % 11 
nearly, ſo is the cube of the dicmeter of any ſphere to 11"; 
folid content. For if we ſuppoſe the diameter of a 
circle to be to the circumference as 1 to c, the furtace 
of a ſphere whole diameter is d will be cdd by the 
firft corollary ; and this ſuriace multiplied into a third 


part of the radius, or into a third part of -, which i- 
4 4 


7 givcs —= the iolid content of the ſphere : but as 


| cA* Wk 
6 is to c ſo is d to 2 therefore as ſix times the 


diameter of a circle is to tlie circumſcrence fo is the 

cube of the diameter of any fphere to it's ſclid con- 
ten. 

n . 2 

6th. The ſurſaces of 4. Pberes arg a. the ſauares, 

ard the ſccid contents as the enves Hier diureters or 

Semidiametess. For kippoiting tu -Gameter of any 

Circle 
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circle to be to the circumference as 1 to c, and ſup- 
poſing d and e to be the diameter, of two ſpheres, 
the ſurtaces will be cd and ce by the * _ 


lary, and the ſolid contents will be ZH and _ by 

the laſt: but cd* is to ce as d* is to e, or as 

4 * cd ce 

2 to —; and — is to — as 4 is to e, or as 
4 6 6 

4. 3p 6 

* 


To ſhew the uſe of the properties of the ſphere 
above deſcribed, I ſhall add the following * 


PROBLEM 1. 


369. To find how many acres the ſurface of the whole 
earth contains. 
Let the diameter of a circle be to the circumference 
as d to c, and let e be the circumference ot the earth; 


then will — 2 — be it's diameter, and < ie it's ſurface by 


the ſecond — in the laſt anche. Now the cir- 
cumterence of the earth is 131630573 Engliſh feet, 
or 24930 Engliſh miles nearly, allowing 5280 feet 
to a mile: therefore it we make e=249 30, we hail 
have e*=621504900. Now the numbers 7 and 22 
are ſcarce exact enough to expreſs che proportion of 
the diameter of a circle to the circumterence in com- 
pany with fo large a number as e*; let us therefore 
ute that of 113 to 355, which we have elſewhere 
ſhewn (ſchol. 1 in art. 179*) to be much more exact; 


that is, let d=113 and c=355, and — or the ſur- 
face of the earth will be 197831137 "TOM miles : 


but every ſquare mile contains 640 acres ; therefore 
if the toregoing number of ſquare miles be multiplied 
by 640, the product 126611927680 will be the 
number of acres required. 


Bb 2 N. B. 
* See the Quarto Edition, page 282. 
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N. B. To be more exact in any computation than 
the data on which it is founded, can be to little or no 
purpole. 

PROBLEM 2. 
370. I hat muſt be the diameter of @ concave ſphere 
that will juſt hold an Engliſh gallon ? 

By the fifth corollary in art. 368, as 11 is to 21 
ſo is the ſolid content of any ſphere to the cube of 
it's diameter: but the ſolid content of our ſphere is 
282 cubic inches or an Engliſh gallon by the ſup- 
poſition ; therefore the cube of it's diameter will be 
538, the cube root whereof 8 .135 will be the dia- 
meter itſelf. 

N. B. The extraction of the cube root is taught 
in moſt books of Arithmetic, and depends on the 
nature of a binomial, as doth the extraction of the 
{quare root; and therefore whoever ſees the reaſon of 
the latter, may (without much difficulty) reaſon him- 
ſelf into the former: but the extraction of the roots 
of all fimple powers will beſt be performed by the 
help of logarithms, as will be ſhewn hereafter — 


we come to treat of the nature and properties of thoſe 
numbers. 


Of the Spheroid. 


373. If a ſphere be reſolved into an infinite number 
of infinitely tin cylindric laminæ, and then theſe lami- 
ne, retaining their circular frure, be all increaſed or 
all diminiſhed in the ſame proportion, they will conftitute 
a figure called a ſphercid; and it i; ſaid to be prolate 
or oblong, according as theſe conſiituent lamina are in- 
creaſed er diminiſhed. This a learner, who is unac- 
quainted with the nature of the chip, may it he 
pleaſes ) take for the definition of a pheroid. 

From the definition here given it follows. 


Ul 


1ſt, that Every ſpheroid is to a ſpbere upon the [ome 
axis, 6s any one lamina 7 In the former i is to @ live lainina 
in the latter from c<hence if was der. ved; or as an 
nuindbis, 
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number of laminæ in the former is to the ſame number 
of like laminæ in the latter, that is, as any portion of 
the former comprebended between two parallel planes per- 
pendicular to it's axis, is to alike portion of the latter. 

2dly it follows, that Every ſpheroid, as well as every 
ſphere, is two thirds of a circumſcribing cylinder. For 
though a ſpheroid be greater or lets than a ſphere upon 
the ſame axis, the cylinder circumſcribed about the 
ſpheroid will be proportionably greater or leſs than 
the cylinder circumſcribed about the ſphere : for ha- 
ving the ſame length, they will be as their baſes ; 
therefore the ſpheroid will haye the ſame proportion 
to a cylinder circumſcribed about it, as the ſphere hath 
to a cylinder circumſcribed about the ſphere. 


A Let MM A. 


374. The chord of any circular arc is @ mean propor- 
tional between the verſed fine of that arc and the dia- 
meter. 

Let ABC (Fig. 61) be a ſemicircle whoſe diameter 
is AC, and aſſuming any arc as AB, draw the ſtreight 
line AB, which is it's chord; draw alſo BD perpen- 
dicular to the diameter AC in D, and the intercepted 
line AD is called the verſed fine of the arc 4B. What 
we are then to demonſtrate is, that the chord AB is a 
mean proportional between the verſed line AD and the 
whole diameter AC: and this is ealily done by draw- 
ing the other chord BC; for then the triangle ABC 
will be right-angled at B, as being in a ſemicircle, 
and conſequently will be ſimilar to the right-angled 
triangle DB; whence AD will be to AB as AB to 


AC. 2. E. D 
PROBLEM 5. 


37 5. To find the ſolid content of a fruſtum of a hemi- 
ſphere or hemiſpheroid comprebended between a great 


circle perpendicular to it's axis and any other leſſer 


circle parallel to it, having theſe tee oppoſite bajes 
and ihe height of the fruſtum given. 
| B b 3 N. B. 


7) 
4 
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N. B. To be more exact in any computation than 
the data on which it is founded, can be to little or no 
purpole. 


PROBLEM 2, 


370. I hat muſt be the diameter of à concave ſphere 
that «ill juft hold an Engliſh gallon ? 

By the fifth corollary in art. 368, as 11 is to 21 
ſo is the ſolid content of any ſphere to the cube of 
it's diameter: but the ſolid content of our ſphere is 
282 cubic inches or an Engliſh gallon by the ſup- 
poſition ; therefore the cube of it's diameter will be 
538, the cube root whereof 8 .135 will be the dia- 
meter itſelf. 

N. B. The extraction of the cube root is taught 
in moſt books of Arithmetic, and depends on the 
nature of a binomial, as doth the extraction of the 
{quare root; and therefore whoever ſees the reaſon of 
the latter, may (without much difficulty) reaſon him- 
felt into the former: but the extraction of the roots 
of all ſimple powers will beſt be performed by the 
help of logarithms, as will be ſhewn hereafter when 


we come to treat of the nature and properties of thoſe 
numbers. 


Of the Spheroid. 


373. If a ſphere be reſolved into an infinite number 
of infinitely thia cylindric lamina, and then theſe lami- 
ne, retaining their circular frure, be all increaſed or 
all diminiſhe, 1 in the ſame proportion, they will conflitute 
a figure called a ſphercid ; and it is ſaid to be prolate 
or oblong, according as theſe conſtituent laminar are in- 
creaſed er diminiſhed. This a le arner, ho is unac- 
quainted with the nature of the ci may it he 
pleaſes ) take for the definition of a pheroid. 

From the definition here given it tollows. , | 

1ſt, that Every ſpheroid is 70 a ſpbere upon the ome 
axis, ag any one lamina 7 in the former i is to à lite lamina 
in the latter from cvhence i toas dor bed; or as anv 

uin. 
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number of laminæ in the former is to the ſame number 
of like laminæ in the latter, that is, as any portion of 
the former comprebended between two parallel planes per- 
pendicular to it's axis, is to a like portion of the latter. 

2dly it follows, that Every ſpheroid, as well as every 
ſphere, is two thirds of a circumſcribing cylinder. For 
though a ſpheroid be greater or leſs than a ſphere upon 
the ſame axis, the cylinder circumſcribed about the 
ſpheroid will be proportionably greater or leſs than 
the cylinder circumſcribed about the ſphere : for ha- 
ving the ſame length, they will be as their baſes ; 
therefore the ſpheroid will have the ſame proportion 
to a cylinder circumſcribed about it, as the ſphere hath 
to a cylinder circumſcribed about the ſphere. 


A LE MM A. 


374. The chord of any circular arc is @ mean propor- 
tional between the verſed fine of that arc and the dia- 
meter. 

Let ABC (Fig. 61) be a ſemicircle whoſe diameter 
is AC, and aſſuming any arc as AB, draw the ſtreight 
line AB, which is it's chord ; draw alſo BD perpen- 
dicular to the diameter AC in D, and the intercepted 
line AD is called the verſed ſine of the arc AB. What 
we are then to demonſtrate is, that the chord AB is a 
mean proportional between the verled line AD and the 
whole diameter. AC: and this is ealily done by draw- 
ing the other chord BC; for then the triangle ABC 
will be right-angled at B, as being in a ſemicircle, 
and conſcquently will be ſimilar to the right-angled 
triangle ADB , whence AD will be to AB as AB to 


AG 2 &. DL | | 
PROBLEM 5. 


375. To find the ſolid content of a fruſtum of a bemi- 
ſphere or hemiſpheroid comprebended between a great 
circle perpendicular to it's axis and any other leſſer 
circle parallel to it, having theſe tee oppoſite bajes 
and ihe height of the fruſtum given. 

B b 3 N. B. 
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N. B. As O is ſometimes uſed for the ſquare 
of AD, or a ſquare whoſe fide is AD, fo in our nota- 
tion in this and ſome of the following articles, we 
ſhall not ſcruple to uſe © AD tor the area of a circle 
whoſe ſemidiameter is AD, 2© AD for two ſuch 
circles, Sc. 

Let ABCD (Tig. 60.) be a ſquare whoſe baſe is 
AD and diagonal AC; and upon the center A and 
with the radius AB deſcribe the quadrant BAD; draw 
alſo the line EFGH any where within the ſquare pa- 
railel to AD, cutting AB in E, the quadrant in F, the 
diagonal in G, and the oppoſite ſide CD in ZH. This 
done, imagine the whole figure to turn round it's 
fixed fide Ah: then will the ſquare generate a cylin- 
der, the quadrant a hemiſphere, the triangle ABC an 
inverted cone, and the curvilinear ſpace AEFD ſuch 

a fruſtum of an hemiſphere as we are to find the ſolid 
content of, having given AD and EF the ſemidiame- 
ters of the tvo oppoſite bates, and AE the height of 
the fruſtum. 

In the 365th article by the help of this conſtruc- 
tion it was demonſtrated, that the hemiſphere gene- 
rated by the quadrant ABD and the cone generated 
by the triangle ABC were together equal to the cy- 
linder generated by the ſquare ACD; and the rea- 
ſons there given for ſuch an equality, equally prove 
that the fruſtum generated by the ſpace AEFD and 
the cone gencrated by the triangle AEG will both to- 
gether be cqual to the cylinder generated by the pa- 
rallelogram AED: but the cone generated by the 


AE 
triangle AEG is equal to O LCN = "= z and the cy- 


inder gene rated by the parallelogram AE is equal 


AE _ 
to © ADXAE=73 © ADX Br 20A DTOEUH 


AE 
* therefore if F be put ſor the ſolid content of the 


fruſtum, we ſhall have the tollowing equation, 


f+ 
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AE AE 
f+oEGXx „ n : tran- 


2 8 
ſpoſe © EG X — and then we ſhall have f= 


—— — A 
2040 + 555 but by the 364th 


article, and the ſixth corollary in the 347th, © EH 
—=oEF+0©EG; therefore OE —OILCGCS OEL: 
ſubſtitute © EF inſtead of © EI - EG in the fore- 


going equation (f=2 © 4D + G Eli—w EG x) 


and you will have f=2 O ADT oEFX -. this is 


3 
upon a ſuppoſition that the ſolid propoſed is a fruſtum 
ot a hemiſphere. Let us now ſuppoſe the ſolid F to 
conſiſt of an infinite number of infinitely thin cylin- 
dric laminæ parallel to it's baſe, and then that theſe 
[amin.e, retaining their circular figure, be all dimi- 
niſhed in ſome given proportion, fuppoſe in the pro- 
portion of 7 to 5; then it is plain that the ſolid F will 
degenerate into a fruſtum of an hemiſpheroid, and 
that it will be diminiſhed in the proportion of 7 to 5; 


but then the quantity 2 © AD+ © Ex = will alſo 
be diminiſhed in the ſame proportion; and therefore 


f will ſtill be equal to 2 0 4D + © Eb x — : whence 


3 . 
we have the following theorem for finding the ſolid 
content of the fruſtum propoſed, whether it be a 
fruſtum of a hemitphere or hemiſpheroid. | 

To twice the area of the greater baſe add the area of 
the leſs ; multiply the ſum by a third part of the alti- 
tude of the fruſtum, and the produtt will be it's ſolig 
.coatent. Q. E. I. | 8 


B b 4 PR o- 
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PROBLEM 6. 


276. To find the convex ſurface of any ſegment of a ſphere 
whoſe baſe and height are given. (Fig. 60.) 

Retaining the conſtruction of the laſt article, and 
ſuppoſing what was there proved, if from the hemi- 
ſphere generated by the ſpace ABD be ſubtracted the 
ruſtum generated by the ſpace AED, there will 
remain a ſegment of the ſphere generated by the 
ſpace BEV; and if to this ſegment again be added 
the cone generated by the triangle AEF, they will 
both together conſtitute a ſector of the ſphere gene- 
rated by the ſpace ABF; and laſtly if the ſolid con- 
tent of this ſpherical ſector be applied to or divided 
by a third part of the radius AD, the plane or quo- 
tient thence ariſing will be equal to the convex ſur- 
face generated by the arc BF, which 1s here propoſed 
to be determined. For as every ſphere is equal to a 
cone whoſe baſe is it's ſurface and whoſe altitude is 
it's radius, (fee art. 366,) ſo (and for the fame reaſon) 
muſt every ſector of a ſphere be equal to a cone whoſe 
baſe is the ſpherical part of it's ſurface, and whole al- 
titude is the radius. Now the hemiſphere generated 
by the ſpace ABD being two thirds of a cylinder of 
the ſame baſe and height, as was demonſtrated in art. 
365, it's ſolid content will be expreſſed by 2 © HD 
Ah 35 O ADX — and the ſolid 
content of the fruſtum generated by the ſpace AL 


A 
was 2 © ADX — + 0 EF . ſubtract the latter 


from the former, and there will remain the ſegment 
generated by the ſpace BEF equal to 20 ADX 


= — O EF 5 ; add to this the cone generated 


by the triangle AEF, whoſe content is © EFX 4 


3 
and you will have the ſpheric ſector generated by the 
pace 
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ſpace ABF equal to 20 Dx = Let the diameter 


of a circle be to the circumference as 1 to c, and 
2 ADXc will be the circumference of a great circle, 
whoſe half ADxc multiplied into AD the radius, will 
give AD*xc for the area of a great circle; therefore 


E 
oO AD= AD" xc, and 2 © ADX = or the content of 


I 
the ſector, will be 2 DNC = but EB is the ver- 


ſed fine of the arc BF; and therefore if we put! for 
the chord of that arc, we ſhall have 2 ADXEB=!* by 
the laſt article but one; and the ſolid content of the 
_— AD 
ſector will now be Xx ; divide by —, and 
I 

you will have the ſurface generated by the arc BF 
equal to Ic: but as AD was equal to © AD, fo 
will Lc be equal to ©/, that is, to a circle whoſe 
radius is the chord of the arc BI: therefore The ſur- 
face of every ſegment of a ſphere is equal to a circle whoſe 
radius i the diſtance of the pole, or vertical point of the 
ſegment, from the circumference of il's baſe. 

What has here been derermined concerning the 
convex ſurface of a legment of a ſphere agrees intirely 
with what was determined in art. 367 concerning the 
ſurface of a whole ſphere. For if we ſuppoſe the arc 
BF to be a ſemicircle, it's chord will then be a diame- 
ter, and the ſuriace generated by this arc will be the 
ſurface of the whole iphere ; and therefore the ſurface 
of this ſphere will be equal to a circle whoſe radius is 
the diameter of the ſphere, that is, 2 4D : but a circle 
whoſe radius is 2 is quadruple of a circle whoſe ra- 
dius is M, becauſe all circles are as the ſquares of 
their ſemidiameters; therefore the ſurlace of every 
ſphere is equal to four great circles of the fame, as 
was there demonicrated, 


THE 


THE 


ELEMENTS or ALGEBRA. 


SOUUK I FART 1. 


Of towers and their indexes. 


HE indexes of powers have been 
already conſidered, {o tar as they 
ſerve tor a fort of ſhort hand 
writing in Algebra; Eut the in- 
comparable Newtou has very much enlarged our 
views with reſpect to theſe indexes or exponents, in- 
ſomuch that it is by their means chiefly, that fo 
many excellent, utetul and comprehenſive theorems 
have been diſcovered both in Algebra and Geometry, 
and more particularly in the doctrine of Fluxions. 
This fort of notation therefore I ſhall now endeavour 
further to explain, in my obſervations upon the ſol- 
lowing ſmall table. 


378. 


Powers without their indexes. 


I 1 
Xxx. XXXX. XXX. IX. 4. | B W—_ —. ID 
* XX XXX 


1 1 


XA X AX 


Powers with their indexes. 


4 **. „ „ „ „ 5; 2; 
n 

This table conſiſts of two rows, whereof the upper 

is a ſeries of powers expreſſed without their indexes, 

the common roct or fundamental quantity being x; 


the lower expreſſes the ſame powers by the help of 
their indexes, OBSER- 


Art. 378, 379. Of Power: and their Indexes. 393 


OBSERVATION Ss. 


79. 1ſt. By this table it appears that every ſubſe- 
quent £4, vibes is the quotient of the next beſere it be i divided 
755 the common rect x, end that every ſubſcquent index 
76 5 generated by ſubtracting unity ſrom the next before it. 
Thus x'; divided by x gives x, x divided by x gives 1, 


1 „„ 
1 divided by x gives —, — divided by » gives 
© xx 
Sc: thus again, 2—=1=1, I—1I=0, 0-I==-1, 
—1—1=—2 &c. Since then each row cxhibits a 
regular ſeries, it follows that the negative indexes 
have the fame right to expreis the powers they belong 


to as the affirmative ones, and that ä repreſents 


I 


—= upon the ſame foundation that x* repreſents xx. 
Xx 


2dly. Therefcre wheterer mmier is the index of any 

pc ter, it's negative will be the index of the reciprocal 

of that peter, or of unity divided by that power. 

Thus it 2 be the index of xx, —2 will be the index of 
1 | : : ; 

—; if x be the index of x, —t1 will be the index of 


Xx 


and ſo of the reſt. 


© wo a 


zdly. Ia all caſes whatever, the addition of in- 
dexes enſwcrs to the multiplicaiica of the powers to 
which they belong; (ha i if eny two powers of the 
- ſome quantity le multiplied tcgether, the index of the 
multiplicator edded to the index of the multiplicand 
will give the index of the preautt, Thus x* mul- 
tiplied into & gives x', as xxx gives xxxxx: 
thus * c gives x, as xx X— gives 2. thus 


I I I 
* gives , as — X — gives —: mn a* 
W m - an 


* 1 . : . 
Xx—* gives x, as XX X— gives 1: thus "Xx" gives 
xx 


x", as xxx gives XXX, 4thly. 
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4thiy. In lite manner the ſubtrattion of indexes 
anſcrers ta the divifion of potvers; thet is, if any 
power of any quaniily be divided by a power of the 
ſame quantity, the index of the diviſor ſubtratied from 
the indes of the dividend leaves the inden of the quotient. 
Thus * divided by x* quotes x", as xxx divided by x 
quotes x: thus x* divided by a quotes &, as xx 


divided by — quotes xxxxx: thus x—* divided by 


1 IP 
* quotes x, as — divided by xxx quotes 
* xxxxx 


this æ— divided by gives x*, as —_ divided by 


1 . > : 
— gives x: thus & divided by x gives x*, as 1 
xxx 


divided by — gives xx: laſtly, x* divided by x* 


Ives x, as xx divided by xx gives 1. 
5thly. If the index of any potner be multiplied by 
2, 3, 4 Ec, the product will be the index of the ſquare, 
cube, ſquare-ſquare c. of that power: and therefore 
if the index of any power be divided by 2, 3, 4 Ec, 
the quotient will be the index of the ſquare root, cube 
root, ſquare-ſquare root &c of that power. Thus 
the ſquare of x* is x., it's cube , it's ſquare-ſquare 
x*: thus again, the iquare root of * is *, it's cube 
root x., it's ſquare-{quare root x* c: thus the ſquare 


1 1 
root of x or x" is x*, it's cube root x*, it's ſquare - 


ſquare root * &c: thus the ſquare root of — or 


x" is a, it's cube root , its quare - ſquare root 
Sec: thus x* ſignifies the cube root of x*, ** 
the ſquare- ſquare root bf *. And univerſally, 7 
ſignifies that root of x" whoſe index is 2; as 1 


„=, then y is faid to be that root of * whoſe 
index 
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index is u, and mult be expreſſed by 251 and there- 
tore if in any cafe x*=p", ol be a good inference 


to ſay that y is equal to , or that x is equal to 
. 

6thly. Powers are reducible to more ſimple powers, 
as often as their frattional indexes are reducible to more 


femple fractions, Thus the ſquare-ſquare root of x* 
is the ſame with the ſquare root of x, becauſe 


1 | 
-thly. If the index of any power be an improper 
fraction, and that fraction be reduced into a whols 
number and a fraction, the power will hereby be reſolved 
into two fattors, whereof one will have the whole 
number for it's index, and the other the frattiena! part. 


Thus i =2 ++, and therefore x Nr; that is, 
the ſquare root of & is equal to xx multiplied i into the 
ſquare root of x. 

8thly. Surd powers may be reduced to the ſame root 
by a reduction of their fraftional indexes to the ſame 
denomination, and that, ve. vether they be powers of the 


ſame quantity er not. Thus x* and are the ſame as 


x* and y*; that is, the ſquare root of x, and the 
cube root of y are the {ame as the ſixth root of x 

and the ſixth root of y*, and thus may ſurds of diffe- 
rent roots be compared together without any ex- 
traction of thoſe roots. As for inſtance, if any one 
ſhould aſk me, which of theſe two quantities is the 
greater, the ſquare root of 2, or the cube root of 2 ? 

I ſhould anſwer, the cube root of 3 for the {quare 


root of 2 or 2 or 2", is equal to 8”; bur the cla 
root of 3, or 3” 0-3. is equal tg" ; and 9 


greater than 8 
9thly. 
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gthly. That the addition and ſubtrattion of index:s 
anſwers to the multiplication end diviſion of the powers 
to which they belong, bois equally true in frattional 
indexes, as in integral ones. Thus 1+{=5, and 


* xx" =x", which I thus demonſtrate. Let * 
then by the filth obſervation we ſhall have 3 


vr. 9 or x* ON x =x”, or * and y'=x*: but y 
i equal to y* by the third obſervation; therefore 


2 * multiplied into x" gives 10. After the ſame man- 
ner, ſince— — 2 may be demonſtrated that 


x* divided by * will give x"; for y* divided by y* 


gives y. which is equal to x5; and the demonſtra- 
tions will be the lame in all other caſes. 


PART U. 
Of hgarithms, and their uſes. 


_— 


The definition of lagari cbm, and conſectaries drawn 


from it. 


Art. 390. T OGARITHMS are à ſet of ortificia! 
I, numbers placed over againſt the natural 
ones, uſualiy from 1 19 100000, end fo 
contrived that their addition ænſwers to the multiplica- 
tion of the natural numbers to which they belong; that 
ts, if any two numbers be multiplied together, and / 
produce @ third, tixir logarithms being added together 
will conſtitute the lagaritbm of that third. 
Thus O. 3010300, the common logarithm ol 2, 
added to 
0 . 4771213, the logarithm of 3, gives 
0 . 77815313, the logarithm of 6, becauſe 
6 is the product of 2 and 3 multiplied toge ther. 
From 
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From this definition it follows firſt, That in any 
ſyſtem or table of logarithms *:hatever, the logarithm of 
unity or 1 will be nothing : for as 1 neither increaſes 
nor diminiſhes the number multiplied by ir, ſo nei- 
ther will it's logarithm either increate or diminiſh the 
logarithm to which it is added; and therefore the lo- 
garithm of 1 muſt be nothing. 

2dly. For a like reaſon, the logarithm of a proper 
fraction will always be negative: for ſuch a fraction al- 
ways diminiſhes the number multiplied by it, and 

therefore it's logarithm will always diminiſh the loga- 
ruhm to which it is added. = 
3dly. This property of logarithms, whereby they are 
defined as above, afferds us no ſmall compendium in mul- 
tiplication : for whenever one number is to be multi- 
plied by another, it is but taking out their logarithms, 
and adding them together, and their ſum will be a 
third logarithm whoſe natural number being taken 
out of the tables will be the product required. 

Athly. The ſubtrattion of logarithms anſtwers to the 
diviſion of the natural numbers to tobich they belong; 
thar is, whenever one number is to be divided by 
another, it is but ſubtracting the logarithm of the 
diviſor from the logarithm of the dividend, and the 
remainder will be the logarithm of the quotient : and 
thus by the help of logarithms may the operation of 
diviſion be pertormed by meer ſubtraction as that of 
multiplication was by addition. Hence, &5 every 
frattion is nathing elſe but the quotient of the nuimera- 
tor divided by the denominater, it's logarithm will be 
found by ſubtractiug the logarithm of the denominator 
from the logarithm of the numerator. To demonſtrate 
this, to wit, that the logarithm of the diviſor ſub- 
tracted from the logarithm of the dividend will leave 
the logarithm of the quorient, let the number f be 
divided by the number B, and let the quotient be the 
number C, and let the logarithms of the numbers 
A, B and C be a, h and c reſpectively; I ſay then 
that &—+ will be equal to c: tor ſince by the ſuppo- 

| lition 
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fition ==C, we ſhall have A=BC, and a g by 


the definition; whence ac. 

5thly. As every fourth proportienal is found by mul- 
tiplying the ſecond and third numbers together, and di- 
viding the produc by the firſt, /a the logarithm of every 
ſuch fourth proportional will be found by adding the 
logarithms of the ſecond and third numbers together, and 
ſubtracting from ibe ſum the logarithm of the firſt. This 
renders all operations by the rule of proportion very 
compendious and ealy ; eſpecially after the practitioner 
has pretty well inured himſelf to take out of the table 
logarithms to his numbers, and numbers to his loga 
rithms : but this compendium is chiefly uſeful in 
Trigonometry, both plain and ſpherical, where every 
thing he wants is put down ready to his hands. 

6thly. FA be any number whoſe logarithm is a, then 
the logarithm of A* will be 2a, that of A, 3a Sc, 


that of = —2, that of * — 22 Cc. And uni- 


ver ſally, the logarithm of A* will be am, and 
that, whether the index m be integral er fractional, 
affirmative or negelive : on the other band, if q be the 


logarithm of any potter of A, as of A®, then T will be 


the legarith;n of A. The reaſon of all this is plain 
ior as A is the product of A multiplied into itſelt, to 
it's logarithm will be the logarithm of A added to 
itſelf or doubled, that is 24; and ſo of the higher 


power*. Again, as 7 * the quotient of unity divi- 


ded by A, it's logarithm will be found by ſubtracting 
a, the logarithm of A, from o, the logarithm of 1, 
which gives —2; and ſo of tlie lower powers. Laltly, 
as A, when multiplied into itfelf, produces A, ſo 
it's logariti m, when added to itſelf, ought to make 
a; therefore the logarithm of A will be 14; and 
to of al che other iraftional powers. Here then again 

we 
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we have another inſtance of the very great uſefulneſs 
of a good table of logarithms, to wit, in raiſing a 
number to any given power, or in extracting an 
given root out of it, all which is performed wi 
equal facility, only by multiplying it's logarithm by 
the index of the given power, or dividing it by the 
index of the given root; as doubling it for the ſquare, 
tripling it for the cube Cc; halving it for the ſquare 
root, triſecting it tor the cube root e: this, I tay, 
cannot but be very uſeful in a great many caſes, and 
more eſpecially in Anatociſm, where we have lome- 
times occaſion to extract even the three hundred ſixty 
fifth root of a number, as at other times to raiſe it 
to the three hundred ſixty fifth power, ſcarce poſſible 
to be performed any other way; to ſay nothing of the 
innumerable miſtakes that in ſo long and — a 
calculation would be almoſt unavordable, all which 
are prevented by the uſe of logarithms. It cannot 
indeed be expected that entire powers, and much leſs 
entire roots ſhould be gained this way ; but it will be 
eaſy in moſt caſes to obtain as many terms as can be 
of any uſe to us. 

7thly. If any ſet of numbers, as A, B, C, D be in 
continual geometrical proportion, their logarithms, which 
we ſhall call, a, b, c, d, will be in ari:hmetical pro- 
greffion : for ſince by the ſuppoſition Aisto BasB is 


1 
to Cas C eis to D, that is, ſince —= FED we ſhall 


have þ—a=c—b=d—c by the fourth conſec- 
tary; therefore a, b, c, d are in arithmetical progreſ- 
ſion. Q. E. D. 

8thly. From this laſt conſectary it will be eaſy, having 
two numbers given, to find as many mean propertionals as 
we pleaſe between them. Let the given numbers be 
Aand F, and let it be required to find tour mean 
proportionals between them, which we ſhall call 
B, C, D, E, ſo that 4, B, C, SN 
continual geometrical proportion. Here then it is 
evident from the laſt — that as theſe num- 

C 


bers 
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bers are in continual „their 

thms, which we all a, CET. 6, 2 will 
be in a ithmetical whereof the extremes 
a and F are known, as being the logarithms of the 


known numbers A and F, and the intermediates may 
be found thus. Put x for the common difference of 
this arithmetic progreſſion; then will a , a+2x 
Sc, 4+3x=d, 8+4x=e, ah ; whence x= 


EE. whence a+x or þ=a+ s 2 a+2Xx 
2 350 4 —.— a+4x or e= 


— ſo that the logarithms of the four mean pro- 


portionals ſought are , —.— . — ; 


5 5 5 
take then the natural numbers B, C, D, E of Theſe 
logarithms, and they wili be the mean proportionals 
required. Q. E. J. 


Legarithms the meaſures of ratios. 
391. Logarithms are fo called from their being the 


arithmetica! er numeral exponents of ratios : for if unity 


be made the common conſequent of all ratios, or the 
common flandard to which all other numbers are to 
be referred, then every logarithm will be the nume - 
ral exponent of the ratio ot it's natural number to 
unity. As for inſtance. the ratio of 8 1 to 1 actually 
contains within itſelf theſe four ratios, to wit, the 
ratio of 81 to 27, that of 27 to 9, that of 9 to 3, 
and that of 3 to 1, (ſe art. 293;) all which ratios 
are equal to one another, and to the ratio ct 3 to 1; 
theretort the ratio of 8 1 to 1 is faid to be four times 
as big as the ratio of 3 to 1, (fee art. 294 :) and 
hence it is that the logarithm of 81 is four times as 
big as the logaritnin of 3. Again, the ratio of 24 
to 1 contains, and ny be refolved into theie three 

ratios, 


„„ 
* I AI_ N 


r 
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ratios, to wit, the ratio of 24 to 12, that of 12 to 
4, and that of 4 to 1; the firſt of theſe ratios, to 
wit, the ratio of 24 to 12, is the ſame with that of 
2 to 1; the ſecond, to wit, the ratio of 12 to 4 is 
the ſame with that of 3 to 1; and therefore the ratio 
of 24 to 1 is equal to the ratios of 2 to 1, 3 to 1, 
and 4 to 1 put together; and hence it is that the 
logarithm of 24 is equal to the logarithms of 2, 3 
and 4 put together: And univerſally, the magnitude 
of the ratio of A to 1 is to the magnitude of the ratio 
of B to 1 as the logarithm of A is to the logarithm of 
B. And hence we have a way of meaſuring all ratios 
whatever, let their conſequents be what they will : as 
for example, the ratio of A to B is the exceſs of the 
ratio of A to 1 above the ratio of B to 1, (fee art. 
296 ;) therefore the numeral exponent of the ratio of 
A to B will be the excels of the numeral exponent of 
che ratio of A to 1 above the numeral exponent of the 
ratio of B to 1, that is, the exceſs of the logarithm of 
A above the logarithm of B; therefore The magnitude 
of the ratio of A to B is to the magnitude of the ratio 
of C to D as the exceſs of the logarithm of A abeve the 
logarithm of B, which is the meaſure of the former ratio, 
15 to the exceſs of the logarithm of C above the logarithm 
of D, which is the meaſure of the latter ratio: aud thus 
ve fee that logarithms are as true and as proper mea- 
ſures of ratios as circular arcs are of angles. 

I might have defined logarithms from the idea hore 
given ot them, and thence have deduced all the other 
p ies above deſcribed : but as it is not cvery one 
that hath a juſt and diſtinct notion of the nature and 
compoſition of ratios, I thought it more adviteable to 
treat of them in a way more familiar to the icarncr. 


Of Briggs's Logarithms. 


392. From the definition given in art. 390 it may 
caſily be ſeen, that if any one ſv/tem of logarithms be once 
9btained, an infinite number of others may be derived 

Cc 2 frem 
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from them by increaſing or diminiſhing the logarithms of 
that ſyſtem in ſome given proportion. As tor inſtance, 
in the ſyſtem given let a, , c be the logarithms of 
three numbers, A, B and C, whereot the third is the 
product of the other two multiplied together; then 
will a ＋ gc, by the definition. Let us now ima- 
gine all the logarithms of this given ſyſtem to be 
doubled; then will a, & and c be changed into 29, 
25 and 2c; but as a＋ was equal to c in the former 
ſyſtem, ſo now will 24 +24 be equal to 2c in the lat- 
ter; that is, all the numbers of this new ſyſtem will 
{till retain the property ot logarithms. But though all 
theſe different ſyſtems be equally perfect, if computed to 
the ſame degree of accuracy, yet they will not all be 
equally convenient for uſe ; for of all ſyſtems or tables of 
logarithms, that is certainly beſt accomedated for pradlice 
which ts now in uſe, and is commonly known by the name 
of Briggs's logarithms. The Lord Napeir, a Scotch 
Nobleman, was the firſt inventer of logarithms ; but 
our Countryman Mr. Briggs, Profeſſor of Geomet 
in Greſham College, was undoubtedly the firſt who 
thought of this ſyſtem, and propoling it to the noble 
inventer, the Lord Napeir, he afterwards publiſhed it 
with that Lord's content and approbation. 

The diſtinguiſhing mark of this ſſtem is, that herein 
the logarithm of 10 is 1, and con/equently that of 100, 2, 
that of 1000, 3, that of 10000, 4, &c; that of 1, o, 


I I 
that of 8 * of 0.1, —1, that 8 or of O. 01, 


—2, &c. Ii this ſyſtem the integral parts of the loga- 
rithms are elways diſtin; iſhed frum the reſt, and called 
the indexes or charaFerijtics of the logarithms <hrreof 
they are parts: thus the logarithm of 20 is 1 . 2019300, 
where the characteriſtic is 1; that of 2 is O. 3010300, 


1 2 ; 
where the characteriſtic is o; that ot — Or 0.2 is 


—I+.3010300, where -I is the characteriſtic, Sc. 


Seme 


Art. 393. Of Briggs's Logarithms. 405 
Some advantages of this ſyſtem. 


393. Some of the chief advantages of this ſyſtem 
| beyond all others, will appear from the following 
conſiderations. 

1ft. Whereas we have frequent occaſion to multi- 
ply and divide by 10, 100, 1000, Oc. this in this 
lyttem is very readily performed, only by adding to 
or ſubtracting from the characteriſtic the numbers 
i. i. % Se and as theſe are whole numbers, they 
can only influence the indæx or charactcriltic ot a lo- 
garichm, without affecting the decimal part. 

2dly. 50 long as the digits that compoſe any num- 
ber are the fame, and in the ſame order, whatever be 
their places with reſpect to the place of units, the 
decimal parts of the logarithm of ſuch a number 
will always be the ſame. As for inſtance, let 471 
be the logarithm of this number 34567.89, where 
4 is the characteriſtic, and / repreſents the ſum of all 
the decimal parts; then will 5+/ be the logarithm 
of 345073.9, 6+/ that of 3456789, 7+/ "that or 
34567890, Fc. On the other hand, 3+/ will be 
the logarithm of 3456.789, 2+1 that of 345.6789, 
I -+/ that of 34-50789, o+!1 that of 3.456759, 
—1 +/ thatof 0. 3456789, —2+/that of 0.03450789, 
Se: the reaſon of this is plain; for it the number 
34567.89 be multiphed by 10, the product will be 
345675.9; therefore if to 44, the logarithm of the 
tormer number, be added 1, the logarithm of 10, 
the fum 5+/ will be the logarithm of the latter. 
Again, it the number 34567.89 be divided by 10, 
the quotient will be 3456.789; therefore it from 
4+/, the logarithm ot the former number, be ſub- 
tracted 1, the logarithm of 10, the remainder 3+/ 
will be the Jogarichm of the latter. Here then we 
ice the reaſon why i in Prizz's tables, the decimal part 
of every logaritkm is affirmative, whether the whole 
logarithm taken together be ſo or not; for in up 
logari: hm of all numbers greater than unity, both 

Cc 3 
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the integral and decimal parts are affirmative; and 
theretore the decimal parts muſt always be fo, ſince 
theſe are not changed by changing the natural num- 
ber, ſo long as the digits that 9 it are the lame, 


and in the ſame order: thus = or —. 3 may be a lo- 


| garithm ; but it is never expreſſed ſo, but rather 
thus, —1+.7, the negation being thrown wholly 
upon the characteriſtic. 

3dly. By this means in Briggs's ſyſtem the charac - 
teriftic of the logarithm of any Af is eaſily known 
thus: ſuppoſe I was aſked, what is the characteriſtic of 
the logarithm of this number 34567.89? Here I con- 
ſider that this number lies between 10000 and 100000 , 
therctore it's logarithm muſt be ſome number between 
4 and g; therefore it muſt be 4 with ſome decimal parts 
2 that 1 is, the characteriſtic muſt be 4. And 

again, ſuppoſe it was required to aſſign the character- 
iſtic of the logarithm of this number, 0. 03456789: 


here I conſider that this number lies between = and 


I 
_y that is, between O. 1 and 0.01, and therefore 


1 a 
it's logarithm muſt lie between —1 and —2, that is, 
it's logarithm muſt be —2 with ſome affirmative de- 


cimal parts annexed, to leſſen the negation; therctore 
the characteriſtic will be —2. 


To find the cbaracteriſtic of Briggs's logarithm of 
any n 

394. Hence may be drawn a ſhort and eaſy rule 
for determining the index or characteriſtic of the lo- 
garithm of any number given, thus. F ihe number 
given be a whole number, or a mixt number conſiſting 
of integral and decimal parts, then ſo many removes 
as is the place cf units to the right band of the firſt 
figure, of ſo many units will the characteriſtic conſeſt: 
but if the number prepeſed be a pure decimal, then ſo 


2 


— 


. 
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many removes as 1s. the place of units to the left hand 
of the firſt ſignificant figure, of ſc many negative units 
will the characteriſtic conſiſi. Thus the index or cha- 
racteriſtic of the logarithm of this nuniber 34367. 89 
is 4, becauſe 7 in the place of units is four removes 
to the right hand of the firſt figure 3: thus again, 
the characteriſtic of the logarithm of this number 
0.03456789 is —2, becauſe © in the place of units 
is two removes to the left hand of the firſt ſignificant 
agure 3. 

Thee rules are the more to be obſerved, becauſe 
in ſome tables the integral parts of all logarithms 
are omitted, being left to be ſupplied by the operator 
himſelf, as occaſion requires: by this means, the lo- 
garithms become of much more general uſe than if, 
by having their characteriſtics prefixed, they were 
tied down to particular numbers. 


Another idea of logarithms. 


395- Ia the ſtem here deſcribed, every natural num- 
Ber is, or may be conſidered as ſome power of 10, and 
it's logarithm as the index of that power: for let a be 
the logarithm of any natural number as 4; then ſince 
Briggs logarithm of 10 is 1, his logarithm of 10* will 
be a; this is evident from art. 390 conſect. 6; there- 
fore A muſt be equal to 10%, ſince they have both the 
ſame logarithm; that is, the natural number A is 
ſuch a power of 10 as is expreſſed by ir's logarithm a. 
This conſideration gives us a new idea of logarithms, 
and to one acquainted with the nature of powers and 
their indexes, it will be no wonder that the addition, 
ſubtraction, multiplication and diviſion of theſe loga- 
rithms anſwer to the multiplication, diviſion, involu- 
tion and evolution of their natural numbers. 


Precautions to be uſed in working by Briggs' $ 
. garitbms. 
396. Though theſe logarithms (as I obſerved be- 


fore) are preferable to all others, on account of their 
ſimplicit / 
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ſimplicity and facility in practice, yet in uſing them 
ſome precautions are to be obſerved, which (to pre- 
vent miſtakes) I ſhall here juit point out to the 
learner ; as 

iſt, In the addition of logarithms, whatever is car- 
ried over from the decimal to the integral parts, muſt be 
conſidered as affirmative, and as ou muſt be added to 
thoſe integral parts, whether they be affirmative or ne- 
gative. Thus —3 + .7000000 being added to —4 
+ .$8000000, the ſum will be —6+ .;000000; for 
though the ſum of the characteriſtics —3 and —4 be 
—7, "the affirmative unit drawn from the decimals 
reduces it to —6. | 

2dly. JFhenever à ſubtrattion is to be made in loga- 
rithms, it muſt be performed in the decimal parts as 
uſual, but if the charatteriſtic of the ſubtrabend, or of. 
the number from whence the ſubtraction is to be made, 
or of both be negative, they muſs be treated in the ſub- 
traction as the nature of ſuch quantities requires, Thus 
—3 + .38900000 ſubtracted from —1 + .7600000 
leaves 1 .8700000 : for if +1, on account of the 
decimals, be added to —3, the characteriſtic of the 
tubtrahend, it will be reduced to —2, which being 
tubtracted from —1 as above, leaves +1. Nay the 
learner mult nut be diſcouraged it he ſometimes finds 
himſelf obliged to ſubtract a greater logarithm from 
a leſs, as will always be the cate where the logaric hm 
of a proper fraction is required: as for example, let 
it be required to find the logarithm of :: here ſub- 
tracting o . 3010300, the logarithm of 2, from 
© .00C0000, the logarithm of 1, * will remain 
- —TI +.6989700, the logarithm of ; tor in this ſub- 
traction, + 1 on account of the 3 being added 
to the characteriſtic of the ſubtrahend, gives 1, which 
itbtracted from © above, leaves — 1. 

Note, The logarithm of a vulgar fraction may aiſo 
ve obtained by throwing it into a decimal. Thus the 
logarithm of + may be obtained, either by ſubtracting 
the logarichm of 3 from that of 2, or clic by taking 
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out the logarithm of this decimal fraction .6666667, 
which is the ſame as the logarithm of the whole 
number 6666667, except that the characteriſtic of the 
tormer logarithm is —1, and that of the latter +6. 
zdly, In the multiplication of logarithms the ſame 
care miſt be taten as in addition. Thus if it be required 
to multiply this logarithm —3 + .7000000 by q, 
the product will be —21-+ .3000000 for though 


the product of —3x9 be —27, yet the +6 drawn 


from the decimals reduces it to —2 1. 
Athly, Whenever a logarithm is ts be divided by 2, 


3, 4, &c in 67der to obtain the ſquare, cube, biguadrate 


&c root of it's natural number, :f the charatteriſtic be 
negative, and will not be divided without a fradlion, my 
way is ta reſaive it into ters parts, to wit, into a nega- 
t. de pert which will be divided, and an affirmative part 
which will incorparate with the decimals annexed. Thus 
if I was to take the half of this logarithm —1 + 
.7000000, I cannot join the —1 to the decimals an- 
nexed, becauic they are quantities of different kinds 
theretore I reſolve the characteriſtic —1 into two 
parts, to wit, —2 +1, and then taking the halt of 
—2, which is —1, I join the affirmative part +1 
to the decimals annexed, and fo take the half of +17, 
which is +8 Sc; therefore the half of the aforeſaid 
logarithm is —1 + .8500000 : had the characteriſtic 
been —3, I ſhould have reſolved it into —4 +1. Had 
+ of the foreſaid logarithm been required, I ſhould 
have reſolved the characteriſtic — 1 into —3 +2, 
and fo ſhould have taken, firſt, the third part of —3, 
which is —1, and then of +27, which is +9 : had 
the characteriſtic been —2, I ſhould have reſolved ir 
into —3+1; had it been —4, I ſhould have re- 
ſolved it ito —6+2, and fo on. 

N. B. Of all the tables hitherto in uſe whoſe loga- 
rithms do not run to above ſeven decimal places, I 
take thoſe publiſhed by Doctor Sherwin to be the belt 
upon many accounts, and particularly in the ditpoit- 
tion of the logarithms : theſe theretore ] ſhall not 


icruple 
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ſcruple to recommend to my readers, whom I ſhall 
alſo refer tothe directions there given for finding the lo- 

ithms of all abſolute numbers from 1 to 1 0000000, 
and vice verſa. But I rauit own I cannot with equal 
juſtice recommend the m.ethod there taken to avoid 
negative indexes by creating of new ones, and by uſing 
arithmetical complements. It is not to be denied but 
that this fort of practice may be abiolutely neceſſary 
to ſuch as know nothing of the nature and uſe of ne- 
gative quantities ; but thoſe who do, I believe, will 
tind the rules here laid down more natural and con- 
venient ; and as they carry their own reaſons 
with them, I doubt not but that the learner will find 
them eaſier to be remembered, and leſs liable to be 
miſunderſtood. 

397. In the tables above recommended, after the 
logarithms on every page, are two columns, one called 

a column of differences, and ſigned D, the other 
called a column of proportional parts, and figned 
Pts above, and Pro below: theſe two columns, as 
well as the reſt, have been explained by the author; 
but leſt they ſhould not be thoroughly underſtood by 
what is there ſaid of them, I thall take the liberty by 
a ſingle inſtance, to explain more at large the reaſon 
and ule of theſe columns : I ſhall take my example 
from the author himſelf. Let it then be required to 
find by the tables the logarithm ot this number of 
ſeven places, to wit, 5423755 : to do this, I firſt put 
down 6, the characteriſtic of the logarithm fought, 
according to the directions given in art. 394; then 
I conſider in the next place, that though by the help 
of the tables we can find the logarithm of any num- 
ber under 10600000, yet that the ablolute nunibers 
there do not, properly ſpeaking, run to above hve 
places; therefore I lower the ablolute number given, 
to wit, 5423758, to this 54237 .58, which will not 
affect the decimal part of the logarithm ſouglit; then 
tetting aſide the characteriſtic, I take out of the tables 
the logaritum of the five integral places 54237 
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according to the directions there given, and find it 
to be 7342957 3 this I ſubtract from the logarithm 
of 54238, that is, from 7343037, and find The dif- 
ference to be 80. But the deſign of the column of 
differences is on purpoſe to avoid this ſubtraction ; 
for had I taken out of that column the number oppo- 
ſite to 54237, the integral part of the abſolute num- 
r propoled, or if no ſuch oppoſite number was to 
be found, had I taken the neareſt number above, 
( not below, ) I ſhuuld have tound the number $0 .1, 
that is, in a whole number, 80, without any ſubtrac- 
tion. Thus then the caſe ſtands: as the abſolute 
number propoſed 34237 .58 lies between the two 
neareſt tabular numbers 54237 and 54238, whole 
difference is 1, ſo muſt the logarithm tought lie be- 
tween the logarithms of the tabular numbers above 
mentioned, whoſe difference is 80; theretore l lay by 
the golden rule, as 1, the difference of the two tabu- 
lar numbers between which mine hes, 1s to 80, the 
difference ot the two tabular logarithms between which 
the logarithm ſought lies, ſo is. 38, the difference be- 
twixt my number and the neareſt les tabular number, 
to 46, the difference betwixt the logarithm ſought 
and the neareſt leſs tabular logarithm ; therefore 
adding this difference 46 to the neareſt leſs tabular 
logarithm, to wit, 7342957, I have 7343003, which 
being joined as decimal parts to the characteriſtic 6, 
gives 6 .7343303 for the logarithm ſought. This 
number 46, which was the fourth proportional above 
found, is called the proportional part, becauſe it is 
the {ame proportional part of 80, the difference of the 
two nearelt tabular logarithms, that. 38, the decimal 
vart of the number propoled, is of 1, the difference 
of the two neareſt tabular numbers. Whoever attends 
to the foregoing operation will ealily perceive, that 
this proportional part 46 was gained from multiplv- 
ing 80, the common difference, by. 38, the de cin al 
parts of the abſolute number propoſed ; and the lame 
would have bcen obtained if the common difterence 
$0 
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80 had firſt been multiplied by .5; and then by. o8, 
and the products been taken into one ſum: now it is 
to ſave theie two multiplications that the column of 
proportional parts was contxised; lor whoever looks 
there tor the common, dyff-rence 80 will find all the 
products of the faid common difference multiplied by 
.l, 2, .3, 4, -5 &c to .9 incluſively; and look- 
ing fer the number over againit . 53, he will find the 
number 40, which ſhiws that the number 40 is 45 
of the common difference 80; fo allo over 

$ he will find the number 64, which ſhews that the 
number 64 is , of the common difference; but we 
do not want . of it, but 8 hundredth parts; there- 
tore he muſt not take the number 64, but a tenth 
part of that number, to wit, 6 .4 or 6, which being 
added to 40, the proportional part before found, 
gives 46, to be added to the nearcit lefs rabular lo- 
garithm in order to obtain the logarithm ſought. 

But when all poſſible exactneſs is required, and no 
errors are intended to be committed, but ſuch as un- 
avoidably ariſe rom the imperfection of the loga- 
rithms themielves. I would advile the reader to com- 
pute the proportional parts himſelf, as above, rather 
than trutt to the table tor them, though he will rarely 
find any conſiderable diiference, My reaſon for this 
advice is, becauſe in the table of proportional parts, 
no notice 15 taken of decimals, whereas thofe decimals 
ought not in all caſes to be neglected, at leaſt not 
till the operation is over, and the artiſt fees what it 


is he throws away or takes into his account, to leſſen 
the error as much as he can. 
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